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ACCOUNT OF THE CALCULATIONS MADE FROM THE SURVEY 


AND MEASURES TAKEN AT MOUNT SHICHALLIN*, IN 
ORDER TO ASCERTAIN THE MEAN DENSITY OF THE EARTH. 
IMPROVED FROM THE PHILOSOPHICAL TRANSACTIONS, 
VOL. 68, FOR THE YEAR 1778. 


‘THIS very “curious and elaborate paper, contains a full 
account of all the measurements and calculations, drawn up 
at the request of the Royal Society, concerning a problem of 


the very first importance in physics, viz, to “aetertathe the . 


mean density and mass of the whole body of the earth; and 
exhibiting the results of the whole, from-the very novel mddes 
of computation here employed. 

_ ‘The survey from which these calculations have been made, 
was taken at and about the bill Shichallin in Perthshire, in 
the years 1774, 1775, and 1776, by the direction, and partly 
under the inspection, of tle Rev. Nevil Maskelyne, v. p. 
F.R.S. and astronomer royal, by whom the manner of mak- 
ing the survey was pretty fully explained in the Philosophical 
Transactions for 1775.. I havetherefore only to give an ac- 


* Concerning this place, (called Thichallin in the Earse or Gaelic tongue, 
‘but pronounced in English Shehallien, and signifying the maiden’s breast), in 
the parish of Fortingal, see Sir John Sinclait’s Statistical Account of Scotland. 

VOL, Il. B 
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2 CALCULATIONS TO ASCERTAIN THE TRACT 26. 
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count of the measures of the lines and angles, and of the 
calculations which I have raised from them, with all possible 
care and faithfulness, for the purpose of determining the mea- 
sure of the ratio of the mean density of the earth, to that of 
water, or any other known matter. 

These calculations were naturally and unavoidably long 
and tedious; and the more so as the business was in a man- 
ner quite new, which laid me under the necessity of invent- 
Gn and describing such modes of computation as should be 
ptoper to be applied, in so important and delicate a business. 
Having, at. length, with close and unwearied application for 
a considerable time completed all the calculations, the follow- 
ing sheets contain an account of those operations, with the 
results arising from them; and are accompanied with such 
drawings as are necessary to illustrate the descriptions. They 
exhibit also a synopsis of the measures which were taken of 
the lines and angles; from which any person may at any time 
satisfy himself of the truth of the computations that have been 
made, and are here described. These measures are here im- 
mediately subjoined, before proceeding to describe the com- 
putations made from them. . 


A synopsis of the horizontal and vertical angles that were ob- 
served at the principal points in making the survey about 
Shichallin. * 


In the first column are contained the names of the horizon- 
tal angles, the measure of which, in degrees and minutes, are 
in the second column; and the vertical angles are in the third 
column; in which it is to be observed, that the letter denot- 
ing the objeet is placed before the degrees and ininutes, and 
E or D after them, to show that they are in elevation or de- 
pression respectively. The mark . , placed to the measure 
of any angle, denotes that it is the mean of the two observa- 
tions made with the instrument turned different ways; namely, 
after the first observation, reversing it to make the second. 
Also the mean height of the theodolite is set down to each 
station. In the vertical angles, the bottom of the object is 


* 
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TRACT 26. MEAN DENSITY OF THE EARTH. 
understood, unless where the word top isannexed to it; and 
sometimes the height of the pole is added, in feet and inches. 


The several letters a, B, c, &c, thay be seen in the plans of 


the survey annexed, either in plate 2 or 4. 


| At a 


Théodolite =4ft. 10in. 


R 2 


Sal 


le} ; 9° ‘ 
“eho x , HGD | 169 49 
DAB 3) TS HGX 71 112 
DAN v7 SU N12 22 & HGW 4 32 ¥ 
pao | 102 362 o QO 58 z PGF 95 56 yl 1 
DAR | 134 312 »PGN 30 62 N16 54k 
NAC 83 134 N12) 20° = top of Cairn. 
NAO 25 4 PGK 0 ‘94 #10, 35> 2 
OAS Q7 24 es. 85 0 PGL 62 54 gr ‘0 82 p 
OAR uF ao | Roig. Sls PGW 63 20 w 0 54D 
core bet nmnititenst!+ POH or. H- S10 D 
At B | P 5 46's 
DBN 81 8 | top of ball, 
pso | 101 41 . St 
DBA 139 59 | At H Theodolite = 4 ft. 5Zin. 
: ——— — GHF 2 54 oD 5078 
Atc Theodol.te = 4ft. 72 in. Gun | 13° 2 
aco | 126 6 NHG 49 44 N 14 42-8 
ACE 93 34 NHK 29 17 
ACG 92 15 Nuw | 107 43 N 14 39 Etop 
ACH 85 312 Nuw | 107 41 ~ 
ACN 4910 YnlO 48 KHD 65 59 kK 12 6 stop 
ACB 8 11 KHG me ek 
—-— KAW 73 25 Wie. ace 
Atv | ~ Theodolite = 4 ft. 8L in wup | 96 14 rp 7 $9 Etop 
ADC 48 7. wup | 149 2 p 0 22E 
ADB 8 45 wue | 157 255 Oo (Oe 555 
ADN 49 14 n10 40 & = te | 
apw | 83 56£ N10 39 £ At w}]  Theodolite = 4 ft. 52 in 
apn | 88 56 pee Vern ig pwk | 107 272 { 4 O 2525 
Ape | 95 5 aire LT | Lwe | 130 40 P 5 43 Etop 
ADF 96 3 ¥ Ca we D Lwp | 130 41 
— Lwn | 133 482 N12 3615 
AtF Theodolite = 4 ft. 84 in. LwF | 175 ‘2 x Ti" 30° 
GFW iY Beg w 0 58D LWQ 4 41 
GFK 16 "4 gE 9 450 2 tLwe | 178 21 
GFN | 103 574 N17 4236 LWH | 193 13 HS) 14'b 
GFD 72 54 Dia, a= —- ao 
“HFG 10 9 @ *k 4360 'D At L Theodolite = 4 ft. Yin. 
HFP 60 41 bp Paige GLP OS Sal Ril eo a Q42p 
HFK 65 58 K- 9 41/5 cty | 139 S22.) xy 2 352D 
HFN | 93 49 N17 3545 wie} 118 | w 0.40%p 
— ——' ——_ 1172.| @ 0.31 
Ate Theodolite = 4 ft. 62 in. wip | 38 12 292 
DGF 6 8 38 122. 
NGD 59 41 WLN 38 58 
NGF 65 49 38 582. 
NoHo | 101 9 WLK 60 33 
HGF | 166 57 60 34 
lal Rielle aa petite Sag oo ae ee 


4 CALCULATIONS TO ASCERTAIN THE TRACT 26. 
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wit | 11538 .| + 0.300 vzv | 134 42.| v 2.31% 
wiv | 126 582.] v 0.354D uzt | 144 272.| +r 3. 3564p 
wiy | 140 502.| y 2.35 D hits u 2.452 
WLF 3 58t .| F O. S38iE | —_——— 
WLE 62 12, .| §£ 10. 164£ At u Theodolite = 4 ft. 10 in. 
Wit 38 42.] #¢ 4.3458 ZUT 18 203.)' 3. 322p 
— eo ZUV 28 543.) v 2.51 Dp 
Aty Theodolite = 4 ft..8 in. zuO | 124 42 o 4. lise 
TYK 69 234 K 10.29 & zun | 125 92.| w 10.1325 
TYN 76 562.) N 9.374" zux | 128 22.] x 10.55§p 
TYL | 124 47 1, 2. 3D z mua’ | 15ST 35 |) A yh. OER 
tyc | 103 243.| G6 1. 36zr zur. | 160 372.) pn 3.38 D 
TYZ 19 212.) z 3. Ske Z tial D 
TYV 13.293 ..] v 3. 26ke —_—_—— ————_——_— 
VYT 13 28 T 2. 428 At.x Theodolite = 4 ft. 7in. 
VYZ 32 52 z 3. SLE OXA 40 594 A 4.15 £ 
VYE 81 492 E10..33 2 oxs 53. 20 s 0. 4425 
VYK 82 53 K 10.29 £ oxz | 139 22%.) u 10.4948 
VYN 90 24 .| Nn 9. 36LE oxu | 174 59 z 1.4835 
vyGc | 116 52 G 1.3548 o 11.132 
vyH ‘| 126 5% ad te ee — — 
vyw | 130 33 Wie tee At s Theodolite = 4 ft, 9 in. 
vy | 138 14 L 2.3328 RSA 18 27 A eh 24 oR 
rsa | 18 28 aA 5 4p 
Atv Theodolite = 4ft. 11 in RSN 72 51 n1S 40 & 
TVZ 17 254.] mB 2. iz RSO 90 58 013 1938 
17°85 2 . 26 Rsx | 171 1 x 0 5355p 
Tvu {| 34 245 .] vu 2.47zte R 0 2446 
TVE 70 43 EB 9; 10.5 —— — |___ iat & 
TVK 71 234 K 9. die AtR Theodolite = 4 ft. 6 in. 
71 24 9. 5L the E. 
Tvw | 112 323 w 0.2548 end of 
BU #1800705 1 om (0.34 8 the S. 
T¥Y. | 147 512.| wv (3. 3lzp base. 
147 50 . 3. 283p KRN 41 62 
7 ot OMS 1 fe 2 B’RA| 20 364.) a 6.2725 
B’RN| 84 323.| w19.1%dE 
At tT Theodolite = 4 ft. 10 in B’ro | 111 465.| o 11. 5%dg 
YTV 18 412.} v O. 88p B’Re | 100 142.] @ 20. Qe 
Y¥TL +} Ute | L O:. 27ag B’RB'| 121 27%%.| P 15. 11dz 
YTU 116 184 Ulan SLE B’Rs | 177 39 
¥TZ | 133 312.) z 3.4955 B’RZ | 186 535.] z 0.46 8 
wT. 6 10sp itssup.| 173 64.] o0 12 2 & 
VTY 18 41 Wiig » ,6.D 
VTL 4843 .] Lv 0.308 ee eet irene 
VTE 94 2 EE’ 9.42 £ : 
vtTu | 135 17 , u 3.31i5 At B” Theodolite = 4 ft. 10in, 
vwtz 1152 144.) z 3.50 the W. 
% 40) [ip end of 
the S, 
base. 
At z Theodolite = 4 ft. 6Z in. RB's 0 552 rR 0 37D 
UZR 10 532.{ r 0.50 D RBA’ | 36 84.] B10. 
UZA 16 5 A 1. 58%p RBO| 37 27 .| o 1. 35c£ 
UzZx 16 18 BP Lips D RB’a/| 50 492.] ow 15.48 & 
uzo | 33 18}.] 0 3.58 £ RB’N| 65 462.] nw 17.33 £ 
uzr 7 117 31 y 3. 8ip RB’a| 139 22.| a 11.2228 
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TRACT 26. MEAN DENSITY OF THE EARTH. 5 
Ato | Theodolite = 4 ft. Tin. — of 5 ds ue 
the S ; KNn | 144 372.) 2 4 .302D 
opset= |" g* | oe teas KNG | 98 23 G 16.55 ptop 
vatory. Pole 4 ft. 4 in, . 
xos'} 35 39 s 13 .954D KNH | 69 13} H 14 38 ptop 
XOM 42 12 mM 13, 12%p Pole 6 ft. 5 in. 
XOR 58 494..)° np 12. 4D KNm | 64 27 m18.55 pb 
xos”; 89 35 B’ 7. 391p KNW] 56 22 .| w12.35 ptop 
xoa | 115 433 & 0.59 » Pole 7 ft. 
xou 1 39 u 4. 4p KNL 49 7 t 10.55 ptop 
xo0z 23 38% Z* 9. OxDd Pole 6 ft. 8 in. 
XLigikon KNY 18 50 y 9. 37iptop 
MOR | 16 36§ r 12. 34d KNy! Fis y 7.30 D 
MOB’| 47 23 B’ 7. 594D KNE 1 154 E 6. 38ip 
Moa | 73 322.) a 1. OLD KN 9 374 sy” 66. 2524p 
MOB | ,81 22 B 1. Igptop|| Knu | 41 4¢.] uv 10.12ntop 
Mon | 134 39 M13 16 KNS 60 44 s 18.41 Dp 
NoK | 95 1 KNR | 74 482 219.200 °° | 
Moe | 156 34 a 33. 47dn top|] xns” | 104 30 B’ 17 . 352 
Mop’ | 125.45 B’ 21. 2946 kK 6.433ptop | 
MOZ 65 51% tS ET AY — ———. 
MOU 43 514 vu 4. 34p At kK Theodolite = 4 ft. 8 in, | 
MOx | 42 135 Geo BAG 5 Pe | the E. : | 
MOS 6 345 s 15 . 2243p | cairn, 
M is in the meridian passing through |! nKo 44 5123 
0, and is a little South of the inter- | NKR 64 5h ? by reduction. | 
section of that meridian and the | NKP 91 544 N 6.41 £ 
line’ Rs. | NKn 0 45 n 6.36 Etop 
OES Te | NKE 43 322 F 9.46 ptop| 
At Pp Theodolite = 4 ft. 10 in in, Pole 4& ft. 2 in. | 
the N. NKG 51°40 .| cG 10.16 ptop 
obser- , Pole 4ft. 4 in. 
vatory. c 10. 1424p 
NPK 77 182 NKe Ha Bt 4 wid. Bap 
GeK | 179 354 ef.e 5 “3934p NKH 81 28 nH 12° 7 p top| 
ceo | 47 454 nae a Pole 6 ft. 5 in. | 
cpw] 69 02.} Ww 53% p NKH 81.272 2) w- 19. SAD 
GPL 80 92.) -v 4. Qigp NKw | 97 18° w 11. 28 p top 
GPF | 20 54 pe iear ta Pole 7 ft. 
cpm | 38 18%.) mi12.20 o NKL | 109 193.| 13% 10.25 ptop 
‘pd. 45 39 Sh Pole 6 ft. Sin, 
vent - @ she 1g oy eduction nxi | 109 182.} 2 10. 232p 
y' from p bears 30° 41’2E. of South. wky | 153 40 sv FO. ; 30 p top 
y from p bears 14 57 Ww. of South. nKv | 174 20 v 9. 52D top | 
mis Mr. Mason’s mark. NKE | 156.18 eae 34. ptop 
+ NK J1 36 a 6.3138 
At Nn Theodolite = 4ft. Ll in. NK™M’ 28 mM’ 4.51465 
theW. NKo Giese le Gs oa & 
cairn. nKe 54 oe «a 10 33D 
KNO 40 52 , : nKa 54 252, @ 10. 33D 
kur | 74 482 } by reduction. nkB | 39 162.) 6B 8. 58D 
Kp | 50 478 dkp' | 3 39 wo 6 328 
KNS 9 374 _—_—|—— eras 
KNy’ 2 112 Ata Theodolite = 4 ft. 4in. 
KNa | 133 53.) A°12,3225p the E. 
KNB | 146 153.| B 11.17 ptop oa a 
Kne | 178 30$.| c 10. 4d base. 
KND | 172 51 p 10 106 _0 K 10. Iie 


. 39 ptop || yak 


At B 


betw. a 


Atn 
the 
uew W. 
cairn. 
Kna 
Kn 
KnNF’ 
kny 
KD 
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Theodolite = 4 ft. 9 in. 


° / ° ‘ 
new E 
cairn 
NEA | 10 52 A 6.2% 
NEM. 4 58h mM 4. 452£ 
NED + pit p 6. sige 
Pole 3 ft. 2in. || NEK | 22 146.) K 2. 1IZE 
—_—__— ————_|| NEH 78 402.] Hu 11 .47}ptop 
Theodolite = 4 ft, 8 in. : Pole 6.1t. 5 In. 
NEW | 94 17 w 1]. 16Zptop 
Pole 7 tt. 
NEL | 106 214 iL 10.17 ptop 
Pole 6 ft. 8 in. 
NEY | 151 16 y 10.37 p 
NEV | 172 20 v9.15 p 
NET | 172 222.{ tT 9.413ptop 
Nez | 144 46 .}| z 9. 183d 
Neu | 114 202 vu 10. 44d 
a Ea G8e3bb 4.) a. Oe Qhee 
aes | 73 502.) 8 6. oazt 
aEN 78 3UL'.} N 6.08 E 
aeb’ | 97 17 bo 9. Sip 
vay ieee be 
At m’| Theodolite = 4 ft. 102 in. 
theme- 
| ridian 
mark 
50 64. Fr’ 8. 2315 on the 
63.532 ..1 n 12. Tze top of 
| the hill 
S. of P. 
Pole 3 ft. 2in. || KME 3 981.| 5 4.562%p 
a ra nd ie She KM‘ 6 374.) y 6. Sip top 
Theodolite = 4 ft. 9 in. KML | 53 274.) 1 10.19 ptop 
Pole 6 ft. 5 in. 
KM’w| 63 122.| w 11.41 ptop 
Pole 7 ft. 
108 595 .| x 6.404 KM'H| 78 43.) H 12. 563ptop 
128 353.|* 8 13. "Vip ‘Pole 6 ft. 5 in. 
128 -555..| + 14. 103p KMm| 86 332 .|. m22.12 D 
135 402.) y 12.29 p KM'p | 87 54 f@ 22..10 b 
1713-55 | Dp 10.45 pb KM'G | 108 49 G 12.33 ptop 
38 283 .| w_] 42d Pole & ft. 4in. 
102 544.| B’17 31D KMF/ 118 32 Fr 12.25 p top 
53.49 .| A 12.21ipb Po'e 4 ft. 2 in. 
Q Kms | 176 12 é 2 Ger. 
% 3D K 3) sae 
p” isa polein aline 


with p and x. Att 


104 35 w14.49Lp || he cen- 
124 34 1 107 56mm * ||‘eor te 
L173 O5 6 pads, 5izp instru- 
132 59 a 13.54 D 


n was = 932 feetlly 
by the tape inea 
sure. 


Theodolite = 4 ft. 82 in. 


Ss 


TRACT 26. 


/ oO ‘ > 
| Mim 5+ 14 m 12+ 32ip 
| m’tn | 14 28 H 7. 44%D 
M’iw| 35 234 w 5. 474d 
Mth | 46 22 L 4, 3541p 
mip 68 13 p12. 5036 
mim’ | 68 15 m’/22. 5 
miG 144 17 G 5.57ip 
mtu 96 52 Hu 7. 4345p 
miw oe 20 w 5. 47ip 
miL 64 58 b 4,.374Lp 

mip 54 42 p17. 424ptop 
m 4. 3 kK 


m” bears I’ 8” W. of North. 
mM’ bears South. 
pin a line with x and p, 
| p, a pole immediately above or South 
of the transit instrument. 


- — 


At ad Theodolite = 4 ft. 5. in. 
cpm’| 147 5 .{. mw’ a2. Se 
cps | 133 6£.| & 24.18 & 
GpF 26 43 F 5 26D 
cpr | 0 342.| wp 9. 2932p 
Gpm”| 32 47%.{ m”13.25ip 
Gpt 32 48 tei TD 
| Gpm 58 OF.] m 12. 3421p 
| Gpu 47 11 .| nw 7. 492p 
Gpw} 68 32.) w 5.514D 
GpP 76 554.] p 13. 4924p 
cpr | 79 OF.| L 4. 39% 
Gpm’ | 121 24 m’ &. 504d 
Gpe | 179 37 E 17. 39LE 
m’ is a pole a little above or S. of p. 
At m’ 
emmM4 145 42 mM! 22. 81E 
emt {131 11 .| & 24. 1228 
cmp} 57532.) p 2 47d 
cmt | 34 43 Ra Mt bag Be 
cm'r}| 13 1 F 5. 22ip 
emp’). 0.292 ,). p19 .19 D 
Gm'm") 32 295.) mt” 13. 2933p 
cm'p | 37 6 p 18. 16%p 
cmm; 37 49%.| m 12%. 3635p 
cmH} 47 10 H 7.49 D 
om/w} 6811 .} w 5.492D 
cm’_ | 79 172.]) Lv. &. 4025p 
ome} 197753 .| £ 17.548 
‘allay Gestalt eB es 5 » ESN 
* 
At m 
Pmk he S57 K 15@ 08 
Pma 37 11 P 12° Qi+e 


| At a“ 


MEAN DENSITY OF PHE EARTH. 


the S.- 
west 
pole. 
Ke! N 
Ka B 
Ka’R 
Ka’O 
Ke 3’ 
Kay’ 
Kao’ 


, 


Ea d! 
#36 

Eaca 

Eak 


At f’ 
the S.- 
east 
pole. 
| a 6'o 
ape’ 
‘a BR 
BM 
a BK 


Theodolite = 4 ft. 11 in. 


° ‘ ° 4 
149 3 K 6.432p 
Sho D of B15. 5140 ee 
102 72.| nr 20. 9D 
13°39, .| 0. 93°) Sp 
28 44.| B15. 562p top 
4 538.] > 7.354 top 
6524 .| ¥ 3 41£ top 
Pole 17 ft. 4 in. 
13 48 .| a’ 12. 5434p 
8 362.| a 8. Sip 
249%.) £ 6 30D 


—— 


-___ -- 


Theoddiilte = 4ft. Gin. 


5647 .| 0 21.452p 
62 212.| B10. 284 
84 46 Re lo) Db 
96 41 M17. 3ipb 
114 8l.| a 15.4228 


Theodolite = 4 ft. 4in. 


56 553.) p 18. 3§p 
55 222 | ¢ 197 494 
0 502 Ce ee 

8179.| & 7.591" 

1417 ee a hire 

151 542.] x 1. 342e 
N 7.2346 


Theodolite = 4 ft. 4 in. 


2 53 m’12. 362 
429 .| y 8. 84D 
73 202 m’' 24. %4ptop 
74 354 p 24 .164p top 
108 48£.| @ 12. 8iptop 
Pole 4 ft. 4 in, 
164 19 wn 6. 8Zptop 
108 56 K, aan 
2 301 E 6.49 D 
i 5 a 8.503D 
70 144. | ¢ 24 20ID 
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— 


At F’ 


Theodvulite = 4 ft. 7z in. “Ate Theodolite = 4 ft. 8 in. 


: r] oer ‘ 
prin | 56 24,2. 4 dew | 4934 | 1 7.21kp 
pr’p | 77 378. du | 97 9.) w 9.174d 
pra | 174 402.) «& 8. 124 deG |.136 9F.| G 4.58 B 
prB | 124 47 .| B10. 30d dex, | 118 554.| x 14. 3528 
Dry | 103 4 y 8. 283D dcr | 144 20 F. 4 24D 
pF i 17 42 Desi FE 
At t’ Theodolite = 4 fr. 10in. | 
le a B 1. 37kp Ata’| .Thcodolite.= 4 ft. 10 in. 
bik 115 32 & 0:41 D Fae’ | 102 48 .| aw? 1.568 
Ftk | 172 38 F 7. 50LE Eas’ OF SE.| © B.10 8 

- 2 eat’ | 65 58¢.| UV 6. AtD 
Atk Theodolite = 4 ft. 102 in. Ea'c 88 6 .| c 11. 20dp 
thr | 4 42 rp 5 ILE gad’ | 108 Q12.| d@’ 2.3428 
Uke 34 47 m0 % 2 hep Be LO 
tkB | 3713 B 0 52D 


, 


f° 0) 26 ¢ i —_ | __—— 


————— 


Ata Theodolite = 4 ft. 82 in. At b’ Theodolite = 4 ft. oBin. 


bak | 113 574 K 14 45 & cd 36 AlZ.| a’ 5. 4428 

ban 155 24 Top of the cairn. || c’L’s 53 264.| EB 8.4128 

baw 80 40 c 4 41D 

Lau 59 48 

At bl Theodolite = 4 ft. 6in. 

alk 3735 ook 13.9 S28 Ate’ Theodohite = 4 ft. 82 in. 

aln 18 49 Nn 11 26 ach’ | 121 122. oy hs. ak 
ab SS - aS... 16m 

Atd Tneodolite = 4 ft. 9 in. a a Te 

cdN 14°17 Sela) Ue es mo 

cdG 34 53 At d’ Theodolite = 4 {t 5 in. 

cdl 63 27 u -6 36D adc’ | 169 142.) aw 12. 3558 

cdi 114 12 tL 6 42D | a 2 48D 


Several other angles and bearing of objects were taken, 
‘which, being of no use in computing the attraction of the 
hill, are bere omitted. The foregoing tables, containing all 
the angles collected together, which were observed at one 
and the same point, include all the horizontal angles that 
were at different times taken, for ascertaining the relative 
places, of the principal points and objects, on a horizontal 
plane. The numerous other angles used, in finding the sec- 
tions of the ground, are ig hereafter, with their computed 
results annexed to them. € now proceed to speak of the 
two principal bases, which were aceurately measured, as 
foundations. on which every thin gis must depend: and 
first, , 


Rs 


i EE 


oJ 
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| oa 
Of the measure of the base rz" in Glenmore, the valley to the 
South of Shichallin, taken the 16th, Kc, of Sept. 1174. 


‘Here a and pg are the names of the two measuring rods, 
which were laid down alternately in the order as expressed in 
the following table of measures. The lengths of these rods, 
by the brass standard, when the thermometer was at 623, 
were thus, viz, 

A = 20 feet. 1*259 inch. = AB ak 

B = 20 feet 1°323 inch. ='20-11025 
The numbers following each rod, with the sign + interposed, 
are inches and decimal parts; and they denote the distance 
beyond the end of each rod to the beginning of the next fo!- 
lowing rod; and therefore the sum of all these numbers must 
be added to the sum of the lengths of the rods themselves, 
for the total of the measures.. Also, as the first rod began at 
2 feet $ inches from the point Rr, this number is to be added 
to the total last mentioned, to give the measure of the whole 
base from R to B”. 


feet. 


’ 


¥ 


A+8'297 p+5-42!] 3+8-93] 2+6:18 | 2+3°67}| A+3°16 |] 3 +4°65 
B+2°53) aA+t7-42)] A+5°39) p+4:191 44512 | B4+464 |) 4+ 4°07 
A+6-11 | B+8'°14|] B+5:20 | a+451)] B+1'06 | a+ 3°26 | B+3-°23 
B+6°66] a+8°77 | A+3'54) B+3:04 | 44+5°96 | B+4°18 |] 0+4°16 
A+2°79| B+3°45 | B+1°26] a+437) 342471 44+4041] p+5°73 
B+1:20| a+3°80 | 4+3°20 | B+2°96 | 4+3°84 | B+ 2°92 | a+4°12 
A+2°07 | B+664 | B+5°34 | 044+247/ B+5'57 | A+3°10] B+ 4°91] 
B+4°80 | a+7°76 | a+3°74 | B+3°9O! 042°639!) B+5°11 | 44+3°18 
A+0°00 | B4+.3°28 | B+.7°22 | at+5'78| BET 4] | A+4°61 | B+3°91 
B+1°78 | a+487) a+1°91 | B+ 3°97 | a+3°1] | B+3°S94 | a+ 5°28 
A+3'29 | 8+6:18 | B+4°46 | a+4-87 | B+1°74 | A+2°57 | B+2°90 
B+2°85 | a+8°70 1] a+1°95 | B+4°83 | a+2°07 | B+5°80 | a+ 4°39 
a+6°39 | a+7'87 | B+ 2°26 | A+3°S4 | B+4°33 | 0+3°37 | B+ 4°37 
B+486 | B+t4°75 | +454 | B+3°65 |.44+5°93 | B+ 2°58 | a +3-29 
A+6:08 | 4+656 | B+4°48 | 4+6°96 | B+6°36 | 44+2°24 | B+ 2-12 
B+ 8°58 | B+ 5°24 | A+3°14 | B+3°07 | A+447 | B+3°48 | A+2°95 
A+9°07 | 46+7°90 | B+3°38.| 4+3°55 | B4+ 3°75 | 4 +2°95 | 3+ 3:30 
B+ 1°53 | B+6°32 | a+5(0 | B+ 2°93 | A+4-74 | B+ 2°88 | a+ 2°82 
A+2°28 | +692 | 3p 4+4°85 | a+5°53 | B+3°06 | 44+ 3°69 | B+3'97 
B+ 747 | B+ 7°28 | a+6°12 | B+5°33 | 0+2°58 | B+ 4°07 | A+1-37 
A+ 2°40] a+634 1 3B4+3°44 | 24438 | B+4°15 | 4+2°%5 | B+0°00 


The sum of all these is 744 + 738 + 669°28 inches, 


or 744 + 73B + 55°773 feet, includ- 
ing the 2 feet 8 inches at the beginning of the measurement. 


9 


. i 
és 


a iy CALCULATIONS TO ASCERTAIN THE TRACT 26. 


Now 74A is = 1487°73892, 
73B 1S = 1468:04825 


~ ors 


the odd parts — 55°773 
the sum 3011°56017 is = the base unreduced. 

But a reduction of this must be here made, according to 
the state of the thermometer, and for the wearing of the brass 
5 feet standard (see Phil. Trans. vol. 58, for the year 1768, 
pa. 313, &c; or my Abridgment, vol. xii. p. 572). Now the 
difference between 62° and 623 being 3, therefore 3011°56 x 

232 ¢ C 3 : 
ore x = 3011256. % 2700000 x = = 0°024 feet, is 
the small correction on account of the thermometer, and 
which, being added, makes the number become 301 1°584, for 
the length of the base as red ued to the state of 62° of Fahren- 
heit’s thermometer. But the brass rod had been +~4-,th of an 
inch shortened by wearing, and it was originally Jooth of 
an inch shorter than the Royal Society’s brass standard yard, 
so that it is now ~3,dth of an inch shorter than that standard 
-in the length of 3 feet, or 52,,th part of the whole; there- 
fore subtracting the ,,4,,th part, or "167 from the above 
quantity, there remains 3011°417 feet for the carrected mea- 
sure of this base, or the true length of the line rB". . 

The above measures, as far as to that marked x inclusively, 
together with 10 feet 104 inches more, reach to a place to 
which the assistants had before measured with the tape line, 
and by it found to be 2844°8 feet; while the measure of the 
same by the rods is found to be 2839°3 feet. The difference 
is 5} feet, a small part of which might be owing to the un- 
stable state of tae wooden stands used in the first quarter of 
the base; but the greater part of this difference is more likely 
to be owing to the uncertain way of measuring with a tape, 
which, to say nothing of the ground not being quite level, is 
Hable to be stretched more or less in length with different 
degrecs of tension, and to be variously warped in length by 
moisture. 
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¥ 


Of the measurement of the base aBy tn Rannoch, to the North- 
west of the hill of Shichallin. 


1, One part of this base was measured twice over, in dif- 
ferent ways. The part a@ was carefully measured on the 8th 
e October 1774 with a chain, and found to be 63 chains and 

i links, or 63°405 chains in length. 

ark on the 24th of the same month the chain itself was 
measured, by means of the five-foot brass standard, when the 
thermometer was at $8°4, and the length found to be 65:94542 

feet, Hence then 65°94542 x 63'405 =4181°269, is the length » 

of all the chains ; to which adding 1°764, the breadth of the 
63 iron pins, the sum is 4183°033 for the length of a8 un- 
corrected. 

But 62—382=231; Marcie — Q3E X saconen X 4183 = 
1'056, is the eh ei on account of the state of the thermo- 
meter, which being applied with its proper sign, there results 
4181°977; and from this last number deducting again the 
+yoooth part or *232, on account of the wearing of the brass 
standard, there then remains 4181°745 feet, for the length of 
the part a8 of the base in Rannoch, as measured by the chain. 

But as the chain was measured not at the same time with 
the base, but between two and three weeks later, when the 
air was probably cooler, the reduction above made for the 
state of the thermometer is perhaps something too great, and 
we may safely conclude «6 to be equal 4182 feet as measured 
by the chain. 


2. The whole base «Sy was next, on the 10th, 11th, and 
12th of October, very carefully measured by the twenty-foot 
de rods. The rods at that time measured thus, 

= 20 feet + 1°306 inch. = 20°108£ i Ys 
= 20 feet + 1°354 inch. = 20-1123 . 
the thers eee being then at 40°. The number of rods and 
the additional parts were as follow. 
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A+¢4°49 | a2+3°65 | B+2°17 B+ 1-27 A+1°97 p+1:55 A+ 2:99 
B+3°29 | p+3'51 | a+2:13 a 238 te 1°77 A PLT B 2:06 
A+6'57 | a+3°88 | p4+2°17 B 2:36 A. 2.68 B 2°04 4, 3°36 
B+362-] ‘B+ 229 [a4 3°12 | A ADs af B Of ibe UAT B 1°77 
A+3°84 | A+313 | B+2°70 | B 2:07 A 2°09 Bp 215 A 1°66 
B+3°52 |] B4+3°7) | a+3°17 A 2-48 B 1°74 A 2°26 B 1:86 
A+450 | a¥¢3:13 | 3+3-22 B 23l A 2°74 Fi AS | A 2°33 
B+3'62 | B+3:13 | 443'16 A 2°28 B- 4:49 A’ 2°98 3) 8B 5 B65 
A+488 | a+543 | B+ 2°07 B 3:96 aA 2°60 B 1:97 A 2°14 
B+274 | B+3:08 | a+2°22 A 487 B 245 a 1:94 | B 235 
A+3°94 | 24357 | 3p+4°83 B 261 A 1°41 B 277 A 243 
p+430 | p+568 | a+ 239 A 2°22 B 2°67 A 2-09 B 2-59 
A+3°50 {| A+389 | B+ 2°68 B 1°63 a 1:98 B 214 A 2°48 
B+3°26 | B+2°78 | A+2°09 ae 1:87 SG A 245 B 243 
A+296 | a+3°27 | p+I1'97 B 241 ay @eiy B 298 A 2:91 
B+3°32 | pB+1°84 | a+1°48 a 42°62 B 260 A 2°40 B Q4'7 
a+5°93°| a+l'00 | 3+ 3°20 B 2°09 B.S B 2°50 A 1°80 
B+500 | A+3°14 | a+ 2°62 a (Q°27 B 2°23 a 2'82 B 1:99 
a+3°43 |°B+1°73 | p4+2°37 B 3°02 A 4°70 8. 2°37 A 281 
B+3'87 | at+241 | a4Q47 | a O41 B 2:28 A 276 | B 44 
aA+6'37 | p+2:99 | B+3°48 B, 1293 as 51709 B 291 Ata S07 
B+3°43 | a+2-62 | a4+3°16 a 1:84 Bi seo A. 2°55 B 244 
a+486 | B+2718 | B+ 3°50 B 2-68 aA 2°14 B 2:34 ya Ge 
B+487!| a+2°72 | a+2:33 Mares B 2°48 A 12°36 B 2°49 
a+3°08 | 3n+3°02 | 3+2:37 B 1°87 ay 23 B 2:67 ile oi ip | 
B+3°67 | a+2°46 | a+ 2°68 A (2:58 ‘B 1°66 A 2:19 B 3:03 
A+3°28 | B+3°68 | 3p+2°68 B | 2'67 a 3°08 B 2°37 A 2°67 
B+3°43 | a+2°62 | a+2'70 A °2°07 ny SSI A 295 B 9°43 
A+482 | 3+2°72 | B+ 2°68 B 1°84 A220 Bie SY A 1:93 
B+ 446 |] a+3°33 | a+2:05 | A 403 B 3'06 A 2°86 Bert 
A+3°99 | 3n+2°93 | B+3°09 B 1°72 A 5836 B. 242 | A _1-99 
BeOS {.a+3°14. | a+ 2:50 A 2:14 B 2°24 A 2°16 B21 
A+3°55 | p4+2°93 | B+2°52 B 1:80 A 1°66 B” 9°23 A 1°83 
B+4°19 | a+240 | a+ 2°62 A) ie on pois a, ST: Dene ee! 5 
A+4°06 | B+2°06 | B+ 2°43 B 1-88 aysi"30 B 2:03 A 1°65 
B+3°94 } at+3'13 | a+3-01 A236 "Het eK, A OAS B 1°04 
A+3°64 | B+2°57 | B+ 2°43 B 2.04 A 2°45 B 214 A 1:96 
B+ 5°23 | at285 | a+1°97 A’ 2:37 B. 000%] :a° Tb B Q:T7 
A+3°76 | B+2°87 | B+ 1°74 B 1°77 A 236 Bo ETT A 9:25 
B+2°56 | a+412 | a+2'84 4. 1°66 B 1945 a 221 B 1°79 
A+3'38 | B+2:20 | B+ 3°65 B 2°26 eRe Erk | Be 27 A 0:00 


B+3'°29 | A+2°68 | A+ 1°62 


Of the foregoing measures, the sum of all, from the begin- 
ning to that marked * inclusively, together with 13 feet 2 
inches more, brings us to the point B, before measured to by 
the chain. Now to this place, by adding together the mea- 
sures, there are found to be 103a and 1028, and the sum of 
the parts is 586°71 inches. 

Then 1034 = 103 x 20°1085 = 2071°210 
102n = 102 x 20°1123 = 2051-609 
586°71 inches — ae thr bk 

13 ft. 2 inch. 13°167 
Hence a8, unreduced, is “4184°779 
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But since 62—40 = 22, therefore the reduction for the state 
of the air is —22 ab, als, 4185=—'989, which being ap- 
plied to the above sum, there remains 4183°79 as corr ebioid- 
ing to the state of 62° of the thermometer. -From this last 
Biber deduct its ,,4,5th part, viz, °232, and there results 
4183°558 for the correct length of the part a6, as determined 
by this very accurate method ; which is but about a foot and 
a half more than what it was found to be by the less accurate 
measure by the chain, which is a nearer approach to an equa- 
lity than could well be expected. 

_ To determine now.the whole length of the base ay ; by 
taking the whole sums there are found to be 146A with 1448 
and 779°78 inches of the odd parts. 

Now 146A = 146 x 20°1085 = 2935°890 
1448 = 144 x 20°1123 = 2896'248 
779°78 inches = 64982 

The sum or wy, unreduced, is 5897°120 


The correction for the thermometer is — 22 x 473:%55 X 
5897 = —1°394, which being applied to the number above, 
there results 5895°726 ; and this again being diminished by 
its ~.2soth part, or *327, there remains 5895°399 feet, for the 
correct measure of the base ay in the vale of Raanoch. 


There is no occasion here to explain the manner of mea- 
suring these two bases by the twenty-foot rods, as that has 
been very circumstantially done in vol. 65 of the Phil. Trans. 
for the year 1775. 


The following shorter lines were also measured, as they 
happened to be wanted in different parts of the survey. 


Rite Er, 
GA iat ae tt nearly horizontal. 
wt 4, 99.56 
Ke = 94-10 
KE = 240 10 
ce = G9 
Ginza, 6 1Q 


L tl 


S 
= 
I 
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* 


Fee eth. @ . 
ma= 70 11 
ace 2 
ates dog not horizontal. 
mp= 63 4 
pit = 27 2 


The other measures that were taken, for determining the 
sections, will be delivered afterwards, when the results or 
computed altitudes have been obtained, in order to be placed 
opposite their correspondent angles. 

Having now obtained, to a great degree of accuracy, the 
measured leneths of two lines, which were to serve as bases 
for all the future calculations; the next consideration was 
how to make the properest use of them. Every other line or 
distance, drawn or conceived to be drawn, must be calculated 
from them, by the help of the angles observed, either at their 
extremities, or at all the other points and stations in the sur- 
vey and plan. As these two bases are situated in the low parts 
of the country, from which but a very few of the other prin- 
cipal stations are visible, one method evidently is, to compute 
immediately from these bases, such of the great lines in the 
survey whose extremities are visible from them; and then, 
from these calculated lines, to compute others next to them, 
and so on quite around and within the whole figure, In this 
manner, several values of each fine svill arise, both from the 
double computations by the two measured bases, and from 
the various sets of triangles, which can be formed from the 
very numerous horizontal angles, which were observed at the 
several stations. Butin this mode of computation, after great 
labour and pains, I had frequently the mortification to find, 
that the several values of the same lines would differ so greatly 
from one another, that it was often very doubtful whether I 
could rely on any of them, or even on the mean among them 
all. These differences arose from the small errors in the ob- 
served angles, which in some degree are unavoidable; and 
indeed they were so small, that the sum of the angles of the 
several triangles, which were used in the calculation, seldom 
differed by more than a minute or two from 180°. But ina 
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long connected chain of triangles, dependent on one another, 
the effects of such small errors at length become too great to 
be tolerated, in a computation requiring much accuracy.— 
Another method is, first to compute, from both bases, the 
length of the line KN, extended along the ridge of the hill 
from east to west, and from it, as a secondary base, to com- 
pute all the other lines in the plan. This method admits of 
much more accuracy than the former, supposing this second- 
ary base to be truly assigned ; because that, from the elevated 
and central situation of this line, all or most of the other points 
in the survey are visible, from one or both of its extremities ; 
by which it happens, that the other lines are mostly deter- 
minable from it alone, without so close a connection with one 
another as in the other method of computation. By both of 
these methods then, and by all the triangles furnished by each 
of them, I computed all the principal lines in the plan, and 
either took a mean among the several] values of each, or else 
selected out of them such as from various circumstances I 
judged it safest to rely on, as nearest the truth. The trigo- 
nometrical computations were always accurately made, by 
the common numbers, and generally repeated by logarithms, 
and the result of every proportion determined to two or three . 
places of decimals. I shall here abstract the mean or cor- 
rected values of some ofgthe principal lines, or horizontal 
distances, so computed, as well as the secondary base kn, 
from the Eastern to the Western cairn. 

The mean among a great number of ways of computation 
from the South base, gives the horizontal distance of the se- 
condary base, from K to N, = 4052°2, and the mean of ail the 
results from the North base «By gives KN = 4058-9, and the 
mean between these two gives 4055°5 for the mean distance 
between kK and n. And this value of KN was used in comput- 
ing most of the other lines, whose mean results are as here 
follows. 
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ay == 5895:4 the Northern base in Rannoch. 
RB’ = 3011:4 the Southern bas@jin Glenmore. 
NK = 4055°5 the distance of the two cairns. 


RA = 5670 NR = 5545 KR = 5952 OR = 3582 
AB = 1489 | NB’ = 6053 KF = 8227 OB’ = 5466 
BC = 4506 NA = 5941 KG = .8036 OA = 6769 
Jf occa’ RAS) Ne = C510 KH = 7748 Os . ioe 
Dr ‘=''7388 Noss 17197 Kw = 7603 Ox = 4079 
FG = 1166 NpDis= 1657 EEve=18435 ou = 606} 
GH = 4068 NF = 5980 Ky = 10008 oz~Z = 9078 
Hw = 2118 |. Nc = 6370 Evia 1028S es 38 177 
Wi leo. pW, =O 95 KG ss pGl6 
LY = 7085 | Nw= 9059 | xp = 3221 rot. 
yv = 3636 | NL =10405 Ka —13710 Ms — 381 
VT = 2645 NY =13752 KB =15404 | Te = 1335 
era coca BONS Ns, = 5795 KM = 1817 ze. = 3149 
‘zu = 4132 | no = 2875 | Ke} = 25238 | FD = 6430 
Ux = 1984 Nees SZ7TI Ke a= Sh26 F’F = 3934 
xs + 7378 Na aye ie Kb = 4409 Ft’ = 4098 
sR = 1410 | na = 5899 tk’ = 2327 
wheres IGT 4 [eee ae wh = 1172 
nh = 3381 PG = 4815 ab = 1843 
no’ = 1585 PH = 5196 cd. = 1150 


From the first three lines, or bases, and the horizontal — 
angles observed at the several stations, a very large and ac- 
curate plan of the whole survey was constructed, forming a 
map of 4 feet long by 4 feet broad, which was verified in 
every part by the measures of the computed lines, both those 
above-mentioned, and others, and they were generally found 

. to agree very exactly, according to the scale by which the 
plan wasconstructed. The use of this large map was, to re- 
ceive and admit of the distinct and accurate exhibition of the 
figures in their true places, expressing the number of feet in 
elevation or depression, with respect to each observatory, of 
every point and section of the ground, whose elevation or 
depression might be observed. But before proceeding to the 
computation and construction of the points in the sections, we 
may here abstract the numbers which express the relative ele- 
vation of the principal original points in the survey, being 
the extremes of the lines whose lengths are above abstracted. 
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These few numbers are the results of the calculation of several 
hundreds of triangles, conceived in a vertical position, their 
bases being either the horizontal lines above-mentioned, or 
other lines drawn as diagonals between many distant points 
in the survey, according to the number of vertical angles 
which had been observed ; and of these bases, whether real 
or imaginary, each generally afforded two vertical triangles, 
as the angles of elevation and depression were taken alter 
nately at both ends of the lines. It is scarcely necessary to 
remark, that all these triangles are right-angled, the common 
base being one of the sides about the right angle, and the 
other the difference in altitude between the two given points 
or extremes of the base; and this difference in altitude is 
found from the application of this proportion, as radius is to 
the tangent of the angle of elevation or depression, so is the 
given base, to the altitudinal difference between the two given 
points, exclusive of the height of the theodolite or other in- 
strument, which was afterwards allowed for. From the reso- 
lution of all these triangles, and taking the means of the many 
_ Corresponding results, were obtained the following numbers, 
which show how many feet the points denoted by the letters 
standing against them, are below the level of the point n, or 
the Western ¢airn, on the ridge of the hill. They are all re- 
ferred to this point n, at the Western extremity of the ridge 
of the hill, because it is the most elevated point in the whole 
survey. 


0 1184 | y 2898 | H 2143] u 1613 |} e 2145 
P 1457 | A 1303 | w 2024 | x 1996 | M 1958 
K 480 |B 1313 | L 2006 | s 1964 | mM’ 322 
k 1948 | c 1384 | vy 2335 | a 1012 | F 2246 
B’ 1920 | p 1445 | v 2119 | 6 823 | ¢# 2815 
a2 2898 | F 1904] T 2114 | c 1364 | & 2835 
B 2901 | Gc 1935 | z 1815 | d 1539 | & 172 


These depressions, and those of several other principal 
points, were first carefully computed by means of various 
different bases, as so many places from which the sections 
were to commence. 
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These sections are very numerous, and were made in all di- 
rections from the primitive points before-mentioned,and many 
of them extended to great distances, indeed far beyond the 
bounds of the plan here annexed, so as to include the nearest 
hills and valleysof the sur raucuias country. They were mostly 
made in vertical planes, in the manner described in the article 
of the Phil. Trans. before referred to, excepting some few, 
which are level sections, in planes parallel to the horizon, and 
some indeed irregular, being neither vertical nor horizontal. 
_» To compute the relative altitude of each point in these sec- 
tions, it is evident, requires the resolution of two different 
triangles, viz. a horizontal triangle, by which its place in the 
plan is ascertained, and a vertical triangle, of which one side 
is the elevation or depression of the point. Of these sections, 
there are above 70, containing near 1000 points, whose places 
in the plan and relative altitudes have been computed: so that 
the number of triangles, whose numeral resolutions have been 
performed in the course of this niRRR amounts to several 
thousands. = 

Before the. abstract of the dion Ait of the sections, we 
may here set down at large the calculation of one of them, to 
show the manner in which they have been computed, in the 
readiest and easiest way which occurred, preserving at the 
same time the proper degree of accuracy. TI shall for this 
purpose select the third section, as not containing so many 
poles as some of the others. This sec- 
tion commences at s, and is carried up 
the hill in a vertical plane, making an 
angle of 105° with the line rs. The di+ 
rection of this plane is here represented 
by the line PPP» making with Rs the an- Sey vaca ane 
gle rsp = 105°. The points ppp &c, gare. gee 105 
mark the places of the poles, whose an- Leaves Zn+ Lp="5 
gles of elevation or depression were 
taken at s, with a proper instrument, and they are written in 
the second column of the table in this example. At rR were 
observed the several horizontal angles, which lines supposed 


* 
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to be drawn from thence made with rs, and these are placed 
in the third column. And since, in every triangle rsp, the 
angle s is constant, and the sum of R and p is equal to the 
constant quantity 75°; therefore each of the angles R, or the 
numbers in the third column, being subtracted from 75°, there 
remains the corresponding angle p; and these remainders are 


placed in the fourth column. Then, since the method of so- 
lution is this, as sin. p:sin. Ri: RS: sp = —— ~ x RS; and 
again, as radius 1 ; tang. elev. :: sp: alt. of p above s, which 


will be = sp x tang. elev, =~ x Rs x tang. elev. Or 
in logarithms sin. rR — sin. pt ba + tang. elev. = log. of 
the altitude of the point. Therefore, having taken, from a 
table, the sines of r and p, and placed them in the fifth and 
sixth columns, subtract the latter from the former, and write 
the remainders in the next or seventh column; to these add 
the constant logarithm of rs, and write the sums in the eighth 
column ; take out then the tangents of the angles in the se- 
cond column, and having placed them in the ninth column, 
add together the adjacent numbers of the eighth and ninth 
columns, placing the sums in the tenth column, which being 
the logarithms of the altitudes or depressions of the points p, 
take the corresponding numbers from a table of logarithms, 
and set them in the eleventh or last column, for those alti- 
tudes or depressions with respect to the point s, with the 
height of the theodolite included, and which is afterwards 
allowed for, its height being generally about 43 or 43 feet. 
In the second column, p denotes depression, and £ elevation ; 
i in the last column, p denotes depression and a altitude. 
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three cases, in which the constant angle formed by the section 
and the base was a right angle; and one case in which the 
vertical angles were not taken at the beginning of the section 
line, but at the other end of the base line, where the horizon- 
tal angles were also observed. It may be necessary therefore, 
to insert and explain an example of each of these cases, and 
the more so, as they point out the fittest means of measuring 
these sections, So as to save most part of the labour in the 
computation, in which the trouble chiefly consists. 

Of the case of the right angle, the first 
section is an instance, where also rs is the 
base, as before, and the angle rsp being 
== 90". 


Tang. of Sum of | 6th+Rs| Depth 
vert. 27s lyase Columns| =Log, | and 
at s. * [4and 5.|_ Alt. Alt. 


Dep. and} Horiz. 
Elev. ats.|/Ang.at rR. 


‘ ° ‘ 
5 16%] 10 6 | 8-96593| 9-24632] 8:21165| 136105] 93 p 
0 30 2] 51 35 | 7-94086| 9°78874] 7°72960| 0:87899| 72. 
415 | 41 56 | 8-87106| 995342] 889448] 197388]. 94 
6 142 | 49 25 | 9:03961 {1006722} 9°10583| 2:255231 180 
55 512 | 9:16224|10'16870] 9°33094| 2-48033| 302 
10.13 | 59 574 | 9:25582|10-23783| 9-49365| 2-64305| 440 
11 37 | 62 564 | 931997 |10-29174| 9-60471 | 275411 | 568 
12.25 | 65 3% | 9:34976|10-33957| 9-67533| 2-82472| 668 
13 21 | 66 41% | 9:37532|10-36568| 9°74100| 2-89040| 777 
14.10 | 67 36 |.9:40212|10-38519| 9-78731| 293671 | 864 
15.17 | 68 42£ | 9:43657|10'40925} 9:84582| 2:99592| 989 
17 46 | 10 58 | 9°50572|10-46291| 9-96793| 3911733 [1310 
i39 | 19 33 | 72 48 | 9:55035|10-50997|10-05962| 3-20902 |1618 
14. | 20 6 | 74 30 | 956342 |10-55701 11012043 | 3-26985 |1861 
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In this form there are three columns less than in the former, 
by which it happens, that about one-third of the labour is 
saved. The method of solution is thus; as radius 1: tang. R 
i: RS: Sp = Rs X tang. R; and again, as 1 : tang. vertical 
angle s::sp:sp x tang. s = Rs x tang. R x tang. si Or, 
in logarithms, log. Rs + tang. R + tang. s = log. of the ver- 
tical perpendicular: and by this theorem, it is evident, the 
columns of this table are constructed, 


ob 
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But nearly the same saving, in the great labour of compu- 
tation, would be made, if the vertical and horizontal angles 
had both been taken at the end of the base farthest from the 
beginning of the section. And this method would also be 
much the easiest in making the’ survey on the ground, as 
there would then need only one observer, with.an instrument 
to measure both horizontal and vertical angles ; and any per- 
son, without an instrument, could direct in a line the person 
who moves and places the poles, or he may even direct him- 


self after his first pole has been »laced, by means of a back 


object, as is commonly done in land surveying. 

Of this kind there happens to have G p ‘p op 
been one section taken, proceeding from Fy oe 
G, and making with Gp an angle of 85°, 
p being the Northern obervatory, and 
where both the bearings and depressions 
of the points p in the section line were 


observed. ae iby yesh 
ake 2G=> 
Log. a a e 
PG 3°68262 ) this gives @ constant number from which 


sin. “9 
wih eh ga the sines of p, in the fifth column, are 


Sum 3°68096 to be deducted. 


‘de Sum of | Depth 


w Sines of | PS +S: |p 
&. |Angles} Angle] Zrp=j| 5, a ang Cok6 b 
< lat p. at at Lp Z's at p. in Depr hey ay “— 


oO 4 

85 45} 9°99880 | 3°68216 | 918728 | 2:86044 740 
78 35| 9°99132 | 3°68964 | 9-18812 | 287776 755 
67 44) 9°96634 | 3°71462 | 9-24484 | 295946 911 
64 8 9°95415 | 3°72681 | 9-18136 | 2-90817 809 
60 30) 9°93970 | 3°74126 | 9:09557 | 9°89663 686 
97 5} 9°92400 | 3°75696 | 897491 |} 273117 538 
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Here, it is evident, is a saving of two of the most laborious 
columns in the table. This happens because that, in every 
triangle pcp, there are now constant those two parts which 
enter the proportion made use of in the calculation, viz, pc 
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and the angle c. For then it is, as sin. p : sin. G:: PG: PP, 
or log. pp = log. PG + sin. G — sin. p; so that the s sum of the 
logarithms of PG and sine of 26, is a constant number, from 
which the numbers in the fifth column are to be subtracted, 
to find those in the sixth column. The rest of the work is 
the same as in the first example. 

As to the irregular sections, the computation of them dif- 
fers so little, in manner, from that of the usual vertical sec- 
tions, that an example of it is unnecessary: and as to the few 
horizontal sections, they need no computation, but only an 
allowance for the height of the theodolite. * 

In the following abstract, of the results of the computation 
of the sections, the first column contains the number of the 
_ pole, the second and third the vertical and horizontal angles, 
and the last the difference of altitude in feet, between the 
foot of each pole, and the point from which the vertical an- 
gles were observed, after making the allowance for the height 
of the theodolite above the ground, At the end of this ab- 
stract, is a plate, n°. 1, of the figures referring to the number 
of the section, showing the direction in which it was carried, 
with the RE and minutes in the angle formed by it and 
the base fine: 


¢ 
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SECTION I, SECTION 4. 
Vert. Z’s | Bearings | Diff. of Vert. Z’s | Bearings } Diff. of 
Pole at s. at a Alt. Pole] s at n. at s. Alt. 
‘ r] - 4 o ‘ 
1} 5 itp] 10 0 8p} 3 742n] 13 8 | 39D 
2 wu Eg | vol os 12*°A 2 1° 2°27 3T'SS + Bea 
3 415 41 56 99 3 & 4 40 24 80 4 
4, 6 142 49 25 185 4 5 36 48 56 137 
5 8 16 55 51f 307 aes 6 55 56 56 216 
6 ro 1S 59 BYES 444 | 6 9 10 62 36 iT 
tg IRON 62 564 STZ 7 9 23 68 12 415 
$ 12e25 65 32 678 8 104% HOSS 495 
no 13° 2) 66 412 782 9 11°18 4 O 623 
10 14 1 67 36% 869 10 1572 Or a ' 785 
| 151 68 422 | 994 thd 1B. Bg 76 47 | 848 
12 17 46 10. Do 1315 12 14 30 77 4&5 946 
13 19 33 T2 48 1623 13 15493 78 58 1042 
14 20 a6 74 30 1866 14 16 15 80 11 1200 
i 15 | 17 24 8113 | 1362 
16 18".32 82 5 1528 
SECTION 2a | 17 | 19 29 82 59 | 1699 
Pole| Vert: 4’s | Bearings | Diff. of | 181) 20 07 83 30 | 1812 
y at s. at R. Alt. we BEE oe 
1} 340 n| 20.46 30 ‘p | SECTION 9. 
2 126 iE }) 32 42 28 A | pole Vert. Z’s | Bearings | Diff. of 
31 4 20 42 8 103 x at S. at x. Alt. 
4} 62) 49 30 | 192 i Ce 
5| 958k | 59 2 | 499 1}. 346d] 15 0 38 D 
6 11 504 62 30 591 2 O14 5 24 23 9 A 
vl 12, 52 Sa iv 7121 3 2 16 36 14 60 
8 1300 65 51 780 4 3 29 46 5 112 
9 13 364 66 9 806 5 4& Q1 54 Qh 163 
10 H 19% 67 36 972 6 5 48 63.05 258 
ji 16 24 68 45 1118 4 there "1 30 361 
12 17 45 70¥ 1302 8 On3 76 30 513 
13 | 18 45 "1 3 | 1467 9} 11 25 81 18 | 720 
145 19 35 val 574 1625 10 12°55 84 16 | 874 
12 19 59 12 34 1726 11 13 54 87 22 1017 
; | aT 12} 1451 90 30 | 1182 
E 12 i529 93 0 1295 
SECTION 3. 
Vert. Z’s | Bearin Diff. of 
Pole ats. at oar Alt. SECTION 6, 
/ Vert. Z’s , Bearings 4 Diff. of 
1] 327pn| 1911 80 wy deel umes Lata ahs Alt. 
2{ 236] 30 24 51 A 5 eee wg. 
3 4 33 38 28 122 1 9 16D 11 43 80 pb 
4 6 12 44 10 243 g 446 D 16 51 60 p 
5 751 47 55 352 4 P10 ¥ °23 50 28 A 
6 10 38 51 22 524 4 4 51 S05 137 
z 4 12 20 ba ce ' 668 5 6 6 33 14 196 
8 13 46 54 43 818 6 £0 <5) 37.25 287 
9 15 43 56 21 1038 7 9 30 40 24 409 
10 14400 57 47 1283 8 1115 43 12 546 - 
11 18 O 58 58 14.27 9 12 322 45 18 656 
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o 4 i ras deed many other angles taken at the 
10433 3 re 9 bse same tithe with the above seem tobe 
: ‘6 @ 8 54 959 mach wrong, as they greatly differ 

9 90 12 1093 from corresponding ones taken at 

ay 17 8 Ley a 1171 other times, 
14 | 17 27 51 48 | 1248 Such differences among corre- 
——_—_ --————- || sponding angles I often met with in 
sherri oie. i the measures contained in the books 


. 4 ; ; of the survey, and it required much 
Pole Vert. £’s | Bearings | Diff. of || care to detect them, and trouble to 


at x. at s. Alt, reconcile them. 
° ‘ fo} ‘ 
. 3 7 30 p ¥ 30 60 pb jj ie, a 
2 1 49 15 52 Q4 SECTION 9. 
" : e . - 3 44: - Pole| Bearings | Bearings {3.4 > 
Jv a ee 
51 5 41 28 23. | 208 ate ee 25 
Sal A ch ea 1| 132 212.) 36 45g [2 23 
P 9 94 33 Al res 24) 130: 27 37 344 9 OS 
ee yuan cl sae Fi 5 1M 260 4 Soe ee Se 
10/ 1141 | 362i | 678 iD Pig h Lae se ee 
og aes se ath ni be 5] 119° 64.) 43.19 |[° SS 
121 13 3] Ba eo ais GL lItsse. |) Aska Se 
1i3| 13.46 | 3950 | 973 ee at recede. eg 
14] 1356 | 4017 | 1036 A sabe BN I heals Ope eat 
9 SHERReY OT S40 are 
Se ———|| 10 718 22) 75 58h) S238 
1 M Sai} 
‘ ; 12 71 412 | 8621 }R ott 
Pole Vert. Z’s | Bearings | Diff. of 13 "0 381 89 33 |z FE: He8 
at: Ae at B. Alt. 14 69 39° 92 93 |= 
"J , ° ‘ ‘ : 
1} 17 564n | 3712 .] 516 v Y}——— a en 
2} 10.124 41 50 359 SECTION 10. 
¥ > Ft ae 3p ie Vert. Z’s | Bearings | Diff. of 
4 2 25 47 2 107 Pole a Fy veh i 
5 0 29 49 6 20 , i c 
° / ° ‘ 
Bh ee oar 2 Aes pea dl E18 ate SSL ab eset 
s| 5 0 | 544at| 378 a ees epvalaaem ieee 
2 3 8 62 56 295 
9 6 18 55 562 | 520 
? 4, 2.30 68 47 106 
tg Gaede DRA 56 478| 620 De Rh 
| 852° | 5794 |. 821 a Mem Mad ae Csi 2 
12| 1010 | 57552] 986 SHE geet oad age lake 
13| 11 94 | 58 28° | 1160 gle | eel ipo Rn 
14] 12202 | 5858 | 1316 ‘ 
z 9 2 25 82 42 194 
N. B, The place of this last pole |} 10 Pees 84 12 266 
would seem to be the same as n the |} 11 3 36 85 412 | 338 
Western cairn, as the section was || !2 3 48 86 27 373 
directed through it. But then the |}__ y 
last number 1316 is too great; as, 
from all other measures, the diff. in SECTION 11, 
alt. between a and wn is only 1303 Pole Vert. Z’s | Bearings} Diff. of 
feet. This diff. of 13 feet seems to at D. atc. ‘Alt. 
be caused by the last bearing being ny 


about 7’ too great, for in other places 1 12 56 p 48 18 23h p 
this angle is only 58°51’. And in- Q 9 50 62 4 334 
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3 ae 67 9 242 SECTION 14. ~ 
4 2 25 69 512 | 135 
5 0598} 71 20. 70 4 |ipole Vert. Z’s | Bearings | Diff. of 
6 3.0 712 13 220 au Gs at. &. Alt. F: 
1 bares "3 9 | 363 ie 8 
“ 6.7 "3 53 533 Bios oe Ba Ba ae "3 A 
9 6 59 "4 27 652 2 2 35 99 14 95 
10 "53 74 52 117 3 3 52 109 39 182 
11 8 49 "5 92} 904 4 5 58 117 53 384 
12 9 27 "5 42 | 1048 5 6 25 119 8 440 
13 9 44 "6 122 | 1168 6 8 3] 120 34 633 
14 9 53 "6 54 | 1258 7) 10 14 121 51 827 
15 | 10 38 76 552 | 1443 8 | 11 29 122 41 985 
9} 12 30 123 34 | 1149 
a a Gece Uli) Sm bee 124 15 | 1272 
11} 13 14 124 41 | 1339 
SECTION 12, ihe, eee SL bude, 
g om 
Pol Ye ; east 8 4 SECTION 15. 
; ’ ss - 4 F 
; ms 1's iB 4 3 Pole dps s a WS of 
Q 71 16 98 23 eae ‘ f : 
3} 73.55 | 9456 | = 8 Bit SAG) 0) taeda a) Dee 
By ae 0 0G BS OS a ag: 2) 3 32 93 9 | 102 
5} 8528 | 8249 | Bs 31 045 31 7 27 
6} 9119 | 7648 |} 853 | 4] 143 2] 3615 94 A 
7} 97 5) 71 8 |} Age tf sl] 6 on £5 nts 4ek 
8 | 10221 | 6620 | ese |} ¢g] 8 10 47 32 | 642 
9} 10818 | 6036 | 235 1 wl 9 39 49 47 | 781 
10} 11333 | 35615 | Zoek Hl g] 4039 5137 | 970 
11) 11712 | 3317 | SS | go} 42 0 53 36 | 1177 
12) 319 167 53.4 | ods fl 10] 13 98 55 38 | 1422 
3} 11953 | 52 2 | wm 11/ 14 0 57.18 1.1584 
12] 1418 58 37 | 1704 
UF SE See See a el Re ea ee 58 58 1 1734 
SECTION 13. ea ae Be ae Y 5) a RO ET” 
Vert. Z’s | Bearings | Diff. of | : 
Pole a stk 494 SECTION 16. | 
on oh Pole] Vert. 4’s Bearings | Diff. of 
IE Oe PD "5 2 D at H. at Gc. Alt. 
} 21) 0 12 79 46 Cire a to we 
| SRR a wt 2 55 Be’, 1 722 py] 21 37 189 p 
4 6 8 95 0 385 Q 611 34 32 248 
5 7 49 96 34 5380 3 4 1 43 23 1 201 
6 9 50 99 27 789 4 0 9 48 20 4 
7\ 10 52 100 10 915 5 143 5] 54 38 119 «a 
8| 11 52 100 44 | 1040 6 3 35 60 8 Q75 
9} 12 52 101 t5 | 1172 7 5 14 65 8 446 
10} 13 56 101 49 | 1927 7 6 49 "0 13 653 
11 | 14 49 102 29 | 1472 9 8 1 "3 19 828 
12 | 1610 103 3 | 1710 10 8 41 "6.39 | 977 
13 | 16 45 103 2% | 1837 11 9 18 78 38 | 1104 
14} 16 55 104 20 2013 124 10 0 80 22 | 1246 
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13 | 10 44 
14] 11 31 
15| 13 8 


There seems to be some general 
‘| error in this section, as the depres- 
sions and altitudes are utterly incoin~ 
patible with those of all the other 
neighbouring points in the plan. 
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SECTION 17. 
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—_ 
an 
woo 


CO 
Or 
WOAIocnaPrrwod-+! 


SECTION 21, 


Bearings 


at w. 


i) ‘ 
1 L288 
33.12 
43 26- 
Shel Teg 
62 51 
69 24 
71 36 
13,2 
75 22 


SECTION 22, 


1403 
1572 ee 
187: ert. Z’s 
874 Poley> Aw, 
° ‘ 
r 18 8p 
Q 16 28 
3 ti So 
4 7 47 
5 4 11 
6 2 10 
Bay, 0 31 
8 Q2 Wor 
9 Bi ge ie) 
10 8 48 
Diff. of 
Alt. 
942 p 
216 Vert. Z's 
171 Pole ate. 
82 } 
119 4 1] 2245 pd 
243 2/ 19 O 
ol 3 18 41 
572 4, 14 20 
731 5 9 Al 
820 6 3 38 
1038 ‘i 115 
1161 8 0 55-8 
1260 9 4 4 
1424 10 6 45 
1590 
1703 
Vert. Z’s 
Pole ae: 
oO 4 
1 23.59 p 
Diff. of 2 19 25 
Alt. 3 |- 14 37 
4 Lets 
186 p 5 RYO 
263 6 } 2 
203 7 2°92 
95 8 4.22 
84 4A 9 6 6 
238 
386 errs 
gat 
131 
1108 Pole Vert. Z’s 
1201 ata 
1290 “ ate 
1407 i 716 Dp 
1552 2 249 8 


ee 


29 


Diff. of 
Alt. 


168 pb 
388 
394 
292 
180 
160 
a5 
148 
4.02 
657 


Diff. of 
Alt. 


98 D 
179 
367 
412 
341 
hoe 


ee ee ee Se gd Se = ee 


Diff. of 
Alt. 


295 p 
sy 
448 
383 % 
237 
56 
133 « 
297 
455 


Bearings | Diff. of 


at b 


Alt. 


38 CALCULATIONS TO ASCERTAIN THE TRACT 26. 
oo ae oO , 
3 3 oo S113 44 SECTION 26. 
4 418 .| 29 34 120 ; 
'5| 7 0 | $215,] 292. || Pole Mee kee gra 
6 91:1 35 3 331 
"| 10 26 38 52 4°71 % 23 6 3! 64 D 
s| 1219 | 4146 | 657 ho ale BS rei 9 
9} 14 40 43 54 874 3 9°1 atl 60 8 93 A 
10} 14 45top! 43 35 S74 s is a 62 45 151 
of E. cairn. 5 4 40 66 15 256 
6 6 20 68 29 314 
SS er ee nie 5 mannan merece q 8 10 71 AY 550 
SECTION 23. 
wre is pig. of t SECTION 27. 
Pole cei g a a we Pol Vert. Z’s | Bearings | Diff. of 
’ : te at b, ata. Alt. 
Qo ] °o ‘ 
a oe eed aemee te Pa Ue ob ale Say ORO a 
bd NS mY PAL 5S ova || 3} 147 54 1] 92 
6| 7.36 43 30 | 244 5] 1 22 46 54 47 
"| 9 50 45 48°>| 342 6} 2 20 42 15 69 
g} 11 35 59°15 al 664 Lets 130 pT a0 tae 
g | 18 52 6 12 65 
Seba ok, SECTION 28. 
k Pole Vert. Z’s { Bearings | Diff. of 
Pole Vert. Z’s | Bearings | Diff. of at T. at v. Alt. 
at lL. at a. Alt. F 6 
’ ‘ 1 10 93 16 36 142 D 
14-899 n-} 10-29. |-- 29.5 Oil 719.86 + al. o3)58 ab oR 
: : 5 E a 2 A A 3 5 23 28 45 136 
: : er egy Ph hy 4 14 32 24 120 
5 5 5 2 42 37 46 96 
5 5 14 76 22 173 6 1 34 41 20 62 
6 6 24 121. 5 340 " 0 352 45 24 94 
" 7 50 125 12 448 8 1302] 48 52 89 A 
8 8 27 130 93 546 9 3 30 5a oh 220 
9 8 55 134 57 664 10 4 20 54 22 307 
10] 9 6 |.136.15 | .719 117444049 5611 | 367 
12 5 15 58 41 443 
“en Te te 6 0 60 4 537 
Ps 14 6 47 62 4 664 
SECTION 20. 15} 7 4 63 33 "18 
Pole) Vert 4’s | Bearings | Diff.of || 16 8 16 64 46 924 
Ole |. eae ell aiid: Alt. 17 8 46 65 44 | 1030 
1 15 39 D 8 14 1h p F 
o'| (4 an ef 52 94 544 SECTION 29. 
3}: 3B 9 63.13.} 115 Pole! Vert. 4’s | Bearings | Diff. of 
4 5 51 "0 37 248 p at T. atv. _| Alt. 
5 911 81 35 505 Lae ots 
6} 11 21 85 10 691 1 S49 py} 26 9 182 p 
"1 12 44 87 45 802 2 6 5) 30.7 163 


. TRACT 26. 


MEAN DENSITY OF THE EARTH. 


3| £94 38 45 | 140 
4 2 55 44 0 106 
5 1 30 49 34 62 Pole 
6 0 10 52 56 3 
4 042 2| 55 55 42 A 
8 212 58 28 132 1 
9 3 3 60 58 195 2 
10 3 36 63 32 Q47 3 
11 4 4 66 16 303 4 
12 & 8 68 28 331 5 
13 & 27 70 9 37" 6 
14 5 0 1 54 450 7 
15 5 4 14 23 506 : 
SECTION 30. iy 
Vert. Z’s | Bearings| Diff. of ¢ 
Pole at T. at v. Alt. a 
1-becaeae nil 81.00 1 353 3 
2 3 10 "9 53 313 
3 2 55 "TO" 263 — 
4 2 46 "5 2 233 
5 2 35 12 45 204 
6 2 26 70 16 179 
"1 1°90 66 28 91 ‘|| Pole 
8 0 19 62 32 23 
9 049 pv] 57 58 37 p 1 
10 2 33 51 54 107 9 
11 4 23 43 37 151 3 
12 6 21 35 48 176 4 
13 8 3 29 13 145 5 
144-10 2 21 54 170 6 
3 a Aa 
SECTION 31. 5 
Vert. Z’s| Bearings| Diff. of 
Pole | at x. at v. Alt. HN 
1] 1 18v] 1040 | 132d a 
2 5 29 15 43 93 
3 2 56 19 13 60 
4 1 42 92 49 40 
5 0 42 28 23 20 
6 0 16 31 43 5 
"| 0302] 36 10 ag a ||\Pole 
8 1 33 40 4d 90 
9 2 13 45 0 146 1 
10 2 41 4718. |_ 190 2 
11 Q 54 50 47 931 3 
12 3 13 53 12 278 4 
13 3 39 56 0 349 5 
14 & 53 58 51 519 6 
15 5 42 60 38 650 q 
16 6 0 62 8 128 8 
17 6 Q7 63 23 825 9 
18 6 41 64 21 892 10 
19} 6 55 65 50 988 11 


LL CC OE CT eee 4 


SECTION 32. 
Vert. Z’s | Bearings 
at vy. at v. 
o 4 ° r) 
1 9E 51 46 
6 55 50 50 
6) ah 49 45 
5 0 46 51 
‘4 25 45 30 
3 29 42 37 
35 40 32 
21% 38 26 
be ey 35°57 
0 52 Jo 
0 3 29 47 
i Sib 26 24 
aes 23 40 
Set 18 30 
1 54 18 4 


SECTION 33. 


Vert. Z’s | Bearings 
at T. at z. 
6). =.4# o 

13 \6ip 4 6 
9 15 8 4 
% 32) 14 53 
5 10 Q1 28 
3 55 26 54 
2 36 36,19 
1 30 45 32. 
0 40 56° °4 
0 28 er 65 38 
1 40 1 15 
2 22 Th a 
2 25 87 12 
2 32 93 33 


SECTION 34, 


Vert. Z’s 
at Ts at z. 
Co ° ‘ 
443 8 84 3 
4 8 79 45 
7 os 16 O 
2 45 71 30 
2G 66 22 
1 8 60 49 
0 19 53 20 
055 p| 46 47 
1 29 40 15. 
1 59 34 52 
3 41 26 15 


Diff. of 
Alt. 


812 a 
7151 
631 
452 
att 
275 
214 
146 
80 
47 
7 

33 D 
60 
73 
121 


Diff. of 
Alt. 


108 bp 
139 
187 
167 
148 
119 
78 
37 
38 A 
132 
197 
226 
257 


SS 


Bearings Diff. of 


Alt, 


ATL a 
386 
311 
229 
156 
84 
25 
46 bp 
69 
$3 
127 


Fd 
30 CALCULATIONS TO ASCERTAIN THE TRACT 26. 
o ‘ °o ‘ 
12 5 27 Qt 55 165 SECTION 38. . 
. a at tS a Pole! Vert. Z’s | Bearings | Diff. of 
at Us RC Ze Alt. 
15 14 6 4 32 109 
1 1|/ 15 $n] 2037 | 405D 
SECTION 35, 2 11 30 31 39 438 
Vert. Z's} Bearings | Dif of || 2) 92% | 36 7 | 398 
at r. RS Alt. 4 6 46 40 30 314 
5 5 27 46 10 283 
Mpraa ite f° TSP. a6 oH Sits BSR Ge OF Bok Se 
4 7 34 12 54 208 ——- 
5 5 38 17 50 191 
6} 421 02 48 | 179 reste g Aaa 
" 3 12 32 56 153 Pole Vert. Z’s | Bearings Diff. of 
8 2 31 41 54 135 ; at v. at z. Alt. 
9 1 42 5a 12 103 Oo 4 o ‘ 
10 110 64 26 "6 1 4 28 p 69 7 312 p 
11} 052 15 48 61 2} 5 35 59 8 | 345 
12} 030 86 54 36 3 6 30 52 3 | 366 
13} 0 14 94 17 15 47) 8) 09 45 25 | 418 
A LD BSS NOSES | Late 5 10 32 38 30 485 
6 12 47 | a 544 
SECTION 36, 1} 13 49 a9 av | 531 
Vert. Z’s | Bearings | Diff. of ——- 
ab U. ab Z. Alt. SECTION 40, 
1{ 17 42D o 45 60 D Ii pole| Vert- Z’s | Bearings | Diff. of 
P) 15 55 92 96 465 at Pp. at Pp. Alt. 
3 12 39 25 13 404 Of. ar P 
b 8 51 29 37. 333 1 8 45 D 9 15 735 D 
5 " 23 23 36 318 2 8 46 16 25 750 
6 3 51 40 33 205 3 9 58 27 16 906 
” 1 22 44a 4&5 80 4 8 38 30 52 804 
8 1 38| 48 26 1 A” 5 7 6 34 30 681 
9 9 54 50 52 218 6 5 23 37 55 533 
10 4 22 52 45 347 a or. 
11 5 37 54 40 47E SECTION 41. 
12 6 30 59 30 959 Pole| Vert: 4’s | Bearings | Diff. of 
RUST 37. at o. at a. Alt. 
Vert. 27s ‘Bearings Diff. of 1 10 41 p| 33 33 510 pb 
at U. at z. Alt. 3 Lt 3? 32 36 "69 
by ee 31 8 52 37 23 | 682 
1 $53 E 63 50 345 A 4 5 38 44 24 524 
Q 3 27 60 5% 286 ) 4 52 46 39 480 
3 1 So 57 45 150 6 4 6 51 8 455 
41 0 16 54 3 93 "1 2 8 56 26 | 9269 
5 1 14D 50 40 Th p 8 1 21 58 30 178 _ 
6 2 53 47 28 166 9 0 57 59 53 129 
q 45 43 0 247 10 0 43 62 21 103° 
8 25 38 49 300 11 0 40 64 35 102 
9 8 40 33 14 348 12 0.5 68 41 10 
10 12 6 28 25 420 13 M10 69 43 36 Aa 
li 16 36 23 43 419 14 “1 20 


109 


TRACT 26, MEAN DENSITY OF THE EARTH. 31 


o ‘ 
38 35 
42 19 
49 48 
50 45 
52 13 
54 58 


564 
85 4 
88 53 56 39 


90 25 7 
91 34 SECTION 46. 


99 Vert. Z’s | Bearings; Diff. of 
o4 at c. Alt. 
94 

95 
95 
96 
96 


SECTION 42, 


Vert. Z’s | Bearings | Diff. of 
at s. Alt, 


* 
IIA nab oro 
r= CO = WO ro 


Cae) 
io 


Pole 


o f 
73 48 
80 57 


CWO 6? TD Or 
DG -1 0 19 WO OW 


a" 


OSOIANPWWe 
~ 
ea 
oO 


201 D 
260 
272 
275 
298 
315 
292 
255 
197 
113 
82 
146 


bo 


aT 10 Th OO 


SECTION 43. 


Vert. Z’s| Bearings ; Diff. of 
Pole at o. at AG Alt. 
te) i?) ‘ 
12 31 52 
1 36 42 
41 8 
46 9 
Vs 7 SECTION 47, 
62 38 Vert. Z’s | Bearings 
67 20 ‘ at T. at v. 
85 34 


OMA S OW 


OF WOOF OOD 
por oD = 8D NO 


1 
2 
3 
* 
5 
6 
7 
8 
9 


— 


Dour rPwHwoonwna oc? 


SECTION 44. 


ole Vert. Z’s | Bearings| Diff. of 
at R. at s. Alt. 
’ Ons 
41 D 6 37 
18 10 10 
51 11 Ql 
52 12 20 
16 25 
16 52 


tpt 
CoO Os Ha OH 
Oo Gm HOOF WO 


7 P 


ld CALCULATIONS TO ASCERTAIN THE TRACT 26. 


6] 246zoe 62) dasa 3] 745 48 47 90 
4] 457 | 64 34 457 4 | 25 55.05 61 
8 5 53 6112 585 5 4-0 60 58 | 65 

9 6 21 70 8 696 6 0 41 67 26 50 
10 6 30 12 34 Wie ras 0 23 74. 28 31 
1! +6 34. 15°13 857 8 025 £f 82 0 52 A 
12 7 4i 17 32 1097 9 158 83 46 925 
13 8 39 19 6 1316 10 S197 87 0 423 
14 8 46 19°34 1361 11 3 32 87 28 461 
15 8 52 80 32 1435 i ks Nae ee 
16 9 6 82 53 1641 

SECTION 5. 
sEcTION 49. SY Sieh Bobs ilo Lae 
Pole Vert. Z’s | Bearings ] Diff. of ata j 
aut: at e. Alt. 1 248 5 68 41 187A 
a Ses 2| 3 50 83 0 | 982 

1 11 56 D 16 58 83 pD o 6 45 102 0 630 
Q O19 $5325 120 4 Teo 108 57 728 
3 8 14 64 20. 190 5 8 4 111738 863 
4 8 12 80 0O 250 6 8 37 112 58 943 
5 5-52 92 52 234. 7 9 19 115 56 1075 

6 4 14 98 36 193 8 10 § 118 30 1230 

7 1°58 103 12 101 Y 10 57 120 40 1393 

8 0 34 £ | 106 12 39 A 10 Lou 122 30 1528 

9 1 20 108 26 92 A 12 22 124 50 1748 
10 2.15 109 6 157 12 ;.13 40 12712 2075 
11 Boat 10-55 230 13 14° 3 128 13 2205 
12 3 492 111 48 300 14 14°97 128 32 2239 

SECTION 50. SECTION 53. 
Vert. Z’s | Bearings | Diff. of || ,,| Vert. Z’s | Bearings | Diff. of 
Pole at L. at w. Alt. Pole at F. atr. Alt. 
e} 4 ie) "1 (9) ‘ (e) U 

] 17 46 pb 10 52 226 D 1 i Ma bh as 64 3 208 a 

2 17) 8 13,33 296 y 5-49 71 24 366 

3 14 51 16°22 333 8 5 58 75 50 448 

4 10 47 | 20 13 363 4 6 14 84 12 522 

5 9 26 23 0 418 5 8 51 91 23 82] 

6 8 54 | 24 37 466 6 9. 0 97 47 924 

" 8 1 | 96 16 508 7} 10 4% 99 40 | 1074 

8 ,. 5 | —2'7 “23 507 8 PRM. 102 33 1236 

% 6 17 28 QF 507 9 11 45 104 44 1375 
10 4 55 29 28 451 10 12 6 106 28 1469 
11 4 30 30 12 490 1] 12 43 108 24 1612 
12 3 51 30 55 433 12 12 55 109 18 1673 
13 34 oe Sis15 357 Seaamanel pe a ee 
14 9°35 31 29 315 SECTION 54. 

et ? wd +4 
SECTION 5]. Pole i ¢ M3 ‘ ri ey eae 
Pole| Vert: 4’s Bearings Diff. of oft oe 
at F. at F’. Alt, 1 0 22 14 4 12a 
Se a. 2} 127 20 5 ve | 
1 14 37 p 3.5% "3 yD ] 5 13 39 2 241 
2} 2 56 44 8 | 140 4 5 46 45 18 299 


TRACT 26, MEAN DENSITY OF THE rant 35 


$e An neem eneyee 
(st te rere 


5| oe 55 40 | 379 SECTION 57, | 
6 638°" | 62.0 451 Pole! Vert: Z’s | Bearings | Diff. of } 
yf rh 70 8 558 at k. at i’, Alt, . 
8| 730 | 78 56.) 662 =,  V 
9/1748 | 8430 | "755 eee ® | 2943 | 196 a 
10 7 50 | 94 8 908 42 ll 24 84 18 299 
11 T 5d + 98 26 1006 > 3 13" 22 34 54 397 
12 7 53 ' 100 58 1077 4 14 52 42 20 509 
5 16 40 47 44 675 
“as 6 16 46 50 15 833 
SECTION 55. —_——— toe ce en 
Pole Vert. 4’s | Bearings | Diff. of SBCTION 58, 
at t. at F's Alt. ll poe | Verte 2’s | Bearings | Diff. of 
; ie Ae Pie at k. att’. Alt. 
1 2 Oe 11-46 35 4 an Be 
2 ae") 22 45 62 1 0: 3:3 5 28 
3 4 3 25 32 | 130 P) 6 10 8 5 
4 a ge 34:49 324 3 10 3 13 52 
5 9 15 42 55 497 4 10 20 29 37 
6 9 52 48 8 604 5 14 20 32 18 
“ 10 30 53 40 136 6 Leo 33 18 
8 10 35 62 34 917 
9/1 11 7% 66 12 | 1060 7, ee eae 
10 11 57 69 15 1235 SECTION 59. 
11 11 52 73 19 1370 Pole Vert. Z’s | Bearings | Diff. of 
; os at m’. at h, Alt. 
1} 98 16 b | Not se 
7 D | Not seen. 
RCT ON 96. : 2} 25 20 66.56 |! 910'p 
Pole| Vert: 2’s} Bearings | Diff. of 3} 22 2 74 50 | 1056 
at ¢. at F’. Alt. 4. 22.12 76 20 1114 
, al a 51 21 40 79 10 | 1232 
1 ii iz 9 4 416A 6 21 20 83 32 1521 
2 Q7 16 21 97 7 20 14 85 50 1656 
3 15 21 33 205 8 19 12 87 30 1758 
4, J 12 27 O Sst 9 18 46 89 17 1978 
5 30 29 15 414 10 17 30 | 90 20 2016 
6 18 31 14 480 11 16 8 091; 5 1990 
| 26 ooo 569 12 14 42 92 27 2093 
8 38 50 686 13 13 35 92 54 2035 
9 42 | 41 44 rit 14 Pra & 46 93 14 | 1991 
10 18 44 21 887 15 11 30 93 45 1915 
1] 46 36 | 971 16} 10 30 1845 


The following are the irregular sections. In the first co- 
lumn is the number of poles; in the second the vertical angles; 
inthe third and fourth the two bearings, or horizontal angles, 

at each end of the base; and in the fifth the computed result, 
being the difference of altitude between the foot of each pole, 
and the point mentioned in the second column, where the 
vertical angles were taken. 7 
VOL, Il. D @ eo 


v 


34 PR iiictte' ‘ASCERTAIN THE TRACT 26. 


SECTION 65. 


Vert. Z’s| Bear. | Bear. | Diff. o 
at b. at b. at a. Alt. 


SECTION 60. 


lWert.Z’s} Bear. | Bear. |Diff. of 
at'H. .| atH. | atc. Alt, 


ole Pole 


in| 47 471 19 56| 20D 
152/32 1) 26 45| 26a 
59 197. 0| 32 56| 65 
23 40| 45 18| 118 
o | 19 2] 63-47| 150 
39 | 15 26| 98 12| 202 
1 113 3{191 47| 238 
9 29/143 12| 247 . 


ou IE, o lf 
8 3808] 70 55| 66 39} 832A 
“8 30 +} 66 46} 70 33) 850 
75 9} 884 
8 30 58 20} 79 20} 892 
8 30 54 27| 82 42| 891 


Gr ® Gt 
oo 
os 
So 
fon) 
Noy 
ww 
aD 
D Or G1 & tT — 190 
rent 
or 


OTRO WOW 


Cr 
> 
he 


SECTION 61. 


Vert. Z’s| Bear. | Bear. | Diff. of 
at H. at Hy | atic, Alt. 


ES SEE 0 SE SE RY 


{Pole 


SECTION 66. 


Vert.Z’s| Bear. { Bear. |Diff. of 
at d. atd, | atc Alt. 


fe} é ° ‘ o ‘ . 
11 9 31£] 68 51] 71 0} 1004, || Pole 
2} 931 | 64 19] 77 50] 1091 
3} 9 31 | 60 19] 80 38] 1072 
4 


9 31 155 40] 84 34) 1066 


‘ ‘ uf 
1% 25 {162 371 11 30] 870D 
15.55 1158 15| 13 36| 823 
1657 1152 52| 16 35] 827 
18 12 |149 43] 18 0| 831 
20 57 |147 3] 18 41) 866 
23 5 1136 18] 23 37] 865° 
23 40 |129 0} 27 25| 876 
23 3 1122 16| 31 32] 877 
23°46 |112 59} °36°25| 894 
10 | 23 23 1104 22] 41 34] 891 
11 | 23 35 | 91 13|)'48 53] 892 © 
°22)) 21/21 82 4915738] 902 
13. | 20 11 .| 77 83] 63 0} 897 | 
14 | 18°47 | 69 33| 71 24] 890 | 
1511731 |°65 26| 77 38] 893 - 
16116 1°61 51] 83 57] 884 | 
1711433 °4:59 1189 $5] 875 
18 |12 48 1°56 49] 96 15 
19111 38° }o54 45 (100 45 


SECTION 62. 


Vert. Z’s| Bear. | Bear. (Diff, of 
atH. atu. | ‘at Gc. | Alt. 


OH OID Pwrore 


é , 
1] 11 Ox| 72 45| 72 40) 1934, 
2/11 0 | 69 57) 76 21| 1389 
3)| 11 O [62 40} 82 29) 1376 
4} 11 0 [59 7) 84 22] 1397 


; 


SECTION 63. 


Pole Vert. Z’s| ‘Bear. | Bear. | Diff. of 
‘| ‘atu. ]"atu. | atc. | Alt. 


P4013 158/74 19] 1h oO) 16134 
211215 | 70 14 "8 | 1652 
3.142 15 1°67 82] '80 52] 1669 
& 172 15 (|°64 |2) 84° 1) 1664 | 


| 


SECTION 67. 


‘lVert. Z’s| Bear. | Bear. |Diff. 
Pole at P. at P. | atu. | | Alt. 


SECTION 64, 


Pole Vert. Z’s| Bear. | Bear. ]Diff. of} ~1 5 42D a 54 “61 -12} 476 pb 
at w. | atw. | atx. | Alt. 21 742 | 54 10] 53 56} 592 

Pat hi, 2ngtea | oS} 7 3.04 55°23] 52 20) 549 
1} 5 575] 74 97] $1 12] 382, |] 4] 712 | 58 40} 50 26] 532, 
2/657 | 78 12|'76°36/'333 |} (5'| °8 1 ')'63 59] 46°43 |'564 * 
3.1 111 -|.81,12] 73-19} 329 6 | (6.47 -|-68.29] 44°48 | 469 ,, 
4 | 619 | 86 33} 68 34| 394 7| 527. | 71 25] 43 18} 369 — 
Site 5 1'90'961'64 4] 934 J] '8!} 65°91 P79 14) 140916} 868 5 
(6 | 7 48 | 96.43] 60 49| 271 9} 4 15,.] $1 17] 39 11} 278 | 
7 | 840 |100 10] 58 40] 184 ‘|/ 10 | 351 | 87 37]°36 34) 247° 
$ | 8 52. '1109' 42] 56141 ):467 7] 11 | 348 P90 58) 95 16] 2425 
9} 841 [106 0| 54 23] 168 || 12] 1 5 | 96 47| 32 56| 64. 
10 108 53 176 1st ey 30 46} *80° 


27 | 96 53 


TRACT 26. MEAN DENSITY OF THE 7) 035 
ree” re) ‘ ° / eo ° é ° ‘ 
14 3 42 91 16) 82 O;} 208 10 5 30 45 101 82 44] 578 
15 6 0 83 54) 34 35) 348 11 5 42 49 501 77:53) 589 
16 7 21 69 39! 88 26] 435 12 5 56 53 57| 74 41 613" 
‘he 9 5 64 1] 41 18] 564 13 eee 58 6) 70 2] 605 . 
18 9 34 55 56! 44 56] 625 14 5 4 64 OO] 66 29) 510 
29 | 1102 1 48 45) 49 59} 706 15 5 8 Ob Bi Gas .5|) 53% 
20:} 9° 24 41 45!) 54 41) 703 16 4 11 "3 46) 65 27) 486 
21 9 52 37 19) 59 16] 777 17 4 20 76 52} 64 11] 518 
921,10 .0 32 45] 65 5L| 841 18 4 21 80 261 62 58] 542 
23.| 9 22 | 29 27] 71 0} 819 . in alll 
ED = SE SED SECTION 69. 
Vert. Z’s} Bear. | Bear. |Diff. of 
PRCAASN C8. Pole at H, atu, | atw-| Alt. 
p Vert. Z’s| Bear. | Bear. | Diff. of n 
.iPole O42 Ques ° 
at P. at p. ata. | “Alt, 1 | 12 475/116 58} 51 34} 18094 
Git; aie), 21.14 36 107 42) 59 25] 2135 
1 62S pi BT 51 S .13"°56 FIOL Ll Gano 2023 
2 6 20 22 44.139 42) 140D 4 | 13 43 96 35| 69 7) 1960 
6 20 24 2/136 1731092 5513. YG 92 53] 72 30) 1875 
4. 6 14 25 20/182 3511025 6 | 12°38 88 41] 76 6] 1760 
5 5 54 27 20127 52| 932 7 1 12 28 82 53/1 81 18) 1703 
61 541 | 29 93/121 57} 843 8112 3 | 78 24] 85 45| 1656 
7; yy ot 32 27)115 58} 769 9} 11 47 76 54) 87 30) 1646 
8°} 5 29 «| 35 59)107 50] 740 10 | 11 26 74 56}.89 251 1599 
9 5 45 41 31] 87 8| 615 Tur tO" G6 68 32! 96 23! 1452 


The three following sections were taken in a manner dif- 


ferent from all the rest. They were made by measuring in 


a straight sloping line, or nearly straight, from certain points, 
towards K andy; and, at the beginning of the line, taking 
the angle of elevation or depression of several places or points 


in it, whose distance from the beginning were measured. In 


these cases, each distance is the hypothenuse of a right-angled 
triangle ; and the manner of operation is this, as radius is to 
the hypothenuse, or measured slope distance, so is the sine 
of the elevation or depression, to the difference of altitude, 


and so is the cosine of the same vertical angle, to the hori- 


a 


zontal distance. 


sEcTION 70, from m’ to K. 
Pole Slope psers Horiz. |Drff. of 


. Dist. at M Dist. Alt. 
1} 463.|%. 50Ln} 459, | »,60 
21 794 | 6 542 | 738 | 92 
3 | 2992] 6 50 8} 0985"} 114 


. 36 ,. a TO ASCERTAIN THE TRACT 26. 


sECTION 71, from 2 to x. sECTION 72, from & to nN. 


Spore} Slope [Vert. 2’s Horiz. |Diff. of |) »61,| Slope |Vert. 2’s | Horiz. Diff. of 
Dist. | at %, Dist. | Alt. Dist. | at &. Dist. | Alt. 
' t ) ‘ 

1] 727 |/:13 39p| 706 | 367 | 1| 5928| 3102] s5e7 | 38 
2] 1495 | 9 442 | 1434 | 242 || 2] 1188 | 410 | 1185 | 95 
3.] 1720 | 9 42 | 1699 | 267 || 3.) 1594 | 6 8 | 1585 } 1979 
411984} 752 | 1965 | 267 | Ends 
5 | 2547 | 7. 3 | 2528 | 308 at N. 

Ends. ; 

at K. | 


Besides these sections, there were many more single points, 
whose places and relative altitudes were observed, and com- 
puted ; but it is not necessary to abstract them all here. 

The following plate, N°. 1, has 72 figures, answering to 
these 72 sections, each to each, according to the numbers, 
In these figures, the line having the letters p, p, p, &c, an- 
nexed, is the section line, the letters p, p, &c, denoting the 
poles; the other line, forming the angle with the section, is 
the base line; and between them are the degrees and minutes 
contained in the angle formed by them; at the angular point 
was observed the elevation or depression of each point p; and 
the bearings or horizontal angles were observed at the other 
end of the base, whence faint lines are drawn to some of the 
points P> forming with the base line those horizontal angles. 
The base and section lines, in each figure, are also drawn 
nearly in the same direction as they are in the plan, or on 
the ground, supposing the top of the paper to represent the 
North, towards which a person looks when viewing the 
ground from the South. i" 

Having finished the computation of the relative altitudes 
of all the points, in the sections, the next consideration is, how 
they are to be applied in determining the attraction of the hill. 

: In whatever manner this last mentioned operation may be per- 
formed, tt is evident, that all the points and sections, with their 
altitudes, must be entered in the plan. Therefore, having 
accurately constructed a large plan of the ground, as before 
mentioned, containing all the principal lines or bases, at the 
extremities of whigh either vertical or horizontal angles were 


‘ 
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taken, from them are then determined, in this plan, the places 
of all the other points in the sections, whether vertical, hori- 
zontal, or inclined. These places or points were determined, 
by drawing lines from each extremity of the base, so as to 
form with it angles equal to those which were observed on 
the ground, for each corresponding pole: the intersections 
of these lines are the places of the poles, which having marked 
with a fine dot or point of ink, and written close to each point 
the proper number expressing its relative altitude, and clean- 
ed the paper by rubbing out the lines forming the angles, by 
which the points were determined, there remained only the 
points, with the figures expressing their altitudes, distinctly 
exhibited in the pian: See plate 2. e 
It remains now to apply all the foregoing calculations, and 
constructions, to determine the effect of the attraction, in the 
direction of the meridian. And here it soon occurs, that the 
best method is, to divide the plan into a great namber of 
small parts, which may be considered as the bases of as many 
vertical columns, or pillars of matter, into which the hill, and 
the adjacent ground, may be supposed to be divided, by ver- 
tical planes, forming an imagiiiéry y group of vertical Salucans, 
something like a set of basaltine pillars, or like the,cells in a 
piece of honeycomb ; thento compute the attraction of each 
pillar separately, in the direction of the meridian; and lastly, 
to take the sum of all these computed effects, for the whole 
attraction of the matter in the hill, &c. Now the attraction 
of any onélof these pillars, on a Bisdy in a given place, may 
be easily determined, and that in any direction, to a sufficient 
degree of accuracy, because of the smallness and given posi- 
tion of the base: for, on account of its smallness, all the mat- 
ter in the pillar may be supposed to be collected into its axis, 
or Mie” line erected on the middle of the base ; the length 
of which axis, as the mean altitude of the pillar, is to be esti- 
mated from the altitudes of the points in the plan which fall 
‘within, and near, the base of the pillar: then, having obtained 
the altitude of this axis, with the position of its base, and the 
matter supposed to be collected into it, a theorem can easily 


=¥ 
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be assigned, by which the effect of its attraction may be com- 
puted. But, to retain the proper degree of accuracy in this 
computation, it is evident that the plan must be divided into 
a great number of parts, perhaps not less than a thousand for 
each observatory, in order that they may be sufficiently small, 
and by this means forming about 2000 of such pillars of mat- 
ter, whose attractions must be separately computed, as above 
mentioned. The labour and time necessary for such compu. 
tation, it is evident, would be very great, perhaps not less 
than those employed in all the preceding computations of 
the sections, and all the other points and lines concerned in 
this business. For this reason, I was desirous of obtaining a 
theorem, or method, by which the attractions of the small 
and numerous pillars might be computed, with the same de- 
gree of accuracy, but with less expence of labour and time, 
than when computed separately as above mentioned. And 
in this inquiry the suceess has been equal to my wishes, hav- 
ing at length devised a method, by which the business has 
been effected in perhaps one-fourth or one-fifth of the time, 
that would have been required in the other way. 

Of ali the methods of dividing the plan into a great num- 
ber of small parts, I have found that to be the most convenient 
for the computation, in which it is first divided into a number 
of rings by concentric circles, and these again divided into, 
a sufficient number of parts by radii drawn from the common 


centre, that centre being the observatory where the plummet 


is placed, on which the effect of attraction is to'be’computed. 
By this means, the plan is divided into a great number of 
small quadrilateral spaces, two of the opposite sides of which 
are small portions of adjacent circles, and the other two are 
the intercepted smal] parts of two adjacent radii, as appears by 
fig. 1, pl. 3, in which, for the present, let the circles and their 
radii be supposed to be drawn at any distances what from 
each other, till it shall appear, from the theorem to be in- 
vestigated, what maybe the most convenient distances and 
positions of those lines. In this figure, a is the observatory, AN 
the meridian, wAr an east-and-west line, BCDE one of the 
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small spaces, and F its,centre, or the foot of the, axis ofj the 
pillar whose base is BcpE; the figure AWNEA, being a horip 
zontal or level section, through the point a. Join a, B, and 
with the centre a describe the arc of the mid circle Gru. Let 
a denote the length of the axis on the point ¥, or. the mean 
height of the pillar on the base Bp ; and s the sine, of the an- 
gle of sevatiOn, of that pillar, as observed at a, to the radius 


art ny Then will the magnitude of that co- 


Jumn, or its quantity of matter, be expressed by (BC+ DE) x 
BE x a, which is supposed to be all collected into the axis : 
consequently, if the attraction of each particle of matter be 
in the reciprocal duplicate ratio of its distance, the attraction 
of the matter in the pillar so placed, on the plummet at A, 
in the direction of the meridian an, will be 


BC+ DE BC+ DE 

“gap X BEX aX 7 XO >" x BE X SC = ——X BEX SC 
QaF QAF 

nearly, supposing F to be equally distant frem Be and DE, 


and ¢ the cosine of the angle ran, to the radius 1. 


1, ors >= ——— 


But = x ¢ is nearly equal tod, the difference of the sines 
of the angles BAN, CAN, as is thus demonstrated, Draw ex, 
FL, HM, perpendicular to aw, and cp parallel to the same; 
also draw the chord Gu. Then ax, Am are the sines of the 
angles GAN, HAN, to the radius ar, their difference being KM 
= GP; also FL is the cosine of FAN, to the same radius: con- 
sequently Gp : FL :: d: c. But the triangles Lra, pGH are 
equiang ular and therefore Gp : FL :: GH: AF. Conse- 
quently GH t Ree Ce OF — x ¢=d. This equation is 
accurately true, when GH is the chord of the arc; and, as the 
small are differs insensibly from its chord, the same equation 
is sufficiently near the truth when Gu is the arc itself. Sub- 
stituting now d instead of the quantity — x ¢, in the theo- 
rem above, it will become se x ds for the measure of the 
attraction of the pillar whose base is BD, in the direction an. 

hich is as easy and simple an expression for the attraction 
of a single pillar, as can well be desired or expected. 

But to make the application of this theorem still more easy, 
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to the great number of small pillars concerned in this busi- 
fess, let us suppose BE and dto be constant or invariable 
quantities ; and then it is evident that we shall have nothing 
more’ to do, but to collect all the s’s, or sines of elevation, of 
all the pillars, into one sum, and then multiply that sum by 
the constant’ quantity Be xd, by which there will be pro- 
duced the measure of the attraction of all the pillars, or of the 
whole part of the'ground on one side of wE. Now BE will 
be made,.to become constant, by making the circles equi- 
distant from one another, or by taking the radii in arithmeti- 
cal progression., And d will be canstant, by drawing the radii 
so,as to form, with an, angles whose sines shall be in arith- 
metical, progression ; for then d.is the common difference of 
the sines of those angles. Hence then we are easily led to 
the best manner of dividing the plan into the small spaces, 
viz, from the centre a describe a sufficient number of con- 
centric and equi-distant circles ; divide the radius a1, of any 
one of them, into a sufficient number of equal parts, and from 
the points of division erect perpendiculars to meet the circle ; 
then through the points of intersection draw radii, and they 
will divide the circles in the manner required. @ 
In a computation of this kind, we need only calculate the 
attraction of the matter which is above the plane or horizon 
of each observatory, and the attraction of so much matter as 
is wanting, to fill up the vacuity below that plane, lying be- 


tween it and the surface of the lower part of the hill. For the 


South observatory, the attraction of the Southern parts that 
are above it, must be subtracted from that of the Northern 
parts, to obtain the attraction of the whole towards the North; 
that is, the Southern elevations are negative, and the North- 
ern onés affirmative. The contrary names take place with 
respect to the depressions, or the vacuities below the plane 
of the observatory , for if the whole space below this hori- 
zontal plane were full of matter, to an equal extent both 
ways, its attraction need not be computed, as those on t 

contrary sides would mutually balance each other ; but since 
there are unequal vacuities on each side, it is evident, that 
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the attraction of the matter that might be contained im them, 
must be deducted from the other two equal quantities, to 
leave the real attraction of those two sides; then subtracting 
the remainder on the South side, from that of the Northern, 
side, there will at last remain the joint etfect of all the matter 
below the plane, in the Northern direction: but as the one 
remainder is to be subtracted from the other, the two equal 
quantities may be omitted in both, and only the effects of the 
vacuities brought into the account, which being twice sub- 
tracted, their signs become contrary to those of the parts 
above the horizontal plane; that is, the effect of the Southern 
vacuity is affirmative, and that of the Northern one negative. 
But for the Northern observatory, when the attraction towards 
the South is to be found, the contrary names take place; that 
is, in the elevations the Southern parts are afirmative, and the 
Northern parts negative; but in the vacuities or depressions, 
the Northern parts are affirmative, and the Southern ones 
negative. 

According to the foregoing method the plan of the ground 
was divided into 20 rings, by equidistant concentric circles, 
déScribed about each observatory as a centre ; and each qua- 
drant was divided into 12 parts, or sectors, by lines forming, 
with the meridian, angles whose sines were in arithmetical 
progression ; by which means, the space in each quadrant 
was divided into 240 small parts, making almost a thousand 
of such parts in the whole round, for each observatory, or 
near 2000 for the two observatories. ‘This was judged to be 
a sufficiently great number of parts, to afford a very consi- 
derable degree of accuracy; or at least that number was as 
great, and the parts as small, as was well consistent with the 
degree of accuracy afforded by the number of points, whose 
relative altitudes had been determined. 

In this division, the common breadth of the rings, or the 
common difference of the radii, is 666% feet ; and the common 

difference of the sines of the angles, formed by the radii and 
the meridian, is ~,th of the radius; and consequently, those 
angles are expressed, in degrees and minutes, as here below, 
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viz, 4° 47, 9° 36’, 14° 29’, 19°28’, 24°37’, 30°0', 35°41’, 
41° 482, 48° 35°, 56°26 4, 66° 264, 90°.0!. 

. Plate 2 contains a small plan of the principal and most cen- 
tral. part of the ground, accurately divided in the above man- ~ 
ner, for one of the observatories, namely, the Northern one, 
with the places of all, or most of the points, which fall within 
this part of the ground, accurately laid down, and marked 
with dots, as also such of the included letters as have been 
before mentioned in this paper. 

_ In this plate ragcp &c, is the chain of stations, around the 
hill; x and ware the East and West cairns, on the extremi- 
ties of the ridge of the hill; o the Southern observatory, and 
e the Northern one. Of this kind two large plans were made, 
one divided for each observatory, from which were estimated 
the mean altitudes of the pillars, erected on the spaces into 
which they were divided. 

These altitudes are easily estimated, when several of the 
points fall near and in the small spaces or bases, especially 
when they are near the middle of them; but, numerous as the 
points are, there were many bases in which none at all were 
contained, nor even near them. ‘This circumstance at fl 
gave much trouble and dissatisfaction, till I fell upon the fol- 
lowing method, by which the defect was in a great measure 
supplied, and by which I was enabled to proceed in the esti- 
mation of the altitudes, both with much expedition, anda . 
considerable degree of accuracy. This method was, the con- 
necting together, by a faint line, all the points which were of 
the same relative altitude: by so doing, I obtained a great 
number of irregular polygons, lying within, and at some dis- 
tance from, one another, and bearing a considerable degree 
of resemblance to each other: these polygons were the figures 
of so many level or horizontal sections of the hills, the rela- 
tive altitudes of all the parts of them being known; and as 
every base, or little space, had several of them passing through 
it, I was thus able to determine the altitude belonging to each) 
space with much ease and. accuracy. Jn this estimation, I 
could generally be pretty sure of the altitude to within 10 
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feet, and often within 5, which on an average might be about 
the 100th part of the whole altitude ; and when we consider 
that the number of such estimated altitudes is very great, and 


that it is probable the small errors among them would nearly, 


balance one another, the defect of those that might be reckon- 
ed too little, being compensated by the excess in those which 
might be taken too great, we need not hesitate to pronounce, 
that the error arising from the estimation of the altitudes, is 
probably still much less than that part. 

It was necessary to determine these altitudes of the pillars, 
in order to compute the sines.of the angles of elevation sub- 
tended by them, as the theorem requires the use of these 
Sines; and the very easy method used in deducing the latter 
from the former, is explained after registering the altitudes 
of all the pillars, as they were computed. This register con- 
sists of 16-tables, namely, 4 quadrants of spaces in the alti- 


tudes, and 4 in the depressions, for each observatory, as- 


specified in the titles of them. The numbers are feet, like 
all the other dimensions. The numbers on the same horizon- 
tal line, from left to right, are such as are all in the same 
ring ; and those in one and the same vertical column, are in 
the same sector, or between the same two radii; the number 
of the ring, counted from the common centre, is written in 
the left-hand margin; and the number of the vertical column, 
or distance of the space, or sector, from the meridian, at the 
top; also the radius of each ring, that is, the line from the 
common centre to the middle of the ring, is written on the 
same line with it, in the right-hand margin. It may be fur- 
ther remarked, that in such little spaces as were cut through 
by the boundary line, between elevations and depressions, 
thus making but a part of such spaces in each of those deno- 
minations, each space was accounted as a whole one; but 
then the mean altitude or depression, in each part, was dimi- 
nished in the proportion of the whole space, to the part of it 
so included in the boundary. The altitudes and depressions 
are set down first with respect to the Southern observatory 
o; then for the Northern observatory P; and, in each, the 
altitudes are placed first. 


‘ 
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1. Altitudes above o in the N.W. quarter. 5 
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2. Altitudes above o in the N.E. quarter. | 
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3. Altitudes above o in the S.W. quarter. 
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5. Depressions below o in the N.W. quarter. 
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7. Depressions below o in the S.W. quarter. 
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9. Altitudes above p in the N.W. quarter. 
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9 7 & : ae ea 110 360 420 170 
ST eat Oca are wie aed of 1) Ae 
re), ©! 20° 40° 50’ 40° . : 3 : 7 : 
19°| 100 100 100 100 80 30 . ‘ ; 
20°} 130° /130° 130° 120 110° 80: . : 

13. Depressions below P in the N.W. quarter. 

Rigs) i oo Le ee TO Geto id 
100 95* 90' 65; 80 75. 70 60 506 40) 30 
2°| 390 380 360 330 310 290 270 240 210 180 150 
3-1 520 510: 500 490° 480° 470° 450 430 410° 370° 270 
4 | 650 640 620 610 590 570 550 530° 500 460 390 
5 | 830 820 760 72U 690 660 630 500 560 500 380 
6 | 880 860 850 790 730 700 670 640 580 480 340 
7 | 910 900 860 830 790 720 630 620 540 550° 440 
8 | 930 S90 840 600 830 710 610 610 580 530 520 
g| 830 830 830 830°: 830° 830° 760° 700° 670 620 600 

10 | 780° 740° 755 770 785 800 815 830 780 750 720 
11'| 730 750 780 800 830 860 S60 880 880 860 820 
12'| 750 770 810 910 980 950 960 950 930 880 

1770 840 Q90 1030 1050 1050 1030 980 950 
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14. Depressions below P in the 'N.z. quarter. 


wim og, S2th so. 6; 7) a OF (UNO Eo Ld Rome 
| 1] 80 75 70 65 60 55 50. 45. 40 35 20. 20 ¥ 3332 
21330 325 320 300 280 260 240 220 190 150 110 30 1000 
3 | 520 515 505 490 475 460 440 420.400 330 240 60 | 1667 
4 | 660 674 690 700 700 690 660 620 560 470 350 80 | 2333 
5 | 840 840 840 840 840 830 820 770 720.620 440 1001} 3000 
0 | 860 880 900 920 930 930 910 870 830 ho 570 2401} 3667 
7 | 920 920 920 $80 880 900 930 940 930 840 680 610] (4333 
8 
9 
10 
11 


920 840 780 780 740 720.770 870 920.970 900 630} 5000 
720 670 600 600 600 560.580 670 850 950 940 600 | 5667 
700 .620 520 500 500 500 500 520 720 920 960.650 6333 
700 600 600 600 620 600 580 560 540 840 920 770} 7000 
12 | 720 700 680 700 720 740 700 740 570°800 920 820] 7667 
13 | 720 720 720 720 700 700 720 °720 620 820 900 920 | 8333 
15. Depressions below P in the s.w. quarter, 


Rings| 1] ) 3 4 5 6 7s Bl Oe Ae tk kee eee 
9 | 280 140 100 70 40 40 . gu OF, 5 : . 5667 
10 | 400 340 280 230 190 150 110 80 .  .. .. . =| 6333 
11 | 500 470 410 340 290 260 230 200 160 30 . 4140) 7000 
12 | 500 510 510 490 410 370 330 310 350 280 150 260 | 7667 
13 | 480 500 500 510 500 460 430 260 150 230 280 360 | 8333 
14 | 370 390 400 430 450 450 400 210 10 4110 280 230 9000 
15 | 260 260 250 260 330 330 310 130. » 130 130 | 9667 
1.400. 200... .450.::-160..170:, 220), 930. 130. et a, oko ated 10333 
gO «80 .g0, 110°140 30:' ..., : » |11000 


20 10.) 10 20-430. . ; , ° - 111667 
- a a a a a EE | 


” VOL. ni. r 


». 


It remains next to find the sines of the vertical angles, sub- 
tended by all the foregoing altitudes and depressions ; since 
the sum of these sines is the thing we are in quest of. Now, 
each altitude, or depression, is the perpendicular of a right- 
angled triangle, of which the given radius, standing on the 
same line with it, in the right-hand margin, is the base, or 
the other side about the right angle; and by the resolution 
of the right-angled triangle, for each perpendicular, the same _ 
number of corresponding sines will be found, But with such 
data, the tangent of the angle is much easier to be found, 
than the sine; and the analogy for that purpose is this, as the 
base : to the perpendicular :: radius 1 ; the tangent, which 


will therefore be found, by barely dividing the given perpen- 5 — 


dicular by the base ; and if we find this number in its pro 

column, in a table of sines and tangents, then on the same 
liné with it, in the column of sines, will be found the sine of 
the angle required. This seems to be the easiest way of re- 
solving all the triangles, when computed separately. Butas 
the labour would be very great, in performing so many hun- 
dreds of arithmetical divisions, &c, either by logarithms, or 


k 
‘ 
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50 
16. Depressions below P in the s.E. quarter. ! 
Sell 1./ 2pnnme ser uloe ON. 780 8s Olt IO: Lie as Radii, | 
7A er oh Gk a, 8G, OR a St, SOR) aE 
SL 20sken EBON: oul hs .1eE Jed ‘net Vie te 210 7 ae 
9 | 260 290 290 280 240150 30. . - « 270) 5667 
10 | 420 440 450 440 420 370 270 140 . 2 . 330 | 6338 
11 | 530 540 560 560 550 480 430 330.150 40 40 430 | 7090 
121 500 510 520 550 630 600 500 430 290 230 200 630 | 7007 
13 | 450 430 420 410 430 570 630 530 430 480 340 710 8333 
14 | 360 330 310 290 280 330 510 670 590 630 570 830 | 9000 
15 | 940 230 220 200 180 200 330 530 770 760 710 870 | 9667 
16 | 180 160 150 130 110 140 230 330 630 830 790 880 | 10333 
171110 80 50 40 30 g0 190 280 500 860 830 860 } 11000 
ig} 10. « ws «+ 10 150 260 400 760 830 760 | 11667 
10: | hey tebe ete orc - 1s 704.280 "380 60G%: 7 70-680 12333 
20|. hie), ols eae 10 180 290 530 690 530 |13000 


ie 5th 
ee ee ee 


# 


si 
~ 


. 
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by the natural numbers, instead of it, the following method 
was adopted, being a much more expeditious way of obtain. 
ing the sum of thie: sines required. This method consists in 
finding, in a very easy manner, the difference between each 
tangent and its corresponding sine, from the given base and 
perpendicular, and then, subtracting the sum of all the differ- 
ences from the sum of the tangents, there remairis the sum of 
the sines. Several advantages attend this method 6f proceed- 
ing: for, to find the tangents, we need not divide every per- 
pendicular separ ely. by its corresponding base, but add 
together all the perpendiculars that are on the same line, and 
divide their sum by the common base, which is the ee of 
the middle of the ring, and is placed on the same line with 
them towards the right-hand ; for thus we shall have little 
more than a twelfth part of the number of divisions to per- 
form: also, a great part of the tangents are so small, that 
they do not at all differ from their corresponding sines, in the 
number of decimals that it is necessar y to continue the com- 
putations to; in all which cases therefore the trouble of find- 
ing the Viti thecst is saved; and those differences, which it 
is necessary to compute, are very readily found by inspection, 
on a peculiar kind of sliding rule, which was constructed for 
this purpose, and of which 7] fall here give a short descrip- 
tion. 
This rule (the figure of which is represented pl. 3, fig. 2) 


consists of three columns ; one marked Ar or base, which is 


moveable by sliding it up or down by the side of the other 
two, which are fixed; of these two, the one contains the per- 


_ pendicular altitudes or depressions, and the other the differ- 


ee between the sines and tangents, to the radius 1. To 
nstruct the numbers on this rule; form 4 series of logarith- 
“mic tangents in arithmetical progression, of which the first 
term is 9000, and the common diflerence *025 ; take out fr 

a table the corresponding natural tangents, ane place them 
in the first and second columns of We and perpendicular, 
.and the difference between the natural sine and natural tan 
gent in the last column, marked Diff. To make use of this 

E2 


9 
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scale; look out any base, and its corresponding perpendicular, 
in their proper columns, that is, any radius and its correspond- 
ing altitude or depression, in the sixteen foregoing tables, 
without regarding the number of places they contain, and 
| bring them to correspond ; then, if they consist of the same 
(a number of places, the lower index on the slider, or first co- 
jumn, or we answering to 1000, points to the true difference 
between the sine and tangent, in the last column; but if the 
number of places in the base exceed that in the perpendicular 
ie * by I, the upper index 100 must be used. And in this man- 
ner were computed all the differences which were necessary — 
to be found, and placed in their proper squares, formed by — 
the meeting « of the horizontal and vertical lines, or rings and 
sectoral spaces, in the following set of 16 tables, which cor- 
respond to the foregoing set of 16, each to each, according 
to the number of them, and marked at the tops with the 
numbers 1, 2, 3, &c, to 12, for the sectoral spaces, and with — 
the number of the rings on the left-hand margin. Also, in the 
. ’ column immediately after the number of the ring, are placed 
the radii which formed the last column in the preceding tables; _ 
then, in the third column, are placed the sums of the altitudes _ 
and depressions, found in each line of the former tables; and, 
in the next column, the quotients found by dividing the num- 
bers in the third column by those in the second ; these quo- 
tients are the sums of the tangents belonging to each line or _ 
ring ; which being all added together, their total is placed at _ 
the bottom of the column: after this follow the 12 columns 
of differences before mentioned, which are succeeded by one | 
: more column, containing the sums of each line of these dif-__ 
ferences ;which sums being added together, their totaliis | 
placed at the bottom of them ; and this total is the sum ofall | 
the differences between the sines and the tangents, and it is 
‘therefore subtracted from the total of the tangents in the 
fourth column, when at last there remains the sum of the sines 


as required. 


ing: 
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’ 1, For the sum of the sines of alt. above O in the n.w. quarter. 


ings} Radii. ; 2” 3 47a? § Oo 1078 12 ane 
ca We 8a yen a ee —. 
1 6°525|103 103 103 103.97 97 86 75 55 36 
| 2 6:265| 88 @O 88 85 84 82 78 75 56 40 
3 6:027|79 86 87 87 S8 97 03 64 48 21 
4 $°9086/ 12 12 13 17 23 27 39 43 45 16 
5 BAe) 1 econ ele uy tes 
6 1°280 ’ . 
7 0°631|° . PRD ; 
8 -0°325 
i) 0-118 
10 0-009! . % Oiy : ; 
L 27°591 = sum of tangents. Sum. of diffs. 
2.790 = sum of the diffs. +" 
2.4°795 = sum of the sines of alt. above O in the marr quar- j 
| 
1 | 3334 | 1965 | 5:895| 97 92 92 87 50 71 56 43 33 2415 5 | ‘6y5 
2 | 1000 | 5360 | 5°360| 68 67 65 62 59 56 53 43 3523 9 1 541 
3 | 1667 | 8275 | 4:965| 66 53 52 49 47 41 36 21 35 20.13. 1.1 ..433 
4 | 2333-| 7555 | 3-238; 10°10 gO 10 101112 144513 8 1 124. 
ST AUG MO eA. le ee Uk) Rk 2 ne j yrs 
inne | Set CSO ek Be ey i PD! ak 2 
74} 4333 580 134). : : ; 4 he ED y 
8 | 5000 50 |, “0101... T tee AREER he : 
| 21°600 = sum of the Be sent: 1x08 
1°S08 = sum of the differences. 
-19°792 ca of the sines, 
- -% 


Phy i- 


: - 
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o in the s.w. quarter. 


Rings! Radii. 


V—_—_—— re cr | ee 


t | 3334 
1Q@00 


19s] 12233 


20 190 2000 


970 
2370 
4325 
5910 
7520 
9280 
10140 
10700 
11580 
11970 
12250 
12280 
12750 
13940 


‘ 1S 
Sum of|% ° 
Peps (St f 
Tan 
10 4 0'030 
1s 15 
a . S 
40 5 
ool 7 
100 1] 
200 | 21 
1960 190 
3720 338 
$770 405 
260 573 
90 | 8920 | 686 
2°374—= 


of the’ tangents, orsum of the 
as the diff between them 
thing in this quadrant. 


0°00 


224. 


474 

703 

Q33 
1'074 
1°210 
1°219 
1°078 
1°148 
1159 
1°105 
1052 
1'034 
1072 


sum 
ines, 
ire no- 


, 


3. For the sum of the sines above 


eee 


ft eet et St BD ON et et lt 


Rings| Radii. 


S fo 2? | 
Par o"}Sum of ey 
“TP5-! Tangs.| a 

10333 10 | O'OO1 
11000| 230 21 
11667{| 830 7) 
12333 | 1450 118 
i 3000 | 2130. 104 4 


4. For the sum of the sines above} | 
o in the S.E. quarter. ’ 


diff. being nothing. 


A'S ae 5 
: Ra 

Ua ae Be bore: | 
Dy a eke 
NAEOE ui od Ue ok 
tive ol pol 
dinih 4 Ad 
Lenrher ree 
PRES. Bato Poco 
1 ite eh ae 
oa 
ie: Sees Oe: 
ae re Ose aR | 
ae Wy ah gee | 


eel oll ell el ell tel el 


13°035 = sum of the tangents. 


‘101 = sum of the differences. 
'15°534 = sum of the sines. 


ftp et feet tet et * 


mt tft et fee et ® 


Se a 
. 


* 
5, For the sines below o in the N.w. quarter. 


Oy 7 8 9 10 11 12 


7 . 


j= ° 


a te tt 


. 0375 = § sum | 
of the tangents, or of the sines, the 


i 
— he “Se 


So Neal sf aaa! 


SeoonNon... 


— 


St 


| 2eOO 
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6. For the sum of the sines below 0 in the N,E. quarter. 
iL Radii Sum of]. of 12 3 4,6°629~B 49 10 11 120° 
ngs) acl: | Perps. Tangs : ; Diffs. 


a 
Gi 3667 b. 180 | 0040) 4. cu dee fi pWiate ide % 
714333 | 1100} 268). 2... Qo WL ay Aw rs + 
8 | 5000 | 2980 596, 6. eee se HAA De of 
9 | 5667 | 5210 O10 by Way Be bie Dee eae eee a 
my) 6359 1.7800 }1°153).h, 1. lalawoly ot 
11 | 7000 | 9440°| 1349} 1 2 2 2 ISR O}S, - yg 
1 12 | 7667 |11460|.1°495}2 2 2 2 2 1 Peter . 
| ‘| 8933: 4.748eO|, 1:570)1,1,1°1.2°-2. 4038 sF days 
1 -OO00 | 33200111477) 2 wb Ls 1 2th de pt hod s 
BS | 0667 | 12670-1311) 3) 15. 11°42 1 babe 
16 | 10333 |12160/ 19177}. 1-. 1 ay ae AE RR 
mr ¥1000| 11950) 1'077}...)- F 2. 1 1° 1 ae td 
12441 = sum of the tangents. ; 
‘O85 = sum of the differences. @- 
12°356 — sum of the sines. 


| _ 7. For the sum of the sines below 0 in the s.w. quarter. 
| 1.2.3 4 GeO, 7.8) O 1Qaie2 


Y>1 | 3332 |-1445 | 4335151 51 47 43 40 35 27 21 17 10 2 
| 2 | 1000 | 3460 | 3:-460| 28°27 26 25 19 17 13 g 6 5 2 
” 3 | 1667 | 5370 | 3°222/21 19 17 15 13.18 16 6 5m4 2 

4 | 2333 | 6050 | 2°850/15 14 13 12 10 8 8 5 5 8 2 

5 | 8000 | 7640 | 2°547|9 9 9 8 66 548 3 2 
i 6 | 3667 |.8260 | 2253/5 5 5 5 5 5.5 3 3 Al 
| 7 | 4333 | 8260 | 1:900}2 2223333221. 
mee 8 | 5000 |-7840 | 1.508} F 1 1 1 11.1 192'2 221 
Meo | 5067 |'656Q.| 161/11 1 # 1 1-1 4 2 14 
‘| 10 | 6333 | 5650 | 897; 1 . 2 is ete 
‘| 11 | 7000 | 445 636 1 1 ‘ 1 
| 22 |97607 | 32160 412 a) ay sae a 1 
Mee | 8333 | 2190 203 : 1 
| 14 | 9000 | 1250 9 
}15 ' 9967 | 570 59| 3 7 

16 | 10333) 210 CARE CREE ae a dae 


25°728 = sum of the tangents. 
0'922 = sum of the differences. 


24°506 = sum of the sines. 


é 
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8. For the sum of the sines below o in the s. £. quarter, | 


Rings| Radii. et “isan of 123 4567 8 91011 1958.08 
angs. 

1 | 3334 | 1510 |'4°530 [51 51 47 43 40°35 27 21 17 13 11 J] *357 

2 | 1000 | 4120 | 4°120 [28 28 28°28 28°27'25 2117 13 8 1} 252 
3 | 1667 | 6510 |'3-906 [21 21 21 21:21 21:21 19 16 13 9 TI} 205 
> 2338 | 8070 | 3°459/16 16 15 15 15 15 14 14 13:10 6 1} 150 
| S| 3000 | 8990 |} 2°09719 9 999999 9 85 1] 95 
6 | 3667 | 9280 |}2°53115 5 5 5 5 5 5 5§ 6 G4 1 57 

| 7 | 4333 | 8440 |} 194812 22222223 43 «1; «27 
21/5000 | 7490 |} 1408 Tir 1 PAL OL at eee rst 14 
9 | 5607 | 6630 | 1170. 1 + gee ee E Y 6 
oe aes 1.0070 7" OOG Pa 7. Ls EF em 1) Pps? 1 5 
ut 7000 | $110.1~ 78H. 8. 4D ta hs PER EO SB 5 
Pe Oh EO SOMO wa te le ME te to VR Ra ERE 3 
m3") 0233 19540 1) 425 be Showars MAT anges TGs. ood 3 
14 | go00o 70.1: 374 eth ae > op) th mya wae od 3 
fo. | Cmey 1 S020 1G 1s |"... aisha ML to cau el Lee Pe 2 
IRs MOGI POI ge cc) a. ate hae ote Leer ee 2 
ov the Se eT h OE Gs la tt Osa a, Seman Rae Mee cme enn Be MNT Ie ste | ] 
18 |11667 | 1975 sine ke aie ot ahd o) Leavioa Ree Oa ] 
i W2gae op aye 1 140 |\ouemee te Bl ae eed 1 
20 {13000 | 1520] 117]. ats a tie ete ate 1 
30°403 = sum of the can Bente 1-190 


1°190 = sum of the differences. 
29°213 = sum of the sines. 


g. For the sum of the sines above Pp || 10. For the sum of the sines above P 


in the N. w. quarter. in the N. E. quarter. 
4 | 2333 10 ‘004 1 | 3334 10 ‘030 
5 | 3000 15 5 2 } 1000 10 10 
6 | 3007 15 4 3 | 1667 15 9 
7 | 4333 | 15 3 4| 2333 | 60 20° 
8 | 5000 15 3 5 | 3000 40 13 
: 07019 = sum of 6 | 3667 5 2 d 


the tangents, or sum of the sines, as 0'0y0 = sum of 
| they have no difference in this qua- || the tangents, or sum of the sines, they 
drant. being equal in this quadrant. 


-® 
7 


# 
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| 
11. For the sum of the sines above P in the s.w. quarter. 
R1A283 475,615 8.9 10:14, gab pene 
17#17915015,13 1312.12 10-8 6 1} 1389 
18: 17/16 14 13242-18 40:6 5 2 1 125 
28 25 28 28 28 27 23 2018 14 5 11] 249% 
37 38 39 4O 41 42 38 34 2618 7 1] 361 
18 23 34 33 38 39 37 34 33 26 142] 331 
35 5)50 ,0 47 1416.19.91] 288 2 118 
aD le Gre Bee © SY eee ee 20 
: 1 RT ie | Coa 5 
\ ay 1 
| ‘ 1: 1 
7 1 @s 1 
| ; : 1 1 
| 20 | 13000| 318 2 To hae ah MIS, scr gi 1 1 g 
4 - 20°431 = sum of the tangents. 35am 
i 1°353 = sum of the differences. 


—_— = 


iv ss 


+b 


3°3301 17017 45°15 


1 | 3331 | 1110 

ie | 1000 | 3150 } 3°150}18 17 16 14 
| 3 | 1667 | 5890 | 5°534] 28 26 23 21 
| 4 | 2333 | 8420 | 3009] 34 33 30 20 
| 5} 3000 | 9440 | 3°147}18 18 18 18 
| (6°) 3067 | $260 | 2253) 3° 4 5 5 
1 97 | 4333 | 6530 | 1:276 1 
His48 0 | 2250 | 456 
A Ag ) 187 
10 58 
18) 13 

42 

54 


5°078 = sum of the sines. 


15 
13 
18 
24 
18 
5 
1 


21°109 = sum of the tangents. 
0°848 = sum of the differences, 
20'201 = sum of the sines. 


137 12 
12 11 
160 14 
18 15 
18 16 
6 8 
112 


& 


rH ORO AOAG 


ee ee OO LO OP Or Or OD 


» 12. For the sum of the sines above Pp in the s.E. quarter, 
SO 477-6. 66 


57 


ee 
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13, For the sum of the sines below P in the N.w. Ni 


(3+2= 
Rings| Radii. Sum off Sum 0 1°2°3%4.°5 %6'7>8 ‘9 Tout j2[Sum off 
ePs. | Panos Diffs, | 
1 | 338} 790/2°370|18 12 9 8 7 5 5 382 1 1 
2} 1000 | 3170 | 3':170 126 25 21171412 9 6 5 8 2 
3 | 1667 | 4980 | 2°988 15 14131212 11 9 8 7 5 2. 
4} 2333 | 6200/2°65711010 9 9 8 765542. 
S| 600, 157270 | 2°423 110.10 8 7,5 5 4 Be * 
6'|-3667 | 7800 |2°'12717 6-5 5 4 3 3 (98.2 1 2 
714939 |-7975 | 1°84015.°4 44 ‘3°38 22 Gee 
8 | 5000 | 8280 |'1°65613 3 22212 1 1t . 
9'| 5667 | 8660 $1°528/}2°:1 2 4: ‘2h r -2 4,1 1.4% 
80/163ba-) 8085 4 140014 2a) 1p a ag 
11 | 7000 |°9580 | 1°369 } 1 1 Re Oe 2% ee BS Mae 
ST von ieee Po4bad oe Od saa) Bad. le deed 
13.) SB3e3iiaode | B4d kd 2 a 
20°224 = sum of the tangents. 


°0°587 = sum of the differences. 
: 25°037 — sum of the sines. 
14. For the sum of the sines below P in the N.E. quarter. 
LD Ben 5 Dean 8 Oonpa>nr i 


[Midas Oss tine fo! Oo aD ee er Lad 
Zi TOOG Mie? 55 12:/65 (1720 15.13 T1 oO 6 5 3) 25 Tie, 
3 | .1067 44865 02°913 [16-1413 -12:11° 1049. -8...6).4,.25., 
4 #2833 | 70007 3'000)111°12.33.13113 1371150 6) & 2 

5. | 3000 | 8500 }'2°833'481411 11. 1) 1140H0-9:7'5 2 .% 
641, 3667 | 9590 §2°6138 46675758. 98 WB) 8:16 56 4.2% , 
SF My4A933 110350 }'2°3990)5 - 5) 15 Bee 41/55 51442) 1 
Be) 5000. )b1840 }:2°368:18 yo ae 4B 2251.2 235.3) 80S" 1 
Q | 5667 | 8400 | 1°48211 261. 1 1 1 A art Bike 
10 | 6333 | 7610 | 1°202}1 1 ah tie MUS 8 OT ay 
11 | 7000 | 7930 } 17133} 1. Pale what y eer 1 
12 | 7667 | 8810 | 1°149] 1 . ene | a! a Se eae | 
13 | 8333 | 8980 | 1'078 L 1 bo cP Rs 1 ba 


20°790 = sum Be the falfoenta, 
‘629 = sum of the differences. 


_0'101 — sum of the sines. 
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: 15, For the sum of the sines below P in the s.w. quarter. ° 


2 a 7 8 6806). pAgwoO 1G BE 12 Sum o 
iy . 9 vi Diffs. 
’ ie | 


PS. Tangs, 


um oO 


ie’) 


Rings Radii. 


| 
| 
| 


roe) (O20, Oak tiene ae te ke le ne 
, 10 | 6333 | 1730 BS eee We ee ie Os Oe ee es Se ®oo1 
me 1 C000: | SOSOe) PASS a Were ae a ae ee a a eae, 8 Sa valle 
13 1.7667 |.4470'|). 583 4. % 1 6 8% 2 i Pere 2 
13 | 8933 | 4660 | 559). .*, 1 ES Oe eS 7 2 
DE ane hace CEs (ek rd eta. ee eu ee ke 4 
Pot OnOy |} 2900 | 247) te. Sa Saks Fen OR a tee 1 
36° 10349 IAGO AREY (Ove RI SS a 1 
17 | 11000 S00 2 GE Ai 2 are ere Re P 
18 | 11067 130 11 Geen ig, Tah te | a tg Parry © ‘ 
2°785 = sum of the tangents. Fema 
‘O11 = sum of the differences. m 
2'774 = sum of the sines. 


16. For the sum of the sines below P in the s.8. quarter. 
« EO SSeS tp 7 o8 Oat 1h AS 


—— 
7 | 4333 COM OLS ete or Se as oe me ERS Mes io dae 
8 | 5000 | 200 SEE. +, oa. Sala) 6 VT a Mee ees 
DA MRPIAE@ LOO We aSlOcher ny Lorne, et than be Male 
a | Gesaeeeoeo.| 518... Belo pA te Pie Mar 
et) #7000; 4040 6GE Oe Or. Re Pete eae So Ly 
mo 2007 1 55900 |, 7201). 0h tat T heed bo 
Be sesda | S830.) 700 er See NT ee 
me} GO00 | 5700] #635) [5 ORS TRS 5 aa oo 
Bey 1 QGG7 *|.5240, |) 542 bw) Ol ge toe oh RR aan at i 
mr) 1038 450071 440 pe RO ae 
eb} R1LOOG4" SOZ0" | ot Tee ee hr eee es ee 
oe) 31667 138601 F29000.. te ae eee oR ae 1 
TORE IE TE OS ea Re eas Pe fer Ce en 
PRG DL) | ETD fee a ae ee 1 
| |5°035 = sum of the tangents. 
°025 = sum of the differences. 


5°610 = sum of the sines. 
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Having now obtained the sums of the sines for the several 
quadrants, the next business is to collect them together, and 
deduct the negatives from the affirmatives. Now this may 
be done either for each observatory separately, or for both 
together. It is here done separately, in order from thence 

‘discover also the ratio of their effects. 


And first for the Southern observatory o. 
‘Affirmatives. — Negatives. 


1. . 24°795 N.W. t Alt 3. 25374 S.-W. tale. 
2.. 19°192 N.E. ; 4S. SOMFAtS ee 
7. . 24°806 s.w. Dep 5... 13°534.N.w. De 
8... 29213 sE. J "+ 6 E2195 6.—N.B: Ps 
98°6065 = sum of affirm. 28°639 sum. 
28°639 = sum of negat. 
69°967 = effective sum of the sines for o. 
Secondly, for the Northern observatory P. 
Affairmatives. . Negatives. 
Il. . 25:078 s.w. ¢ Alt 9.. 0019 N.w. 2 ale ~ 
12:64, 20°26) sam; 10 ...20'D90.N.R. 


14.7... 26°161 Nik. 16742.00 OF) S.E: 


——— a ee 


13... 25°637 N.w. § Dep. 15). of 2) ee, ¢ Dep. 


97°137 = sum of affirm. 8°493 sum. 
3°493 = sum of negat. 


88'644 = effective sum of the sines for P. 
69°967 = the same for o. 


158°611 = the sum of the sines for both observ. 

From these numbers it appears, that the effect of the attrac- 
tion at the Northern observatory is to that at the Southern 
one, nearly as 70 is to 89, or as 7 to 9 nearly. This differ- 
ence is to be attributed chiefly to the effect of the hills on the 
South of the Southern observatory, which were considerably 
Jarger and nearer to it, than those on the back of the North- 
ern observatory. For though the Southern observatory was 
placed 273 feet above the level of the Northern one, which 
removed it considerably more above the centre of gravity of 


the hill than the latter, it was at the same time placed consi- 
« 
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derably nearer than the other to the middle ina horizontal 
direction; so that probably the one difference nearly balances - 
the other ; and accordingly we find that the sum of the affirm- 
ativealtitudes for 0 1s 44°587, and of those for p 45°339, which 
differ by only a 60th part nearly. 

It only remains now to multiply the sum of the sines by 
the common breadth of the rings, and by the common differ- 
ence of the sines of the angles made by the meridian and thé 
several radii. It has already been observed, that the former 
is 6662, and the latter ~, ; therefore 4 x 666% = 792° = 59° 
is their product: consequently, 158°611 x 5°2°=88112 nearly, 
is the suin of the two opposite Wierachienh made by the hill 
&c, at the two observatories. 

In order now to compare this attraction with that of the 
whole earth; this body may be considered as a sphere, and 
the observatories as placed at its surface ; since the very small 
differences of these suppositions from the truth, are of no con- 
sequence at all in this comparison.. Now the attraction of a 
sphere, on a body at its surface, is known to be = 3cd, where 
d is =the diameter of the sphere, and c = 3°1416 = the cir- 
cumference of the circle to the diameter 1. But cd is = the 
circumference of the circle to the diameter d; and therefore 
the attraction of a sphere will be expressed by barely 2 of its 
circumference ; which is a theorem well adapted to the pre- | 
sent computation. The length of a degree in the mean lati- 
_ tude of 45°, is 57028 French toises (see p. 327, Phil. Trans. 
1768): and the same result nearly is obtained by taking a 
mean among all the measures of degrees there set down, that 
mean being 57038 toises. I shall therefore use the round 
number 57030 as probably nearer the truth. This number 
being multiplied by 6, the product 342180 shows the number 
of French feet in one degree; but, by p. 326 of the same 
volume, the lengths of the Parisand London feet are as 76°734. 
to 72, that is, as 4°263 to 4; therefore, as 4: 4°263 :: 342180: 
364678 = the English feet in one degree; and this being mul- 
tiplied by 360 the whole number of degrees, there results 
131284080 feet for the whole circumference, which are equal 


. 
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to 24864} miles, making 69.%, to a degree in the mean lati-. 
tude. Lastly, 3 of 131284080 give 87522720 for the measure 
of the attraction of the whole tarsi ay 

Consequently, the whole attraction ‘of the earth, isito the. 
sum of the two contrary attractions of the hill, as the number 

522720 to 88112, that is, as 9933 to 1 very nearly, on sup- 
position that the density of the matter in the hill, is equal to 
the mean density of that in the whole earth. 

But the Astronomer Royal found, by his observations, that 
the sum of the deviations of the plumb line, produced by the 
two contrary attractionsy was 11°6 seconds. Hence then it 
is to be inferred, that the attraction of the earth, is actually 
to the sum of the attractions of the hill, nearly as radius to 
the tangent of 11°6 seconds, that is, as 1 to (000056239, or 
as 17781 tol; oras 17804 to 1 nearly, after allowing for the 
centrifugal force arising from the rotation of the earth about 
its axis. F | 

Having now obtained the two results, namely, that which 
arises Sioa the actual observations, and that Dalene to the 
computation on the supposition of an equal density i in the two 
’ bodies, the two proportions compared must give the ratio of 
their densities, which accordingly is that of 17804 to 9933, or 
1434 to $00 nearly, or almost as 9 to 5. And so much does 
the mean density of the earth exceed that of the hill. 

Thus then we have at length obtained the object which we 
have been in quest of, through the very laborious calculations 
that have been described in this tract, and in the survey and 
‘ measurements from which these computations were made; 
namely, the ratio of the mean density of all the matter in the 
garth, in comparison with the density of the matter of which 
the hill is composed ; which ratio we have found to be equal 
to that of 9 to 5. And, for the reasons before mentioned, I 
think we may rest satisfied, that this proportion is obtained to 
a considerable degree of proximity, probably to within the 
50th part, if not the 100th part of its true magnitude. 

Another question however still arises, namely, what is the 
density of the matter in the hill? Is its mean density equal 
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to that_of water, of sand, of clay, of chalk, of stone, or of 
some of the metals? For, according to the matter, or differ- 
ent sorts of matter, of which it is formed, and according as it 
is constituted with or without large vacuities, its mean density 
may be greater or less, and that in a degree which is not cer- 
tainly known. A considerable degree of accuracy in this 
point could perhaps only be obtained by a close examination 
of the internal structure of the hill. .And the easiest method 
of doing this would be to procure holes to be bored, in seve- 
ral parts of it, from the surface toa sufficient depth, after the 
manner that is practised in boring holes to the coal mines from 
the surface of the ground; for by such operation it is known 
what kind of strata the borer has passed through, together 
with their dimensions and densities. The proper mean among 
all these would be the mean density of the hill, as compared 
to water, or to any other simple matter; and thence we should 
obtain the comparative density of the slible earth with respect 
to water. But, in the present instance, we must be satisfied 
with the estimate arising from the report of the external view 
of the hill; which is, that to all TOPAaN it consists of an 
intire mass af solid rock. 

The following is an on tiais of a letter from a learned 
gentleman, Mr. Duncan Macara of Fortingal, who wrote the 
account of the parish in which the mountain is situated, for 
the use of Sir John Sinclair’s Statistical Work. ‘‘ As to the 
mountain, says Mr. Macara, I have been at the top of it, and 
round the bottom frequently, but have not observed any thing 
particular on it, that was not to be found in the mountains all 
around, some of which are higher than it. I have seen gen- 
tlemen, who made natural history their study, who were of 
the same opinion, and they examined it narrowly. On the 
north side it is covered with moss, generally about two or 
three inches, on which grows heath, and in some parts a little 
grass. On the south and west are cairns, of large and small 
stones, up to the summit. How they came to be so high, is 
a question, if an earthquake was not the cause. ‘The stone, 
of which the mountain seems to be one solid mass, is the same 
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* stone, below the surface. There are no volcanic appearances @ 


in appearance as all the other Grampian hills, a black solid 


here, or in any of the mountains of this county, so far “a8 I 


know, or have been told. At the bottom of Shichallin, toa _ 


great distance, there are lime rocks, jutting out here and there. 
As to plants, there are many of the Alpine kind, which grow 
theré, and on the other moutains thereabouts, &c.” Whence 
we seem authorized to infer, that the mountain consists chiefly 
of granitic black rock, the specific gravity of which approaches 
nearly to 3, that is 3 times the density of water. 

Again, Mr. Playfair, the learned professor of natural phi- 
lésophy in the university of Edinburgh, has since made a 
mineralogical survey of the hill, by which he has discovered, 
that the varieties of rock of which it consists, may be reduced 
to three kinds: a granular quartz, which occupies all the 
middle part of the mountain ; a micaceous schistus, which en- 
compasses the former nearly all round like a zone to within 
600 feet of the bottom ; and lastly a calcareous zone, which 
may be said to surround the mountain at its base. Though 
there is some irregularity in the disposition of these zones, 
this is at least, a general idea of the structure of the moun- 


tain, which does not differ greatly from the truth. By what 


Mr. Playfair could conjecture, the mean specific gravity of 
the whole would be about 2°7 or 2°8, one stratum being about 
2'4, another about 2°75, and some rocks as high as 3, and 


even 3:2. Onthe whole then it appears not unreasonable to - 


suppose the mean specific gravity of the mountain to be from 
2°T to 2°15 or 23. Now 2x 23 gives 22 or almost 53; that 
is, under these circumstances, the medium density or specific 
gravity of the whole mass of the earth, in proportion to that 
of water, is nearly as 5 to 1, or that it is about 5 times the 
weight of water. And, with regard to this particular expe- 
riment, it appears that we may rest satisfied with this general 
result, drawn from a medium specific gravity among all its 
constituent rocks, For, to have instituted a calculation 
founded on an assumed distribution of the hill, in several 
zones of different densities, I am of opinion would have been 
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a mere useless labour, as incompatible with the unknown 
_ quantities and positions of the various kinds of the rocks, and 
“also with respect to the degree of accuracy to be counted on; ’ 
in the observations and measurements made by the first con- 
ductors of this important experiment. 

To what useful purposes the knowledge of the mean dens 
sity of the earth, as above found, may be applied, it is not 
necessary here to show. I shall therefore conclude this tract 
with a reflection or two on the premises that have been de- 
livered. Sir Isaac Newtoti thought it probable, that the mean 
density of the earth might be 5 or 6 times as great as the den- 
sity of water; and we have now found, by experiment, that 
it is very little less than what he had thought it to be: so 
much justness was there even in tlie surmises of this wonder- 
ful man! Since then the mean density of the whole earth is 
about double that of the general matter near the surface; and 
within our reach, it follows, that there must be somewhere 
within the earth, toward the more central parts, great quan- 
tities of metals, or such like dense matter, to counterbalance 
the lighter materials, and produce such a considerable mean 
density oti the whole. If we suppose, for instance, the den- 
sity of metal to be 10, which is about a mean among the vas 
rious kinds of it, the density of water being 1, it would require 
16 parts out of 27, or considerably more than one-half of the 
matter in the whole earth; to be metal of this density; in 
order to compose a mass of such mean density as we have 
found the earth to possess by the experiment: or 34, or be- 
tween 4 and + of the whole magnitude will be metal; and 
consequently BS, or nearly + of the diameter of the earth, is 
the central or metalline part. But if the metalline matter be 
chiefly iron, which as far as we know is by much the most 
predominant metal; then the half of the whole terrestrial 
magnitude would be the bulk of the ferruginous matter. 

Antitier inference that readily occurs, is this: viz, that. 
thus knowing the mean density of the earth in comparison 
With water, and the densities of all the planets relatively to 
the earth, we can now assign the proportions of the densities 
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of them all, as compared to water, after the manner of a com- 
rtion table of specific gravities. And the numbers expressing _ 
' their relative densities, in respect of water, will be as here 
annexed, supposing the densities of the planets, as compared 
to each other, to be as laid down in Mr. De la Lande’s as- 
tronomy. 

Water . :s 1 

TheSun . . 15 

Mercury <; . 105 

Venus . . . 6% 

The Earth . ; 5 

Mars)is:) 210% 9 3a03F 

The Moon. . 34% 

Jupiter. . 3 1b 

Saturn 6) AF SAP 

Thus ther we lave brought to a conclusion the computa- 

tion of this important experinient, and, it is hoped, with no 
inconsiderable degree of accuracy.—But this is the first ex- 
periment of the kind, which has been so minutely and cir- 
cumstantially treated ; and first attempts are seldom so perfect 
and just, as succeeding endeavours afterwards render them, 
And besides, a frequent repetition of the same experiment, 
and a coincidence of results, afford that firni dependance 
on the conclusions, and satisfaction to the mind; which cah 
scarcely ever be obtained from a single trial, however care- 
fully it may be executed. For these reasons it is to be wished, 
that the world may not rest satisfied barely with what has 
been done in this instance, but that they will repeat the ex- 
periment in other situations, and in other countries, with all 
the care and precision that it may be possible to give it; till 
a uniformity of conclusions shall be found, sufficient to esta- 
blish the point in question, beyond any reasonable probability 
of doubt. What has been already done in the present case, ~ 
will render any future repetition more easy and perfect. But: 
improvements may doubtless be made, perhaps both in the 
mode of computation, and in the survey; in the latter es 
pecially there certainly may. Some improvements of this kind 
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have been hinted at in different parts of this tract, which, 
with others, are here collected together, that they may readily 
be seen in one point of view. They are principally these: 
Procure one base, or more if convenient, very accurately 
measured, in such situation; that as many more points as 
possible in the survey may be seen from it. Assume as riany 
principal er eminent points and objects as may be proper 
and convenient; and from each one of thém, measure the 
angles formed by all the rest that can be seen, both horizontal 
and vertical angles; and repeat these observations, if conveé= 
nient, with the instrument varied or reversed, taking the 
means among the several quantities of each angle. Take 
then as many sections of the ground, and as far extended in 
all directions, as the time and circumstances will possibly 
admit. Of the sections; those that are horizontal, or level; 
are the best, as they require iio calculation; procure there- 
fore as many as possible of them. In vertical sectioris, ob- 
serve the vertical angles, not in the plane of the section, but 
at some other point of which the bearing is also taken from 
the begirining of the section line, and where the horizontal 
‘angles of the poles are taken, for the reasons before mentioned 
in p. 22. And it will be a still further convenience if the 
section be made in such direction, as to form a right angle 
with the line drawn to the point, or station; from which the 
vertical angles of the poles are observed, as thay be seen from 
what is said in p. 21. It might perhaps be proper to make 
some experiments on a valley; instead of a hill, taking two 
observatories at the two opposite sides of it, both for the 
greater variety in this interesting problem, and because also 
_ the survey would be more easily made, on account of the 
ground being more in view at each station, than in the case 
of a hill, which generally hides more than half the compass 
from the observer. In computing the relative altitudes of 
all the principal stations; let the operations be performed 
mutually both backward and forward, that is, from both of 
every two objects, having for that purpose observed at each 
of them the vertical angle of the other, namely, both the 
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angle of élevation and the angle of depression, and take the 
mean between the two computed differences of altitude; for 
this excludes the necessity of making the proper allowances 
for refraction, and for the curvature of the earth; since the 
effect of each of these is balanced and Corrected by that of 
the counter observation. But as to those points in the sec 
tions which are far distant from the observer, and where great 
accuracy is required, it may be proper to make the allowance 
for refraction and curvature, as there is generally no back obs 
servation, by which their effects may be balanced. These 
are the chief hints which at present occur, besides the general 
information to be derived by the computer from the perusal 
_of the modes of computation that have been described in this 
tract. As to the surveyor, he will strike out other conve- 
nient ways of measurement, adapted to the circumstances 
with which the nature of the survey may happen to be at- 
tended. » ’ 

A map of the country about Shichallin is hereunto annexed, 
(pl. 4), to convey a general idea of the nature of the ground,- 
and for the better illustration of the description given in the 
former parts of this tract. 
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TRACT XXVII, 


@ALCULATIONS TO DETERMINE AT WHAT POINT IN THE 
SIDE OF A HILL ITS ATTRACTION WILL BE THE GREATEST, 
&c. READ AT THE ROYAL SOCIETY, NOV. 11, 1779. 


ArT. 1. THE great success of the experiment, lately 
made by the Royal Society, on the hill Shihallin, to’ deter- 
mine the universal attraction of matter, and the important 
consequences that have resulted from it, may probably give 
occasion to other experiments of the same kind to be made 
elsewhere: and as all possible means of accuracy and faci- 
lity are to be desired, in so delicate and laborious an under- 
taking; it has occurred that it might not be unuseful to 
add, by way of supplement to my paper of calculations re- 
dative to the above-mentioned experiment, an investigation 
of the height above the bottom of a hill, at which its hori- 
zontal attraction shall be the greatest; since that is the 
height at which commonly the observations ought to be 
made, and since this best point of observation has never been 
any where determined, that I know of, but has been vari- 
ously spoken of or guessed at, being sometimes accounted 
at +, and sometimes at + of the height of the hill; whereas, 
from these investigations, it is found to be generally at 
about only + of the altitude from the bottom. 

2. Let aBCEDA be part of a cuneus E 
of matter, its sides or faces being 
the two similar right-angled triangles 

ABC, ADE, meeting in the point a, 
and forming the indefinitely small 
angle BAD. Then, of any section 
dced, perpendicular to the planes 
ABD, ADE, the attraction on a body at a, in the direction 


‘ticles of matter inversely as the same, 
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AB, is equal to the constant quantity 
ss; where s denotes the sin. 2 BAC, 
and s the sin. 43BaD, to the radius f. 

For, first, since the magnitude of 
the flowing section is every where 
as ab*, and the attraction of the par- 


¢ 1 ab? 
or as ays therefore their product or or 1, a constant 


VE) 
quantity, is as the force of attraction of bced. 


~'Now, to find what that quantity is. Put an=a, and 
BC = 2} then pp or cE, the distance between the two planes 


at the distance ap is = as. But the force of a particle in 


1 
“ line cE is as ~~ in the direction ac, and therefore it is as 


= in the idle AB; consequently the force of the whole 


tabi P ; : . AB.CE 
lineola ce, in the direction az, is —— ; and therefore the 
OF List 4. c3 f 14 


. < oe. 
finxion of the force of the section BCED, or f, is = 
AB CE : a.as.z asx 


a/(a* + 22) 


ace yeh = (Pe 27 ied Craryy map and the fluent gives f= 


+ 2") 


B , . ° 
i Se — = ss for the attraction itself. 


3. To find now the attraction of the whole right-angled 
cluneus, on a body at a, in the direction aB.—Since the 
force of each section is ss by the last article; therefore the 


force of all the age the number of them being az or a, 


r 


is ass = 5S. AB. 09 the force of the whole cuneus ABCEDA. 


4. To find a oF Ratatat of the rect- 


angular part ABCD, on A, in the direc- * / 
tion AB; ABCD being one side of the 
cuneus, and ap its edge.—Vut ap = 
Bc = 6, and aB= w. PN the torce b : 


of any section, as BC, being always as 
3S by Art. 2, the fluxion of the force, or f, will be = sgt 
aye cS b bsx 

ese X 4c = SE Re gs) = Tere} ; and the fluent is 
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AB+AC 


S= bs x hyp. log. of - = S.BC x hyp, dopyetecs 


afta) 
b 
‘= the attraction of aBcn. 

5. To find the attraction of 
the right-angled part BcpD, of a 
cuneus whose edge passes through 
a, the place of the body at- 
tracted.—Put as =a, sac=6,np= 
¢; DA=d=a—c, pc=e, ac=g, and pp=-z. Then, 
the force of any section pe being still as fi the fluxion of the 


bsxz 


AQ i. c2d? + 20%de + ext) 


and the correct fluent, when + = ¢, is f=" _ x (grdom x 


force of the part Deg is f = Sst = SK 


ee+eg+ =) 


ae) = the force of a body at a in the 
le + de 


hyp. log, 
direction AB. 
6. To find the attraction of the 
right-angled part ncn, onthe point 
A-—Using here again the same no- 
tation as in the last nario we have 


bsxx# 


= SS = SH wae 
Re eo + af VAM haat The correct fluent of 


which, when 7 = c, isf=— x(g—-Gd+ < x hyp. log. 
e+ x as 

ge—de -*' 

7. To apply now these premises, to the finding of the 
place where the attraction of a hill is greatest, it will be 
necessary to suppose the hill to have some certain figure, 
That position is most convenient for observing the attraction, 
in which the hill is most extended in the east and west div 
rection. Supposing then such a position of a hill, and 
that it is also of a uniform height and meridional section 
throughout; the point of Byestvation must evidently be 
equally distant from the two ends. But instead of being 
only considerably extended, I shall suppose the hill to be in- 
definitely extended to the east, and to the west of the point 
of observation, in order that the investigation may be nearly _ 
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mathematically true, and yet at the same time sufficiently 
exact for the before-said limited extent also. It will also 
come nearest to the practical experiment, to suppose the 
hill to-be a Jong triangular prism, so that all its meridional 
sections may be similar triangles. [Let therefore the triangle 
ABC represent its section, 
by a vertical plane pass- 
ing through the meridian, 
or one side of an indefi- 
nitely thin cuneus, whose 
edge is in pc; or rather 
pacer the side of one cu- 
neus, and PAG the side of 
another, their common edge being the line pc, perpendi; 
cular to the base ac; p being the required point in the side 


‘AB, where the attraction of the section aBc, or indefinitely 


thin ctiheus, shall be greatest, in a direction parallel to the 
horizon ac, And then, from the foregoing suppositions, it 
is evident that, in whatever point of a8 the attraction of agc 
is greatgst, ihc also will the attraction of the wane hill be 
also the greatest, very nearly. 

8. Now draw HPDEF parallel to the base ac; and au, 
PG, BI, CF, perpendicular to the same. ‘Then it is evident 
that at the point p, in the direction pr, the attraction of 
PBCGP is aflirmative, and that of Pag negative. But pacer 
is = pap + BDE + PFCG — EFC; and PAG = PHAG — PHA. 
Therefore the attractions of PBD, BDE, PFCG, PHA, are af- 
firmative ; and those of EFC, PHAG, negative. 

Put now BI ='a,'ar'— 6, 19 = ¢, ap=d, po = ¢,'AcS o 
=6-+c, and p¢= 2, the altitude of the point p above the 
bottom. Also lets = the sine of the indefinitely small angle 
of the cuneus, to radius 1; and g*=,/(ag*—2abgr+d*zx*), 


Then by Art. 3, the attraction 


° BD _ 


of 
Sipser porn: = 9b x =. 
. PA on 


- 
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By Art. 4, the attraction 
‘, pe 
preg iss.Ppc Xh. ]. es sr xh). Soe 
of . = ax 


. PH+PA b+d 
pGau iss.paxh.l, =svxh.l. arae 


> 


By Art. Phas the attraction of EFC Is 


$ BES 3S ‘5 PC PE Fecha TP abit he: Patel late: Sele 
* Ee? ( PE.EC+PE.EF  €¢ 


acg + eqq + aax— oe 


Mite niet ae i lessee # 
Lastly, by ei 6, I attraction of BDE is 


BD.DE BE?4+BE.BP—PE.DE, SC 
Lgsaane isto Tea axing i to. enicgeeer sans 
cg Rai ee 
(a—x2z d — ~~ ¥ he] ———-). 
2 — 21% ( cae Porm 


These quantities being collected together, with their pro- 
per signs, and contracted, we have 


al ad—qq—dx ag+qq—bz 
a ep aie lenis Hyp dg: aay is + 
#. a ecg . (a—x) ip og f (ce + de—ce). (acg + €q9 + aar—lct) 
e3 gs. (ee—cc) . (a—x) 


for the whole attraction in the direction PE. 

9. Having now obtained a general formula for the mea~ 
sure of the attraction, in any sort of triangle, if the partie 
cular values of the letters be substituted, which any practi- 
cal case may require, and the fluxion of this attraction be 
put = 0, the root of the resulting equation will be the ree 
quired height, from the bottom of the hill. 

10. But for a more particular solution in simpler terms, 
let us suppose the triangle axBc to be isosceles, in which case 
we shall haye d=e, and g =26 = 2c, and then the above ge- 
peral pals will become 


Qad—qq—d ! Qab + qq—lb: 
a if abet mi hole ab+qq—be 
sé (b+d) .x 
a—z Qab? + dg2—(b?—a®) . x ( ? 
—— 3 mab Cas WR Aree 
+ a7. 26% x hl. Ton 


for the value of the attraction in the case of the isosceles 
triangle, where g* is = 4/(4a°b? — 4ab*x + d*x*). And the 
fluxion of this expression being equated to 0, the equatior 
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will give the relation between a and x, for any values of 
éand d, by a process not very troublesome. 

11. Now it is probable that the relation between a and zy 
when the attraction is greatest, will vary with the various 
relations between 6 and d, or between 6 and a. Let us 
therefore find the limits of that relation, between which it 
moay always be taken, by using two particular extreme 
eases, the one in which the hill is very steep, and the other 
im: which it is very flat, or @ very small in respect of 6 or d& 

12. And first let us suppose the triangular section to be 
equilateral; in which case the angle of elevation is 60°, 
which being a degree of steepness that can scarcely ever 
happen, this may be accounted the first extreme case, 
Here then we shall have d= 2b = 3a,/3, and the formula 


2a4+2r—sr 
+4x h. ].— 


3 + 
o—T 


Ora “te Eee 
— x hy, |. ="), for the value of the attraction in the 


ease of the equilateral triangle, in which 7 is = ./(a@*— ax 
-£ 2”). 
13. Or if we take x = a, where x expresses what part 
ef @ is denoted by x, the last formula will become sa x 
Q—n+2f(1—n+n2) . 1— 
Ff —yn—T/(l-nr+n)4+2 x sits ivi + : 


14+2+2,/fi—n+n?) 
x hb. 1. x we Ms 


T—f 


m Art. 10, will become s x (“SS 


4 
st -|, far the case of the equilateral tri- 


angte. . 
14. To find the maximum of the expression in the last 
article, put hs )o seag =0, and ya will result this equa- 


. —n+2 2—nt+ 2/0 —n+n?) a 
Gon, Lk renal ana +n) = 2hy P- log. ) Sane W Aphl l bal h, I. 
tT 2,/(l—n+n? 
ae, 2. the root of which is 2=. 251999. Which 


shows that, in the equilateral triangle, the height from the 
bottom, to the point of greatest attraction, is only ~Z,th 
part more than 3 of the whole altitude of the triangle. 
4ind this is the limit for the steepest kind of hills. 

15. Let us find new the particular values of the measure 
of attraction, arising by taking certain values of m, varying 
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by some small difference, in order to discover what part of 
the greatest attraction is wanting by observing at different 
altitudes. 

16. And first using the value of 2, (251999) as found in 
the 14th article, the gencral formula in Art. 13, gives sax 
1:0763700, for the measure of the greatest attraction. 

1g fn =8,.3) ore = as hte ‘same ne gives 


X (IT = 4/79 6h. AAO 5g ee asx 


i: 107695 i for the attraction at ~, of the eeitude which as 


something less than the former. 


18. If n=.%,=2; the formula gives — x (16 — W176 4 


Sh. =“" 43h, 1, 4¥") — sa x 10224932, for the at- 
traction at +4, or 2 of da altitude; less again than the last 
was. 

19. If n=$,=4; the formula gives 1saX[3—4/3—2h. 
1.34 $h.1.(3+2,/3)] =sa x 9340963 for the attraction at 
half way up the hill; still less again than the last. 


20. i R= Ss theforimia gives = = x (14 — ./76 + 
19:h. L Tie wie hed: a} 


a 


= sa x °8109843, for the 


attraction at 5; or 3 of the altitude from the bottom; being 
still less than the last was. And thus the quantity of attrac- 
tion is continually less and less, the higher we ascend up the 
hill, above the -251999 part, or in round numbers *252 part 
of the aititude. Let us now descend, by trying the num- 
bers below :252; and first, 

21. If n=:25=4; the same formula in Art. 13, gives 


tsax(T—/13 +2h1. DAES so 9 Ke patitallsy meen a 


2 


1°0763589, for the attraction at 4 of the altitude; and is 
yery little less than the maximum. 
22. If n=, =1; the formula gives sa x (9 —./21 


ob poh te) = sa x (9 - f 2142 


b. 1. ate) = Sa X 1°0484622, for the attraction at ,%, or 
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2 of the altitude; and is something less than at 4 of the al- 


titude. 


93. If n= 3;; the formula gives ay: x (19 - via 


Bassi 


2hol. +2h. 1). ) =sa x 9986188, for the 


attraction at of the sieitde still less than the last was, 
And, lastly, 

24. If 2 = 0, or the point be at the bottom of the hill; 
the formula gives Isa x (2 + h. |. 3) = sa x “1746531, Pi: 
tlre attraction at the bottom of the hill; which is between 
2 and 3 of the greatest attraction, tts something greater 
than 2 Ant less than 3 of it. 

25. . The Pea SN, table exhi- 


194+2,/91 
3 


r : : 
bits a summary of the calcula-. | *° pp . 
tions made in the preceding arti- e: 102294232 a 
cles; where the first column ole Hp, Sa a 
shows at what part of the altitude fi: 107 os no 
of the hill the observation is |7°°° er x 
made; the second column con- by 10684622 Pica 
tains the corresponding numbers ty 9986188 see 
which are proportional to the at- o | 7746531 2 


traction; and the third column '——————___-___ 
shows what part of the greatest attraction is lost at each re- 
spective place of observation, or how much each is less 
than the greatest. | 

26. Having now so fully illustrated the case of the first 
extreme, or limit, let us search what is the limit for the 
ether extreme, that is, when the hill is very low or flat. In 
this case 6 is nearly equal to d, and they are both very great 
im respect of a; consequently the formula for the attraction 


im Art. 10, will become barely s x [7 xh. ]. —— +.2(a~x) 


Og00 , } : 
x b. 1. — ae ; the fluxion of which being put = 0, we ob- 


taind=h. 1, =< 2h, 1. <a* = h. 1. == —h. 1. (A=* p= a 


ax 


h, |: = — = ; hence therefore (a —.x)* = «(2a — 2), and 


— 
= ie 
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ema xX (l—V/4) ='2929a. Which shows that the other 
limit is 32.3 that is, when the hill is extremely low, the’ 
point of greatest attraction is at 22, of the altitude, like as 
it iSat 25, when the hill is very steep. And between these 
limits it is always found, it being nearer to the one or the 
other of them, as the hill is flatter or steeper. + 

27. Thus then we find that at + of the altitude, or very 
little more, is the’ best place for Rysn Gare to have the 
greatest attraction, from a hill in the form of a triangular 
prism, of an indefinite length. But when its length is li- 
mited, the point of greatest attraction will descend a little 
lower ; and the shorter the hill is, the lower will that point 
descend. For the same reason, all pyramidal hills have 
their place of greatest attraction.a little below that above 
determined. But if the hill have a considerable space flat 
at the top, after the manner of a frustum, then the said 
point will be’ a little higher than as above found. Com- 
monly, however, + of the altitude may be used for the best 
place of observation, as the point of greatest attraction will 
seldom differ sensibly from that places And when uncom- 
mon circumstances may produce a difference too great to” 
be intirely neglected, the observer miist exercise his judg~ 
ment in guessing at the necessary change he ought to make; 
in the place of observation, so as to obtain the best eflect- 
which the concomitant circumstances will admit of. 


~~ ( 18 ) re mmaat2 
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OF CUBIC EQUATIONS AND INFINITE SERIES. READ AT & 
MEETING OF THE ROYAL SOCIETY, JUNE 1, 1780. 

Tue following pages are not to be understood as intended 
to contain a panne treatise on cubic equations, with alk 
the methods of solution that have been delivered by other 
writers ; but they are chiefly employed on the improvements 
of some properties that were before but partially known, 
with the discovery of several others, which appear to be 
new, and of no small importance: for I have only slightly 
mentioned such of the generally known properties as. were 
necessary to the introduction, or investigation, of the many 
curious consequences herein deduced froin them. 

Art. 1. Every equations whose terms are expressed in 
simple integral powers; has as many roots as there are di- 
mensions in the highest power. And when all the terms are 
brought to one side of the equation, and the eoefficient of 
the ae term, or highest power, is + 1, then the coefficient 
of the second term, is equal to the sum of all the roots with 
contrary signs: the coefficient of the third term, is equal to 
the sun of all the products made by multiplying every two 
of the roots together; the coefficient of the fourth term, 
equal to the sum of all the products arising from the multi- 
plication of every three of the roots together, &¢; and 
the Jast term, equal to the continual product of all the 
roots; the signs of all of them being supposed to be 
changed, into the contrary signs, before these multiplica- 
tions are made. All this is evident from the generation of 
equations. And, from these properties of the coefficients, 
the following deductions are easily made. | 
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2. If the signs of all the roots of an equation be changed, 
and another equation be generated from the same roots, 
with the signs so changed ; the terms of this last equation 
will have the same coefficients as the former; only, the signs 
of all the even terms will be changed, but not those of the 
odd terms: for the coefficients of the second, fourth, and 
the other even terms, are made up of products consisting 
each of an odd number of factors ; while those of the third, 
fifth, and other odd terms are composed of products having 
an even number of factors: and the change of the signs of 
all the factors produces a change‘in the sign of the continual 
product of an.odd number of factors, but no change in the 
sign of that of an even number of factors. Therefore, 
changing the signs of all the even terms, namely, the se- 
cond, fourth, &c, produces no alteration in the roots, but 
only in their signs, the positive roots being changed into 
negative, and the negative into positive. But by changing 
any or all the signs of the odd terms, the equation will no 
longer have the same roots as before, but will have new 
roots of very different macnitudes from those of the former, 
unless the sign of the first term, or highest power, be 
changed also; but this term is always to be supposed to 
remain positive, 

3. It also follows, that when any term is wanting in an 
equation, or the coefficient of any term is equal to 0, the 
sum of the negative products, in the coefficient of that 
term, is equal to the sum of the positive products in the 
same. And if it be the second term which is wanting, then 
the equation has both negative and positive roots, and the 
sum of the negative roots is equal to the sum of the positive 
ones. But if it be the last term which is wanting, then one 
of the roots of the equation is equal to nothing. And 
hence arises a method of transforming any equation into 
another which shall want the second term: and to this latter 
state it will be proper to transform every cubic equation, 
before we attempt the solution of it. 

4, Let therefore 23-+94%=4q be such a cubic equation, 
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wanting the second term, where p and. ¢ repreiene any 
numbers, positive or negative. 

5. Now from the premises it follows; that this ednabinan 
has three roots; that some are positive, and others nega- 
tive; that two of them are of one affection, and are toge- 
ther equal to the third of a contrary affection; namely, ei- 
ther two negative roots, which are together equal to the 
other positive, or two positive roots equal to the third ne- 
gative. 

6. But the signs of the three roots are easily known from 
the sign of the quantity g; the sign of the greatest root 
being the same witb the sign of g, when this-quantity is on 
the right-hand side of the equation, and the other two roots 
of the contrary sign. For when q is on the same side of 
the equation with the other terins, it has been observed, 
that it is always equal to the continual product of all the 
roots, with their signs changed ; consequently g is equal to 
the product of all the roots under their own signs, when 
that quantity is on the other or right-hand side of the equa- 
tion: but the product of the two less roots is always posi- 
tive, because they are of the same affection, either both - 
or both —; and therefore this product, drawn into the third 
or greatest root, will generate another product, equal to ¢, 
and of the same affection with this root. 

7. But the roots of eqifations of tle above form, are not 
only positive, negative, or nothing, but sometimes also 
imaginary. We have found that the greatest root is posi- 
tive when @ is positive, and negative when ¢ is negative ; as 
also, that one root is = to O when q is = 0, and in this casé 
the othe? two roots must be equal to each other, with con- 
trary signs. But to discover the cases in which the equation 
has imaginary roots, as well as many other properties of the 
3 it will be proper to consider the generation of it 
as follows. 

8. The roots of equations becoming imaginary in pairs,’ 
the number of imaginary roots is always even; and there= 
fore the eubic equation has either two imaginary roots, or 


ir 
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none at all; and consequently it has at least always one real 
root. Let that root be represented by r, which may be ei- 
ther positive or negative, and may be any one of the real 
roots, when none of them are imaginary: then, since any 
one of the roots is equal to the sum of the other two, with 
their signs changed, the other two roots may be represented 
by — 4r + some other quantity, since the sum of these - 
two, with the signs changed, is = 7. Now this supple- 
mental quantity, which is to be connected with — £7, by 
the signs + and —, to compose the other two roots, will 
be a real quantity when those roots are real, but an imagi- 
nary one when they are imaginary, since the other part, 
— tr, of those two roots, is real, by the hypothesis, Let 
this supplemental quantity be represented by e, when it is 
real, or e,/—1 or ,/—e*; when it is imaginary: we shall: 
use the quantity e in what follows for the real roots; and it 
is evident, that by changing e for e,/—1, or e* for —e, 
that is, by barely changing the sign of e* wherever it is 
found, the expressions will become adapted to the imaginary 
roots. Hence then, the three roots are represented by 7, 


‘and — 47 +e, and + ir —e; and consequently the three 


7 


equations, from whose continual multiplication by one an- 
other, the cubic equation is to be generated, will be 
r-—r=0;, ander+ir—e=0, andy+ir+e=0, 

9. Let now these three equations be multiplied together, 
and there will be produced this general cubic equation, 


wanting the second term, namely, 2? Bal Z) TATE ee) 
On cor g3 a7 =r (ir? —e’), having three real roots; and 
if the sign of ¢? be changed from — to +, it will then re- 
present all the cases which have only one real, and two 
imaginary roots: and from the bare inspection of this equa- 
tion the following properties are easily drawn. 

10, First, we hence find, that when the equation has three 
real roots, the sign of the second term is always —; for 
the coeflicient of that term, or p, is = — 3r* — e*, which is 
always negative, when ry and ¢ are real quantities, And 

VOL. I. G | 
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‘consequently, when p is positive, the equation has two 
imaginary roots, since — p includes all the cases of three 
real roots. But it does not therefore follow, that when p is 
negative, the three roots are always real; and indeed there 
are Imaginary roots not only whenever p is positive, but 
somet:mes also when p is negative: for since p is = —37*—& 
in all the cases of three real roots, it will be p = — 3r* + eo 
for all the cases of two imaginary roots; and it is evident, 
that p will be either positive or negative, according as e* is 
greater or less than 37°. 

11. But to find the cases of — p when the roots are all 
real, and when not, will require some further consideration: 
and in order to that, it must be observed, that e* ought to 
be positive, and less than 3r?; but the limit between the 
cases of real and imaginary roots, is when e* =O, or e=03 
and then p becomes = — 37’, and g =4r3; consequently 
then (4p) = (3r*)} = gyr*, which is = (49) = Gr’) = eer, 
that is, when e is = 0, then (4p)’ is = (39)*; and conse- 
quently, when (2p) is less than (49¢)*, the equation has two 
imaginary roots; otherwise none, the sign of p being —. 
Thus then we easily perceive, in all cases, the nature of 
the roots, as to real and imaginary; namely, partly from 
the sign of p, and partly from the relation of p to g: for — 
the equation has always two imaginary roots when p is posi- 
tive; it has also two imaginary roots when p is negative, — 
and (+p)3 less than (ig)*; in the other case, the roots are all — 
real, namely, when p is negative and (4p)} either equal to © 
or greater than (49). 

12. Further, when p is = 0, the equation has two imagi- 
nary roots; for this cannot happen but by — e? becoming 
+ é€, in the value of p, and = to 2r’*; and then p = — 37” 
+@=—37437=0, andg=r(ir +e) =r(a" +37’) 
=r.r =r; and consequently the above general equation 
becomes barely «3 = 73, which therefore, besides one real 
root z= 7, has also two imaginary roots. : 

13. Hence also it again appears, that the greatest root 1s 
always of the same affection, in respect of positive and nee 
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gative, with g on the right-hand side of the equation, these 
being either both positive or both negative together; and the 
other two roots of the contrary sign. For if 7 be the 
greatest root, then is 47 greater than é, and j7* greater than 
e*, and jr* — e’ always positive, and consequently the pro- 
duct r (17*— ¢*), or g, will have the same sign with r. But 
if r be one of the less roots, the contrary of this will hap- 
pen; for then jr is less than e, and consequentiy 47% less 
than ¢, and so i7*—¢ a negative quantity, and therefore 
the product r (177 — €), or g, will have the sign contrary to 
that of r; that is, g and the less roots have different signs, 
and consequently g and the greatest root the same sign, 
since the sign of the greatest root is always contrary to that 
of the other two roots. 

14, Again, when g or r (1r*—€) is positive, then r de- 
notes the greatest root ; for then {7% is greater than e, or ir 
greater than e, and r greater than either —jr+e or —ir—e. 
But when g or 7 (47? — e*) is negative, then 7 represents one 
of the other two roots in the equation ; since then e is greater 
than jr, and —1r—e greater than 7. Lastly, when gq is 
between the positive and negative states, or g =0, then r 
ought to be neither the greatest nor one of the less roots, if 
we may so speak, that is, two of the roots are equal, and 
the third root = 0, since then 47* must be = e’, or Ir =e, 

15. Hence it appears, then in general, that the sign of p 
determines the nature of the roots as to real and imaginary,, 
and the sign of g determines the affection of the roots as to 
positive and negative. Let us illustrate these rules by a few 
examples. | 

16. The equation z? — 97 = 10 has all its three roots 
real, because p = — 9 is negative, and (1p)3 = 33 = 97 is 
greater than (3¢)’, which is = 5*= 25; and the greatest of 
the roots is positive, because g = 10 is positive; and the 
‘two less roots negative. 

17, The equation 23 — 97 = — 10 has the same three real 
roots as the former, but with the contrary signs, the sign of 

G2 | 


oo 
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the greatest root being now negative, because y= —10 is — 


negative. 

18. But the equation 23 4+ 9x7 = + 10 has only one real 
root, and two imaginary roots, because p = 9 is positive ; 
and the sign of the real root is ++ or — according as the 
sign of g or 10 is + or —. 

19. The equation 73 + 6x = + 10 has also two imaginary 
roots, and one real root, which is -+- or ~— as it is - 10 or 
— 10, for the same reason as before. 

20. The equation v3— 62 = + 10 has also two imaginary 
roots, because (3p)? = 23 = 8, is less than (3g) = 5* = 25. 

21. But the equation 2?— 127 = + 16 has all its roots 
real, because (4p)? = 4° = 64, is = (4g) = 8* = 64. 

22. And the equation 73 + 127 = +16 has only one real 
root, because p = + 12 is positive. 


23. Let us now consider the other properties and relations 


ef the roots, arising from certain assumed relations between 
eand r, and from considering e either as real, imaginary, 
or nothing, that is e* as positive, negative, or nothing. 
24. When e is a real quantity, the general equation is 
poms 2 
x3 mitt % =r (tr? — &), and all the roots are real. 


3,9 
xr 


. . . a ae « . 3— ; 
25. When ¢ is imaginary, the general equation is x elex 


=r (Zr’ + é), and two of the roots are imaginary. 
26. When e is between these two states, or = 0, the 
equation becomes #3 — 37°4 = 473, and the root r= ./4p 
3q. 
= 3549 = for in this case p = 377, and gir Also 
the other two roots, — 17 + e, are each = —ir. 
27. Assume now any general relation, between the root r, 


and the supplemental part e, of the other two roots, as ~ 


suppose 77: ¢*::4:n, or e? = inr*, or e= Zrvn, where % 
represents either nothing, or any quantity, whether positive 
or negative, viz, positive when e and all the three roots are 

real, or negative when e and.two of the roots are imaginary. 
- Substitute now 177? instead of &, in the general equation 
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74? y =r (17? — *), and that equation will become 2? — 
Sin. hin, Be Saree as 3 
aes 7". Here then p= 7, and T= Ts 
j 4p 3, 49 n+3 q 
and consequently the root r =f —— = fa hal op ee 


pressed in three different ways. The other roots, the ge- 
nerak values of which are — ir + e, become — 37 + 4/32)" 
——srtind/na=—irx (lEn). 

28. Hence then, in an easy and general manner, we can 
represent any form or case of the general equation, with all 
the circumstances of the roots, by only taking, in these last 
formule, any particular number for », either positive or 
negative, integral or fractional, &c. As, if m= 1; then 
the equation becomes 23 —7°x = 973, or = 0, the value of 


@=4ir, the rottr= /p.= a4 =a and the other two roots 


0 
m—ir(lt/1)=—-2r.2and —27.0=—rand 0. 
, 29. If 2 = — 1, the equation will be 7? — £7’ x = fr, the 


value of e=417,/—1, the root r =< = V72p = 3/29, and 


the other two roots = —ir(1-+,/1), imaginary. 

30. And thus, by taking several different values of n, 
positive and negative, the various corresponding circum- 
stances and relations, of the equation and roots, will be as 
exhibited in the following table, 


oO 
fo) 


Forms of 
eases 


| 


oa 


D-) & ).-<Te 


10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
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Values of t 
two other — 
roots, viz. 


Values of the root 7, viz. 


Sz | vaiues of 
= ues O 
se Va age 


Forms of the equation. 


an A 
—2?r 


Ag hitzy 


+ 
419ltr/ +12) 8— rere - or t= yt l= / 7 
lty 
y bes 4 


HEY $11) rte = : 
| a tv 
41057 f/f +10) —rr=—- FG : 1 


+9" 


ea frre = 
Dera fm 
a4 2re ae +q 
ears = 


gs+ ire = 


vb srr 
i+ orn = 
— 10}2 a? tay = 


—I1}2 r+ ara 


e+3arr = 
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$1. From the bare inspection of this table, several useful 
and curious observations may be made. And first it ap- 
pears, that when q is positive, as in all the forms after the 
12th, 7 is the greatest root; but when g is negative, or in 
all the cases to the 12th, ris one of the less roots. 

32. In all cases before the 4th form, 7 is the least root, 


. vg J/10—1 J/i1—1 1 unye 3 ‘ ‘ - 
because 5» or~ —, &e, is always greater than 1; 


and in all such forms, (4y)* is less than (4p)’; but the for- 
mer approaches nearer and nearer to an equality with the 
latter, till the 4th form, where (19)* is become = (4p)}, 
and r is then equal to one of the other roots, because 


whl OCS: “Hs 


2 2 

33. From hence 7 becomes the middle root, and con- 
tinues so to the 12th form, where it becomes equal to what 
has hitherto been the greatest root, and the other root be- 
comes at this place = 03; and (4¢)* has decreased fronf’ the 
4th form, all the way more and more, in respect of (4p), 
till at this 12th form it has become = 0, or infinitely less 
than (47). 

34. From this place, r becomes the greatest root, the 
sion of g changes to +, and (4¢)3 again increases in respect 
of (4p), till at the 13th case it becomes again equal to it, 
and the two less roots equal to each other, like as at the 4th 
form. 

35. From hence (3¢)* becomes greater than (tp)?, and in- 
creases more and more in respect of it, till at the 16th step, 
where p is = 0, or (29)? infinitely greater than (tp). 

36. From this place the sign of p becomes +, and (9) 
continually decreases in respect of (4p)’, to infinity. 

37. By help of this table, we may find the roots of any 
cubic equation 23 — px = 9, whenever we can assign the 
relation between ,/p and ,yy. For since one root 7 is al- 


names 4 
a4 A Je — yo, and the other two roots 
Veep d | aeons ne 


= —ir(1+ /+n), it follows, that if, from the equation 


ways = 
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4 . 
/ at ~ Vira} where the two denominators under the 
= = = 


radicals differ by 4, we can assign the value of 7, the above 
formula will give us the roots. 
38. As, if the equation be 7? — 187 = — 27.’ Here p= 18, 


and g = 27; then /eavi=s a/ Di Seay and yt = 7/27 = 


3 also; therefore »-+ 3 = 8, orn—1= 4, either of which 
(n+ 3)¢ i.) OS 2q 
(1=1)p 4p op 
, Bq . 

is the middle root, because - is found between the 4th and 


’ ‘elt ‘ we 5 4 
givesn= 5: consequently, 7 = or JARS 


12th cases, which are the limits of the middle roots; and 
—ar(lt/n) =—2(1+/5) = 4:854102 and 1°854102, 
are the greatest and least roots. Or, these two roots may 
be also found in the same manner from the table of forms, 
which contains all the it of every equation, thus: by a 


fewm@trials we find tie 
20°95¢ 
1695p 
which lies far above the limit for the least roots, which is at 
4p 


= %/--— nearly 
T Wee nearly, and therefore 


= 1°854 is the least root, because here n = 17:95, 


the 4th form, where m is=9. And lastly, y 


0557 
nearly, and therefore aR = = 4854 is the greatest root, 


3-055 
because cere is found between the 12th and 13th forms, 
which are the limits between which lies the greatest root, of 
every equation that has all its roots real. 


39. Again, let the equation be 25 + 87 = I, iy ven, 


and g = 12; hence Vom =f 2p = f/4=2, and Yt =329 
= 4/8 = 2 also; therefore n—34%2, ornm+1= oe ei- 
(n— —3)q pe 24 


ther of which gives n == 5. Consequently r = (na ins Ghee 


= = 2, and the other two roots are ~ 4r(1 + \/ —n) 
llt/—-5)>-1 FV —5. 

_ 40. But it is only by trials that we find out a proper 
value for min such cases as these; and this is perhaps ats 


i) 


f els 


i 


Re aes ee ; 
3°0557 V "9443 
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tended with no less trouble, than the searching out one of 
the roots by trials, from the original cubic equation itself. 
This method of finding the roots would indeed be effectual 
and satisfactory, if we had a direct method of determining 
the value of », from the equation Vs = yk by an 
equation under the 3d degree; but by reducing this equa- 
tion out of radicals, there results another cubic equation, 
of no less difficulty t@ resolve than the original one. We 
must therefore search for other methods of determining the 
roots ; and first it will be proper to treat of the rule which 
is called Cardan’s. 

41. Let +3+ px =gq be the general equation, where p 
and g denote any given numbers with their signs, positive 
or negative. And let z + y denote one of the roots of this 
equation, that is, let the root be divided into any two parts 
zandy. Hence then x = 2+ y; which value of ¢ being ~ 
substituted for it, in the original equation 23+ px = g, that 
equation will become 2’ + 32*y + 3zy° ++ y + p(z+y) S49; 
or 2+ 73+ 3sy(z2 + y) +p(z+y)= 9. Now, on intro- 
ducing the two unknown quantities z.and y, we supposed 
only one condition or equation, namely, z+ y=w; we 
are therefore yet at liberty to assume any other possible 
condition we please: but this other condition ought to be 
such as will make the equation reducible to a simple one, or 
to a quadratic, in order to obtain from it the value of z or 
y: and for this purpose there does not seem to be any other 
proper condition, beside that which supposes 3zy to be 
= —p; and in consequence of this supposition, the equation 
becomes barely z?-+ y3= 9. Now, from the square of this 
equation, let 4 times the cube of zy = —-+p be subtracted, 
and there will remain 2° — 22°y3 + y° =-¢ + 7p, the square 
root of which is 2—y= / (7 + 4p’); this last being 
added to, and subtracted from, the equation 234+ ¥ =4q, 

ives mi =G+ V/(¢ + AP’) = 7+2V/ [GY + (4P)'1, 
Be Yad MY + PP) =o - 2 (GY AG PH 
hence dividing by 2, and extracting the cube roots, we have 
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Vag + VED" + (4p)5)) x Lor x = = 
y= YGg — VU(4g% + (4p) x lorx — ey == N | 


the three values of z and y; for every quantity has three 
different forms of the cube root, and the cube root of 1, is 


| = ON 
not only 1, but also — i a or — ve, Hence then the 


three values of z + y or x, or the three roots of the equa- 
tion 23+ px = 49, are 


Wg +/ [(29) + (4p)5]) x lor x -iv— sug hes € eB la (3c fe 
Ug —/ (49)? + (p)]) x lor x — es ne bbb 


where the signs of ./ —3 must be sant in the values 
ze has 


in the one, it must be 


roe a 
of z and y, that is, when it is 


] 3% 
ee in the other, otherwise their product zy will not 


be = — ip, as it ought to be. 
42. Or if we put a= fp, and b= 4149, the same three 
roots will be 
Yb + / (0 + @)) + 4/10 — 4/ (0° + @)] = the Ist root or 7, 
— 318 +f (0+ a3)]. (L —/ — 3) 
— 4y/[b — / (0 + @)). (1 + / —3) the 2d root. 
—3V1b + /(F + 4°)]. (1 +7 — 3) 
—1271b — / (6? +4°)]. (1 — ./ —3) the 3d root. 
43. Or again, the 1st root r being 
V(b + /( + @)] + [6 — / (0 + 4%)}, the other two 
will be 


— art 4 yb + V(F +a)] -Yb- Vv (e+e) = 
the 2d root, and | 
~ pi Yb VO FOF SH Yb- VP +a) = 
! the “30 root. 


44, Or, if we puts= Y[b 4+ /(% + @)], andd = 
[6 — ./(o* + a3)], the roots will be 
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s+ d=r the Ist root, 


— ity: ——/—3= the 2d root, 
s+d s—d 
= - = V3 the 3d root. 
45. The first of these roots; # or 7, =S+d= 


V6 + /(% + @)]) +27/[6 — ¥(0*+4)], is that which is 
called Cardan’s rule, by whom it was first published, but 
invented by Ferreus. And this is always a real root, 
though it is not always the ereatest root, as it has been 
commonly thought to be, 

46. The first root r=s + dad = {fb +°V (0 4 a')] 
+ (6 —./(0’ + a’)], though it be always a real quantity, 
yet often assumes an imaginary form, when particular num- 
bers are substituted instead of the letters a and 6, or p and 
g. And this it is evident will happen whenever a is nega. 
tive, and a creater than 0’, or (47)° greater than (49)*; for 
then ,/(b* + a3) becomes ,/(b*— a3), the square root of a 
Negative quantity, which is imaginary. And this will evi- 
dently happen whenever the equation has three real roots, 
but at no time else, that is in all the first 13 cases of the 
foregoing table, where (4p)? is greater than (39)*, and p ne- 
gative ; the 4th and 13th only excepted, when (4p)3 is = 
(4¢)*, and therefore ,(b* — a3) = 0, and two of the roots 
become equal, but with contrary signs. This root can 
never assume an imaginary form when a or p is positive, 
nor yet when p is negative and (39) greater than (2p); for 
in both these cases the quantity ,/(6? + ds) is real, or the 
square root of a positive quantity. And these take place 
after the first 13 cases of the tabTé of forms, that is, in all 
the cases which have only one real root. So that this rule 
of Cardan’s always gives the root in an imavinary form 
when the equation has no imaginary roots, but in the form 
of a real quantity when it has imaginary roots. 

47. It may perhaps seem wonderful, that Cardan’s theo~ 
rem should thus exhibit the root of an equation under the 
form of an imaginary or impossible quantity, always when 
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the equation has no imaginary roots, but at no time else ; 
and it may justly be demanded what can be the reason of so 
curious an accident. But this seeming paradox will be 
cleared up by the following consideration. It is plain, that 
this circumstance must have happened either through some 
impropriety in the manner of deducing the values of z and 
y, from the two assumed equations x = 2+ Y, and zy = 
inp, or else by some impossibility in one of these two 
conditions themselves: but, on examination, the deductions 
are found to be all fairly drawn, and the operations rightly 
performed. The true cause must therefore lie concealed in 
one of these two conditions r= z+4yand sy=— jp. In 
the first of them it cannot be, because it only supposes that 
a quantity x can be divided into two parts zg and y, which is 
evidently a possible supposition: it can therefore no where 
exist but in the latter, namely, zy = —2p. Now this sup- 
position is this, that the product of the two parts z and y, 
into which the constant quantity x is divided, is equal to 2p 
with its sign changed. Now this may always take place 
when p is positive; for then — +p will be negative, and two 
numbers, the one positive and the other negative, may al- 
ways be taken such, that their product shall be equal to any 
negative number whatever, and yet their sum be equal to a 
given quantity 2; and this is done by taking the positive 
one as much greater than x, as the other is negative ; for 
thus it is evident the positive and negative numbers may be 


increased without end: there is no impossibility then in the — 


supposition when p is positive ; and therefore then the for- 
mula ought to exhibit only real quantities, that is, in all the 
cases after the 16thin the table of forms, as we have before 
found. But the same thing cannot’ always happen when p 
is negative,"or —ip = zy is positive: for that zy may be 
positive, the signs of the two factors z and y must be alike, 
either both + or both —, that is, both + when the sign 
of «is +, or both — when that is —: but it is well known, 
that the greatest product which can be made of the two 
‘parts, into which a constant quantity v may be divided, is 


Fe ee eS an Ad ey My RE ed 


ary oF 


ee 
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when the parts are equal to each other, or each equal 3+, 
and therefore the greatest product is equal to (41)* or 42°: 
therefore, if 4.* be equal to or greater than —4p, the con- 
dition which supposes that zy is = — 4p, is possible, and 


the formula ought to express the root by real quantities © 


only; otherwise not: but 12%, or 17’, which is the same 
thing, is always less than — +p in the first 18 cases of the 
table of forms; and therefore, in all these cases, which are 
those in which (1p)? is greater than (4q)*, or all those which 
have three real roots, the formula ought to exhibit the root 
with imaginary quantities, as we have before found to hap- 
pen; the 4th and 13th cases only excepted, in which (4p) 
is = ($¢)*, and therefore the quantity ,/(6*— a3) vanishes, 
and two of the roots are equal. 

48. 'Thus then the real cause of this circumstance is made 
manifest, and it is found to be the necessary consequence of 
the arbitrary hypothesis that was made, which is found to be 
possible only in certain cases. So that we cannot expect 
the formula to exhibit a real quantity in the other cases, 
since an impossible hypothesis must needs lead to an absurd 
conclusion. 


d —d ° ‘ 
49. The other two roots — + —,/ —3, in their ge- 


neral state, appear in an imaginary form; but on the sub- 
stitution of numbers for the, letters in any example, they 
come out real, or imaginary quantities, in those cases in 
which they ought to be such. For s being = g + / FA, 


and d=g—./ A, according as the roots are all real or 
: +d 
only one is such; and — —— = —g=-— Zr always half the 
; mm Te ' ; 
one real root, we have = = ./ ¥h/ according to the said 
—d 

two cases; and consequently — /-3= 7+ 3h, a real or 
an imaginary quantity, according as the roots are to be real 
or imaginary. 

50. The first root r being found from the formula 


V(b + 4/(b* + 3)] +4[b — /(0 + a5)], or by any other 
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means, the other two roots may be exhibited in several 
other forms, besides the foregoing, as may be shown in the 
following manner. 

51. The equation being 2?+ pr =gq, and one root 7, 
by substitution we have 73 + pr =q, and, by subtract- 
ing, it is - - - #r—r+4p(4#—r)=0, and, 
dividing by x—r, it becomes 2*-+rx +7 + p=0. 

Or this same equation may be found by barely dividing 
23+ pxr—g=0 by e—r=0, for the quotient is 27 + rx + 
r*-+-p=0. And the resolution of this quadratic equation 
gives c= — int /(—p—ar) =—r tiv (—4p— 87°), 
the other two roots. And hence again it appears, that these 
two roots are always imaginary, when p in the given equa- 
tion is positive; as also when it is negative and less than 
3r*5 which again include all the cases of the table of forms 
after the 13th. 


52. Aoain, since > + pr=q, therefore 7* + p= , and 
f. 3 ; : 
r= pt - and — 37” = 3p — = 5 which being substi- 
tuted in the above value of the two roots, they become 
3 
—irtt/(—-p——). 
53. And again, if —p be expelled from this last form, 


q 


by means of its value 7* — ~, the same two roots will be 


expressed by —tr4 f(r? — a —arx (144/(1 ~ “2, 


54. And further, if 7% be ‘expelled from this last form, 
by means of its value g— pr, the same two roots will also 


become —ir.x [1 + ./(} wai) =— 2" X Oe areal & 


55. We might have derived the above forms in yet an- 


other manner, thus. The first root being 7, let the other, 


two roots be v and w: then we shall have these two equa- 
tions, namely, v + w= — 7, and vwr = q, or ww= 4; 
from the square of the first of these, subtract 4 times the 


4 ihe 
last, so shall v* — 2vuw + w* = rt; the root of this is 


i 
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v—-w=J/("— at); which being added to, and taken from 
v-+w=-—r7, and dividing by 2, we have rg: =~) Sy 


4 4 
B/Q? —)=-trx fit V(l- =); the same with one 


of the formule above given; and then by substitution the 
others will be obtained. | 


56. To illustrate now the rules x = s + d, -or 
s+d s—d : : : ee . we 
nah Scere 9 Alma Pia gk 2) examples; suppose the given 
equation to be 2? —367 = 91. Here: p= — 36, 97> 91, 
@= tp = — 12,6 = —y then ¢ = f(t + a= 
8281 . 1369 37 Wea 
a cores = 1728) => wa aon @? § Seg + Q=W oy ++ 

91 1 87 | 
oO see =) a 3727 == 9. Con- 
sequently, r= s+ad=>4+3=7 the first root; and 


std —d —It,/—-3 : 
~ alee = eat ef Ss = the other two roots, which 


37 
2) = 


4/64 = 4, andd=*s(b-—c) =¥ 


2 
are imaginary. 
57.. Ex. i). Let the equation-be: 7 +:302 = 11? 
117 4 
Here a= jp = 10,6 =%y =-5-; thenc=y(/4a’)= 


/(— + 1000) = J = =; Ce Yb +c= 


YWo+ => = 195-=3 §,and’ dt = fh wey 


Wig) a kes 


Mo-pHV-g Hv 8 = 2 Consequently, r = 
d —d 
s+ d=5—2= $3 the first root ; and — + /-3 = 
—~s+7,/—3 
: va the other two roots, which are imaginary. 


58. Ex. 3. If the equation be x? + 18x = 6, we shall have 
a=6, and 6=3$; then c= /(?4 3) = /(9 + 216) = 
1/225 = 15, s= 3b +c) = 39 + 15) = 3/18, and d= 
Wb—c) = Y(3- 15) = Y-12 =-— 12. Therefore 
ro=s+t+d=¥18 — ¥12 = °331313 the first root; and 
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std, s—d 3/18—3/12 , 3/18+3/12 . 
pkendhe ta can ee ee 3 the othe 


two roots. 

59. Ex. 4, In the equation 1? — 154 =4, we have a=—5, 
b=2; hence c= V(0* + @) = /(4— 125) = /-121 = 
M/-1l,s=Sb+ec=VA2+M/-1) =2+V/-)s 
and d= {(b—c) = *(2—-11,/-1)=2—/-—-1. There- 


d ae 
fore r=s+d= 4 the first root: and — = = Sv So 


—-2+/-1. /—3=-2+,//3 the sing two rocts, 
which are also real. 
60. Ex. 5. The equation x3 — 6.7 = 4 gives a = —2, and 


= 2; therefore c = vy (0* + @) = /(4-8) = f—-45 
2V—-1,s=Yb+ce)=VA+4t2/-1)=-14+/7-1, 


and d = %(b —c) = ¥(2 —2,/—1) = —1—/—1. And 


d —d 
hence r=s-+d=-2 the first root; and — _ i >= 
f-3S1t/-1.V7-38=1+,/3, which are the two 
extremes, or the greatest and least roots. So that in this 
example, Cardan’s.rule gives the middle root. 

61. Ex. 6. Let the equation be 23-97 =-10. Then 
a=—3 and 6=—5; sothatc=V7(b*4+@)=V(25—27)= 
Wine 2. Bae se Se el 2 w(-54+v7-2)=1+/-2, and 
a={(b—c) = 4-5 —-f/-2)=1- ants i Hence 
ste 

Ss / — = 


~lt/-2.7%-3=-12+,//6 the He and least 
roots. 
62. Ex. 7. Take the equation 23—lav=9. Herea= 


r=s-+d=2 the middie root; and — 


— 4, and b ==>; therefore c= V7 V(P +a) = (7-64) = 
175 5 


V~PeEV—L sHVUb+O=YUG+iVv-7) 
is 
~St+5V-%andd=Yb—c) =U —-3V¥-N= 


ll 


-> ae ; /— 7. Hence r=s-+d=—5S3 the middle root; 


5 / 2h 
2 


pack A ogg A 2: /—~3= 


the greatest and least roots. 
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63. Ex. 8, Again, from the equation wi — 127 = —8/2; 
we have a=—4, and 6=—4,/2; hence c= /(0+a’) = 
/ (32 — 64) =f — 82 =4V—-2,5s=b+e)=4(-4V 2+ 
AW —2)>=/2+4./-2, and d=/2—/-—2. So that 


ryoas+td=2/V2 the middle root; and — #2 + =f 3=3 


—f/2t/ -2. y—sa- Jab yo=—H2. yes the 
greatest and least roots. 

64. Ex. 9. But the equation 73 ~ 157 = 22 givesa=—5, 
and 6 = 11; therefore c= /(b? + a3) =,/(121 — 125) = 
/-4,5=%b+c) =HYlL+/—-4)=-1-/ — 4, and 
d=-1+,/—4. Consequently r=s+d=-— 2 the least 


root ; and — fe fy S=1tY —4.f—-3=1t7/12 


the two greater roots. 

65. Ex. 10. Further, in the equation 73 — 1527 = 20, we 
have a =— 5, and 6 = 10; consequently c=,/(i* +a’) = 
4 (100 — 125) =f —-25 = 5V—1, s =¥/(b6+¢) =3/(10 + 
§,/ —1), and d=%/(110— 5,/ —1). Therefore r=s+d= 
(10 + 54/ —1) +4/(10 — 5,/—1) = the. first root; and 


BAS eee ying RUC SN HAAN Pf) 5 


AO hone iti da / — 3 = the other two roots. 

*65. Ex. 11. Lastly, taking the equation 23—7Tz =6. Here 
a=—,and b=3; therefore c =,/(b* +a?) =V(9— 343)= 
VY —tpP = Vv —-3; sa H(b+e) =V3+ ¥/-3) = 
Bf —3; aoe d =i—1,/ —3; consequently, r=s+d=3; 
and — 24" + —/- 3=—-2+4=-—1 and — 2, the two 
less roots. So that all the three roots, in this example of 
the irreducible case, are rational. 

66. Hence it appears, that Cardan’s rule, s +d, brings 


out sometimes the greatest root, sometimes the middle root, 


and sometimes the least root. 
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Of the Roots by Infinite Series. 


67. Another way of assigning the roots af a cubic equa- 


tion, may be by infinite series, derived from the fore- 


s+d 4 s—d 


going formule, namely, s+ d and — —- £->V/—3, o 


(6 +c) + 3(b—c) and 

= 2x [Wb +e) +Yb-Ol EV —8xCV(b+0)-Wb=o))- 
For, by expanding 3/6 +c) in an infinite series, we shall 
evidently have all the roots expressed in such series. 


c 22 2. 5c " 
68. Nows =7(b +c) = x: tal bt SRT a DEE mat 
Vc2 Q . 503 a 
and d= V(b — ¢c) = xb x: Sing a3. ae 88a 
(2 2.5. 8c4 
Hence s +d = 2%) x :1— 3. 6b? rae ST UE Tc 


for the first root, as it was found by Mr. Nicole, in the 


Memoires de ? Acad. 17138. Also 
2.50 2.5.8.11c4 


= nh Patty helt Sigedk thai stil Sad Wincott tals ae sea A AE be ge To 
s— d= se hig tas erat GE 6.9.12. 1514 
s+d Qc2 2.5. 8c! 
. pera Cy belatte, og 82 Oe a 
aon Te caf —3 2. 5c? 2.5.8.11¢c4 
cdot ee ti /es at SALE se Mak 3 okt! Hi Velen Sides ab te | ES 
er v3 met) T kangen ah ET on 3.6.9.12.154 ” 


for the other two roots, which were given by Clairaut, in 
his Elemens d@’ Algebre. 
69. Hence again it appears, that when c’ is positive, these 


S14. —$ 
two latter roots are imaginary; for then the factor Saf 
ye 


is imaginary. And that those roots are real when this ¢’ is 


negative ; for then this factor becomes soil a sit 
a real quantity. But in this last case, the sign of every 
second term,in the two series must be changed, namely, the 
signs of the terms containing the odd powers of the nega- 
tive quantity c*; for the series contain the letters as adapted 
to the positive sign only. 

70. These series are proper for those cases only in which 
¢’ is not greater than 0°; for if c* were greater than 0, they 
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would all diverge, and be of no use: and the series proper 
for the other cases, namely, in which c* is greater than 0’, 
we shall give below. 

71. That c* be less than 6*, or the foregoing series be 
proper to be used, @ or tp must be a negative quantity ; 
for if it be positive, then c? = & + @ will be greater than 
6*. But for this purpose a cannot be any negative quantity 
taken at pleasure; for if it be so taken, as that a? be greater 
than 20%, then shall —c? = a3—& be greater than d*. And 
hence these series converge only in some of the cases of 
three real roots, and in some of those that have only one 
real root, namely, from the 16th form, to somewhere be- 
tween the 12th and 13th forms, in the general table Art. 30, 
when 4 is positive, and consequently it includes some cases 
both with and without imaginary roots. But that in all the 


— os &c, is the 
greatest root, as will still more fully appear by consulting 
Art. 83. 

72. Now, in the first place, when a= 0, or c= 6, which 
is the limit, or 16th case in the table Art. 30, the equation 


being 73 = g = 25, then the only real root is s =a UAL D ate OF ex 


cases, the first series s+ d = 23/b x : 1 


/2b6 =ig =) x 1 +4- — + &c. Hence also, dividing 


2 2.5 o: sf : 
&e.. 


eS RRS CUT FT 
73. But in this case also the root is 


| fa) CD aig Dias 
s+d=%Wbx:1—s—- reyerat ke ee 


consequently this is equal to the former realy or 


by °/b, we have 4/2 = 1+ “ — 


2 2.5.8 vanes 2 
2x i135 3— 56.9019 MHI +5 aah é. ay ke = Fab ge 
; 2 2.5.8 
Hence, by subtracting 1 — =— — 5—7-3-Gq,_ «&c from both 


sides, we have 
2 2.5.8 1 2.5 See at 
Se a areas OC = a ha ag a 


which multiplied by 2V/b, will thy give the root of the same 


cthek tk he &c to both 


equation. And hence, adding —_ Seer 


H 2 
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sidés of the last equation, we find that | 
1 2.5 2.5.8 2.5.8.11 3 
lis=5 +5-gt5-6.9+5.679.8 '3.6.9.12-15 
Or, further, multiplying by 3, and subtracting 1, we have 

PRO a SBD . Soaee 
eb Te .S ip | 6.0. Te he 
2 aaa 


74. Also from2 x: th 5% SMe TATeT TS . ke = ‘72 in the 
last article, we find 43/2 = 
g 2.5.8 fh > hong 2.5.8.11 
ieee Tie ah SOURS seeds oe 


75. In this case also, on c= 5, the equation d= 


Wb -c) =Yb x 1 = Tee aaa &c, becomes 0 =vbx :1— 
j 2 2.5 
33.67 376.9 & 


And ‘sige dividing by %/b, and adding, we have 


3? 
Q 2.5 2.58 
ye tia al hate Bas al 
3 ts76 ts-675 + 5.609710 © 


the same as in the last article but one. 


76. And by taking other values of 6 and ¢, or other rela- 
tions between them, any number of infinite series may be 
assigned, whose sums will be given by the two equations 


c Q¢2 o oct : 
wb te) =Vbx:l to —-satsaop Xe: And if 6 


be very great in respect of c, the two first terms of the 


series will give the cube root true to many places of 
figures. 

77. Hitherto is concerning one of the limits or extreme 
eases only, namely, when c* = 6’, or when the equation is 
z3?=¢q=2b. And it has been observed, that the first gene- 
ral series for the three roots converges, in all the cases of 
the equation #?— px =, or x? — 3axr = 2b, in which a? is 
not greater than 25%, But a} may be any real quantity, not 
greater than 20”, and so it may be either less than, equal to, 
or greater than 0’. 

78. When, in this equation, a3 is less than 6*, then c? is 
positive, and less than 6*, and the first series gives the only 
real root, without any change in the signs of the terms. 


TRACT 28. AND INFINITE SERIES. 10] 


And to this belorigs-all cases of the equation that can fall 
in between the 13th and 16th formule, in the general table 
in Art. 30. 

79. If a? be = 6, then c= 0, and the three first series 
give 23/b = 3/49 for the greatest root, and — {6 for each of 
the less roots. The same as at the 13th form in ae general 
table Art. 30. 


80. When a is greater than b?, c will be negative, and 
then, changing the signs of the odd powers of ¢*, the three 
general series will give the three roots of the equation, 
which will always be all real. In this class are two cases, 
namely, when c* is less than d*, and when they are equal, 
which is the limit; for when c* becomes greater than 6*, the 
series diverge. 

81. Now when a? is between & and 20’, then c* is negative 
and less than 6*, and the general series give all the three real 
roots, by changing the sign of every other term. 


82. And when a? = 20’, then —c?= 07, and the three 


roots become thus: 
2.5.8 @.5.8.11.14 


2 
93 ; Pee ee Le a Ae See Bitkie: Teel Sha tele? 8 . 
2/9 x V+ sg — 56.9718 + Stes9 ais.is %e> the 
first or greatest root, 
oe, hima 2.5.8.41,14 
3 ° SM TR ER Ae 
ant VOX iL +a 73.6.9: Tia + 37679-19715 18° 
£.5 2.5.8.1) 


+3 re 
EY) x V3 x tg — S55 + ero ia is B&O 


the two less roots. 
83. The first of these three is the greatest root, because 


wbx sl+o5- a &c, is greater than 4b x 3x: 

oo 2 5 &e, for l +> &e, is hate than 1, and 
| 2.5 

/ 3X ism ke, rd Ante! is a > &e, is less than 1. 


So that in general the first series oe! ie greatest of the 
three roots. 


84. But it is evident, that this case agrees with the 10th 
form in the table Art. $0; in which the middle root 7 is 


‘ 
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found to be va l= 3/29 = — 7/46 = — 23/1), and the other 
two, or the greatest and least roots, are —irx (L=+VW3)= 


yb x (14/3). 
85. Hence, by a comparison of these two different forms 


of the same roots, we find 


4/341 9 2.538 Guke By it one 
— = Shoe sealers $$$ > A 
23/2 Sts T5768. 8. S69. 12.1518 : 
A/9~1 501 2.5 2.5.8.1 
and ~—— = —- — ——__—_—__-—— — &C = B. 
nO Rye 8 nya 6 2B. 48) 6-Saae & 
86. And by adding and subtracting these two, we find 
Aen 1 2 2.5 2.5.8 
“= —~+— --——- - > —&c, and 
$72 Le tate 3:26.49 a aaa Se, 
1 1 2 2.5 HOS: 
Sa. = Lith eee shen a 86.79. ee Aa 
somes | Oe 
V3+1  f3-1- 0 1 ee 
87. Also, because “aa * apa 8 = ae which. is = 


EX (= a therefore the mean proportional between the two 


series A and B, is to the series c, as the side of a square 1s 


to its diagonal. 
88. Further, to and from the two series A and B, adding 


and subtracting the two series in Art. 74, namely, 2°72 or 


3/2 2 BRS A8 BAS isd 2.5 2.5.8.11 
cee: ane DOl6 oie OO ous 7p tS ec oriaas &e, 
we obtain the four fea Series : 

S34 3/et1 ieee 2.5.8.11.14.17, 20 & 
33/2 7B L6.9. oa 3.6.9.12.15.18.21.94 ~° 
Ra Seto 2.5.8. AL a 2.5.8.11.14.17. 20.23 1 eee 
4342 — 8 ie 3.6.9.12.15.18.21.24. 27 

3—-Y4+1 2 2.5.8.11.14 
WR, Sy ala aA BS 

Pao See er eee Ce CORE: 
S31 25 2.5.8.11.14.17 2 

43/2 We ABD 418 JB2 9,494 NS 8 el 

89. It a appears, that the series 

2.5 2.5.8 955 OE i 
1-s eT le ES, 7 oR LSE) isda oP 
+33 ats 6.9 63.6.9. 12 3.629712 715 &S 
is the reciprocal of the series 
Q 2.5 2.5.8 2.5 (8 

1 ey et | 
ae me IY) TOA 5767971215 &€ 


eee avin a oo 
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where the signs of the former series are found by changing 
the signs.of every other pair of terms in the latter; namely, 
omitting the first term, change the signs of the 2d and 3d 
terms, then passing over the 4th and 5th terms, change the 
signs of the 6th and 7th; and so on. For, by Art. 86, the 


st es 1 
former of these series is equal to a? and, by Art. 72, the 


latter is equal to 3/2. : 

90. Let us now consider the cases in which c’ is greater 
than &*, which include all the cases not comprehended by 
the former, or in which ¢ is not greater than 5%. And this, 
it is evident, will happen both when a is positive, and when 
negative; namely when a is any positive quantity what- 
ever, or when it is any negative quantity, and a? greater 
than 25%, And in these two classes, c* will be positive or 
negative, according as @ is positive or negative. 

91. Now the series in this class will be found the same 
way as in the last, by only writing here the letter c before 
the letter 6; for then we shall have s= (c+ 6), and d= 
Y—c +5) =—4c— 5). 


b 910 2. 563 
Then Ss =A 6) — vc > eee | Pe _-_ 36a + a &e, 
ane d = —%Kc—b) =x :— Lt ai ee tao oi an Ae, 


3760 + 376.908 


Roe 2.5.8. 1114 
He +d=— x: —4+>—-— + -- Oe = 
SS Ag al yak 3 °3,6.92 ' 3.6.9.19.15¢ 


the Ist root, and which was given by Clairaut. And 


- 


std ot 1 2. 5b? 2.5.8. 1104 
2 re vais t's 6 oa ho” At eas 
s—d 2b 2.5.84 
an oat} tye. / —3 X11 ase Terie E> 


for the other two roots, which are new. 

92. Here it again appears, that when ¢* is positive, the 
two latter roots are imaginary ; because then %c x /—8 
will be imaginary. But if c* be negative, those roots will 
be both real; since gc x / —3 then becomes 3/(¢ W —1) x 
MV —3 =X -/ —-1X ¥—3 =—2ex /3. The signs pre- 
- fixed to the terms as above, take place when c* is positive; 
but when ¢’ shall be negative, the signs of the terms con- 


« 


wy ' 
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taining the odd powers of it must be changed. And these 
series include all the cases in which the former ones failed, 
by not converging. So that, between them, they compre- 
hend all the cases of the general cubic equation 23 + pr =q, 
as they each reciprocally converge when the other diverges, 
but in no other case, except in the common class, in which 
cis= 6, which happens at the two limits, namely, either 
when a is = 0, or when —a? = 20°: and then they both 
give the same roots. But in the other cases they give the 
contrary roots; namely, when c is less than 4, the first series 
gives the greatest root; and when ¢ is greater than 4, the 
Jatter series gives the least root. 

93. Now when a is any positive quantity, the first of 
these series gives the only real root, without any change 
in the signs of the terms; the other two being imaginary, 
And this includes all the cases after the 16th in the alee in 
Art. 30. 

94. When a is = 0, or the limit between positive and 
negative, as in the 16th form in Art. 30, then is c = 6, and 
the only real root, or the first series, becomes 24/b x :4 +4 

2.5 


——— + &c, which is the same root as was before found in 


Art. 73. So that, in this 16th case, both this series and 
the series in Art. 67, converge, and give the same and only 
real root. 

95. When a becomes negative, then c* becomes negative, 
and the roots all real, But in this case the series only be- 
gins to converge when — a> = 26", for then — c* becomes 
= 6*, and then, making the proper change in the signs of 
the terms, the three roots become 


2.5 2.5.8. 
Ist. — 24/8 x Sp -seatreas &e, the least 
root, and . 
1 2.5 2.5.8.11 
3 4) Sey Peer oe. See ee 
+b X 35 $16.9 + 316.9012. 75 &es 


2.5.8 2.5.8.11. 14 
&e, 


o2 Hida Sein 
+3 e es 
tb.Y73 xX 214+ — 56.9% ats; 6.9,12,15.18 


the two greater roots, 


" 


Pier - 
~ = ~ 


en he SE, 
= oh ~ 


. 


TRACT 28. AND INFINITE SERIES. 105 


96. It has been here said, that the first of these three 
roots, is the mI them. To prove which, we assert, that 


2° Mm 2.5.8 
3xX-:1 + — Per: Tae ag ‘ 
Veal Goes a &c, is greater than 3 times 
1 2.5 275 2.5 
4 S679 C3 for 3 x :— ee ree ier ee &c, is 


less than 1, whereas 1 +. ue &c is greater than 1. Conse- 
quently, the less of the two latter mes namely, 3/b . 
V3X 14+. & —¥b x4 — 

oa 

first is the least of the three roots, while in the other class 
of series the first is the greatest root. 

97. Hence, comparing the value of any one of the roots 
here found, with the value of the same root as found in 
Art. 82, we obtain the relation between the two series that 
are concerned in them, namely, that the series 


2. 
are ——, ke, is greater than 


the first root 237 x 5 — &c. That is to say, here the 


2 9.5. ¢ 2.808 0116 f 
1+ — fae SON ree : } 
, a ae 91 V5.6 9-19. 15.18 “0? 8 1 Ne Memes 
1 2.5 a foes a: pak hs 18 OFT 
bac Fa Gane cig 857 Sth 6 1d 1 8 ; &c, as 


73+1isto W3—1, or as24 3 to igh or as 1 <3 2-3, 
which are all equal to the same ratio. And the same thing 
appears from Art. 85. 

98. When —a becomes greater than 26°, then ~¢* is 
greater than 6’; and, by the proper change in the signs, the 
series for the roots, in all cases of this kind, become 


Rob) age 1 Q . 5l2 2.5.8.11b 

Ist. ——- pea Rye Siete cal —_—__———- XC, the 
ya VOR BVO BT6. ba Msg aT tat eae least root; 

b ey Q. 5b? if tae) 

YAO! 8h iT. wet ts $e, the two 
and 2.5. 8b greater 
= WP ie Be ce ( roots. 

VC. YS X ; yt 62 oii we 


99. Let us now illustrate all the foregoing series, for the 
roots of cubie equations, by finding, by means of them, 
the roots of the equations already treated of in Art. 56, 
&e. : 

190, And first, in the equation #°—36r=91. Here 
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p=—-36,9=91, a=—12, b= 454, ? = b* + a = (457)° 
— 193 = 3424, which being positive, ; a than 0’, this 


case belongs to the series 
— &c, in Art. 68. 


c2 9.5.8¢ 


27) x 21 — as 6.9. 1264 


Nowiee = p= =) = 1653182. Then 


b? ~ 8281 
A= + 1:0000000 
23 
B= 3pA =- 0183687 
ks a pee 
c= 9. 128 B= 11247 
11 . 14c? 
D Sra hea 1061 
17 . 20c? 
ah hake aaa in 
23 . 26c2 
Baprey etnee on ae i% 
ete poet" ty a 9 
S85 , Oe ae cf 
sum of the terms = *9803871 
2 
1°9607742 - log. 0°2924275 
3b = 2/455 we = - «(05 526705 
hence the only real root is 7 - - - 0°8450980 
: 91 2.372 2.5.8.3 
That is, e118. = 2/2 x31 ~srergis, tg. e reece 
&e. 
101. The other two roots are imaginary, and in Art. 56 
—I*,/—3 
they were found to be = wi but, by means of the 
series in Art. 68, they are here found to be 
rel B_ £o/—3 2. 5c? 
s+ ary 7+5 5-6 7op + &c. Consequently we ob- 
tain these eit oe sums : 
Ts 2 2.8% __ 9.5.8.9 25811 14g 
2Vo1 — + —3.6.912  3.6.9.12.91* 3.6.9.19-15.18,918 °°? 


26 54'37" 2 0. Oe AILS 


1 
D Fos eon cent akad swe ‘lis haat. ene tion: 
31V a 3 te Nero rais 5679012715 918. 


q 


# 


7 


TRACT 28. AND INFINITE SERIES. 107 


102. Ex. 2. In the equation x + 307 = 117, we have 


=ip=10, b=14g= = 581, and @ = +e = 


(=) which being fae and greater than 0°, the proper 


series for this is that in Art, 91, namely, 
26 l 2 . 56? 2.5.8. 114 


nip Tas tS fb -srecaa ee ex aia ise Ke, 
b2 117 
Now | =(——)* = ‘7738308. Hence 
c 133 
j ee : “S35 | 
=5 — 3 
2. 5he ai: 
c dhl 8 Py 11L2 B jacnt . . t d 124 
TAGS Bi 18 series inverte 
14. 176? 
ee Lee 6 9 2851 
18 . Qle? 142 
20 . 236? 
B34. aie >? = : g 
er z6 2008 the root + = 3°'000 
ise 30 . 33¢? ao 3 
32 . 352 
So aT EL, aoa a 
hid 38 . 41b? Beis i 
ie 42 . 45c? m2 
_ 44.4702 sa . 
Sua a6 Atte 
al 50 . 5322 ay 1 
aie LT A ebay 
sum of the terms = "421 
| Qt fot 2.5.117 


POAt is. 2 =F 3 + &c. 


3/2. 1332 x 3 + 57679 71am 
103. By the other series, in the same article, the two 
imaginary roots Come out 


i —= H3.fY -3x:1— — &c, which were before 


3. 6c? 

cue in Art. 57, tobe —2+2ZY—3. Consequently 

2 2.1172 2.5.8.117 9.5.8.11.14.11%8 
i3/—— = = ——_$_______— a Se ee ee Rn gh a nine ° 
ZV 133 3.6.1332 3.6.9.12.1334 3.6.9.12.15.18.1936 
1. 1332 1 2.5.1172 2.5.8.11.1174 
La ein Pe ee eee gem NS LS AT ee : 
39 ° 92 3 1 eee visss tg 6. 018.15 1958 


= 
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104. Ex. 3. In the equation 274 187=6, we shave a= 6, 
b= 3, C=V(9 +216) = 225 = 15, real, gh greater than 
b, and therefore this case bel ne to the same series as the 

9 6 ee 


last example. Now = == z = ‘04, and = = = 7355 ~ 


Vr = 15/120 =74/'96. Then 
1 


PY y= 5 = °3333335 
2. 5b? 
= —— — 2 2, 
ee 6. 9c? 469 
8.1122 
Sf eee 48 
Ny 12. 15c2 ~ 3 
14. 1752 
D = jersie fi lisa) Lee 


3358520 - - = ~ log. 1°5261480 
796 - - - - «= = = 19940904 


the root 7 = °3313130 - - - - - 15202384 
And then the two imaginary roots, are 
*331313 Qb2 
+ 3 i Pt ee iene a et 
Hse. YW —3X:1 nea Poo 
105, But, in Art. 58, these three roots were found to be 


o-= 


YI8—¥12 , Y1s+¥12 
3/18 — 3/12, and — Suet hey ey 3. Consequently 
we have 
3184342 __ o 2.5.8 
mis = | — 376 sos 57679 12 vag Cy and 
yls—Yl2 , 1 2.5 2.5.8.11 
== + 2s t+ tH ee. 
ine 37 8 ' 8.6.9.252 §3.6.9.12.15.25¢ 


106. Ex. 4. In the equation 23— 151% = 4, we have 
a@a—=~—5,b6=2, and c=Y¥ (Fh +a0)=YV-121I=1llyY-1, 
imaginary, and greater than 6, which belongs to the same 
series as the last two examples, but changing the sign where 
the odd powers of the negative quantity c* is concerned, as 
in Art. 98. 


ating dere Qb 4 64 
Now — = — = — = —— =. 
} 5) and = ya > yin —Vini Then 


oo aenebail 


- 
oa a en 


Sait? 
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+ *; 
a= = 3393333 | p= 2 | 
= 5 — 3 B= Fa 4 = °0020406 
re as 136 ia 14. 17)2 
Ere sa re BO: | Reema 1 = MOE 
--' 33336638 — *0020413 


= 0020413 
the series = 3313250 - - - log. 175209543 


64 Oe ca 
Vin eye ety 
the least root =—— -2679499 ~ - - - -~ 7°4280595 


107. To find the other roots by this method, we must 


: 212 
sum the series 3c. 4/3 x :1-+4 Sam — &e. And as the terms 


of it are found by multiplying the terms a, B, c, &c, of 
e the former, ‘by 4, '2,' 25) 22) &c;, respectively, we shall 
therefore have 


a@= FA mn 
S=2n = 0°0036731|y=1ic = — -0000450 
fo 2p = 8 
+ 1:0036739 
— 0000450 
" series =-+ 1:0036289' - - - - = log. 0°0015732 


ll OM cerry =. no OSL ROM 
ASN aes a alle =e OR aOR 


eee, 


0°53872647 


+3°8660254 
_ &£ the least root \ age a 
- with a contr. sign iby SEEPS 
sum -+4°0000000 greatest root 
diff. —8°7320508 middle root. 
108. But the same 3 roots, found in Art. 59, are also 4, 
and —2+4/3; which being compared with the series in 
this example, we find 
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¥42,/3 2.2 2.5.8 494 2 ..5.831) - tae 
wo ee | fo A 
93711 +351 5.6.9. 19.1 1376.9 1915.18.11? 
2—/3 ; i 9.5.23 2.5.8. 11. 2 
So 18 — &e. 
a Vth so 56.9 1 Poen epee ier is 114 & 
109. "Ex. 5. In the equation 73—6r=4, we have a= —2, 


6 = 2, and c* = §* + a = 4—8 =—4, which being nega- 
tive, and = 8’, this case belongs to the series either in Art. 
82 or 95. The operation of summing the terms, by them, 
is here omitted, because so much room would be necessary 
to set down so great a number of terms, and as the proper- 
tics arising from the series in this case, have already been 
noticed above. The three roots of this equation have been 
found, in Art. 60, tobe —2 and 1 +¥V3, 

110. Ex. 6. In the equation 23-92 =— 10, we have 
a=— 3, b=—5, and c? = 25 — 27 =— 2, which being ne- 
gative, and less than 0°, the general series in Art. 68, with 
the necessary change of the signs, will give the three 


We tye POS 8 : 
roots. Now 95 i090 = 083 and 3/b = — 3/5, also 
cr/—3 ue) a/6 
ie = 3788" Hence 
AS =e | 
Be Ase DOS8O89 uC erie — 0002634 
Sr SG Syst © ip eRe my ate 
= 1l . 14c? is | Fe 17 . 20c? 
mbes 6 0h wa ~~ QY, 2402 a 
+ 1:0089009 — 0002641 
— 0°0002641 
+ 1°0086368 
go 
20172736 - - - = log. 0:3047649 
yb=¥y5 - - = = ‘= - 02329900 
the greatest root = —3'44948974 - - - - 0°5377549 


111. Then, for the other roots, by multiplying the terms 
A, B, c, &c, of the farmer, by 4, 3, 14, &c, we have 
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a= 5A = °3333333 
= £66 = 1931 |e = iB = ‘0049383 
a = 32-2 —_ 6);e=i12pD a 97 
| +. +3335270 — -0049480 

~ — -0049480 
3985790 - - - - log. 1°5166398 
AS we ad! 6 9980956 

3/25 


the second series + °+27525513 - 


i the greatest root + 1°72474487 


ee 174997354 


middle root 200000000 
least root 1°44.948974 


112. But, by Art. 61, these three roots were found to be 
2and — 1 +6; which being compared with the series be- 
longing to this case, we find 


fot ls_ 2.2 91528. 2 Dea S 5 VS 1: O34 
23/5 = 456.2 376.9712.95 1376.99 1518 BO 
f$=2 s05 —! i 5 2.5.8 511.2 


3 7 3.6.9.9 +5-6.9.19,15 a5 ~ &C 
113. Ex. 7. Inthe equation 73— 127 =9, we have a= —4, 
6=2, and c = % —64=-—*1*, which being negative, 


and greater than B, we shal NES 3 real roots © the series 
in Art. 98. 


me er) k 9 729 
ALLE eee By VS 
Now — = 3 ya — 7350 ~ 350? and 


we = =*/43'15. Then 
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I ee * 2.512 =x 
A=; = °35333. 8 = ha = GzZ00/ . 
8.1122 14. 17b? 
c= i2.1be 2 aa 647 jo) Seq Ts. 2ie © = 188 
20 . 2317 26 . 291? his 
Eee |! OF as = 22 
32 . 35b? e" 8 __ 38 . 4122 mS 3 
C& 36.5902 © mm ar apace © ih 
Ak. 4th? ey 1 _. 50 . 5308 Ly 1 
Demag vse: * a R= 5. 5708 im 
+ 34051 — 03071 
— °03071 
*30980 
4 
*61960 = = = - log. 1°7921114 
729 
Df pen ah te a. os = - - 12 “ 
555 0°1062198 


the least root =—.°79128 - - - = - = 1°8983312 


114. Then, since the terms of the latter series are found 
by multiplying the terms of the former by the fractions 3, 
Boyes) St, &c, they will be thus: 


Ph yahe ais | = 1°00000 

G = 2 = 5143 y= eC “2 "00882 
e= 50D me 232 |¢ = FE =. vo 
{=sir = 2ly=38G = 9 
6= 43H = 4js, mu. m3 I 
+ 1°05404 = °00965 

— 0°00965 “ 
1°04439 - = = «= log. 0:0188627 
8/43°15 = - = = = = 0'2734963 
J/3 Cee oenne FS) | Qos gener 
last series + 3°39564 = - ~ =» e« «= 0°5309196 


—i the first + 0°39564 


greatest root + 3°79128 
middle root — 3°00000 
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115. But, by Art. 62, these same three roots are, — 3, and 


ot ; 
sac ; which being compared with the series belonging t¢ 


this case, we find 
214! 812 
ke 4 2.8). eee + &c, and 


ge 3.6.175  3.6.9.12. 175? 
a y 2.5.81 OS ee 
350 =7 — CMG ob CE &e. 


116. Ex. 8. In the equation 23— 127 = —8,4/2, we have 
a=—4, b=—4,/2, and & = 32 — 64 =—32; which being 
negative, and equal to 4*, the three roots will be found, by 
both the forms of series, like as in Ex. 5, Art. 109; but 
the operation is here omitted for the same reasons as were 
there given. The three roots of this equation were, in 
Art. 63, found to be 2,/2 and —,/2+//6. 

117, Ex. 9. In the equation 2#3— 154 = 22, we have 
a@a=—5, b=11, and c?=121—125 =—4; which being 
negative, and less than 4*, the series in Art. 68 ae these 
three roots ; 


Greatest 2.5. &c4 
root = 2f11 ag | tare <a —_ 326.9190 &e, and 
2.5.8c4 
ets P ja 
the two Mal xsd +56 . 6L2 -6 le ba &e, sere 
less roots 4. 2/3 9. 5c? a's’ § 114 % ee. 
= pra * ° 3° 3.6. 92 os Gia): & ype 

Here 

it son = 1:0000000 
Qc? 
=-_—_ = 6731 | . a 8c? . 
3. 66° 2 wae oS 9. 1942 B ==— °0000450 

> ll . 14c? 8 

Te kx 1B5* 


+ 1:0036739 
— 0°0000450 


1-0036289 | 

2 > 
2:0072578 = - = ~ log, 0°3026031 
vil 2G <Bie.) Atal OReaee GOD 


re ee 


_ the greatest root = 44641016 - - = = = = Q°¢49764@ 
VOL. II. i 
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118. Again, 


@orta = (°3333333 | & = ges a *0020406 
Y= HC = 330 | 0 27 p = 7 
+ *3333663 — +0020413 
—~ *0020413 , 
‘3313250 
2 
*6626500 - - - - log. “18212842 
Mig: ~'. = =) => 2 09385606 
s/121 a Me See OOO 4 Sens 


the latter series + :2320508 - - - - - 13655830 
2 the first — 2°2320508 
middle root = — 2°4641016 
least root =— 2:0000000 
119. But, by Art. 64, the three roots are —2 and 144/12; 
hence ‘ 


air ats: 2 ..22 2.5.8. 2% 5 81) 4. 26 ails 

POAT 2 ah 8.06 11%. 9S 16. 0113). Lhe, o. se. 9.12.15.18. 116 

pasts re 2.5.22 2.5.8.11, 2% 
Wiel, Stet Mg -g oh is is a ae 


; oe And in this manner the roots < cubic equations 
may always be found by these series ; and then, by compar- 
ing them with the roots of the same equations, as found. by 
other methods, we shall obtain as many series as we please, 
whose sums. willbe given. 
21. Hence also we may find the sum of any general 
series of either of these forms, namely, 
__ 2g? 2.5. 864 2 OB LBSMs 1agh 
P56 ~ 3.6.9.19 — 3.6:9,88015.18 


2. 5g? 2.5', 8). 1igt 2.5.8.11.14.1%g6 
545 28. Sle lord. 1b Le Ts ie el 


*camparing them with the roots of given cubic equations ; 
whatever be the value of ¢, not greater than 1. 


_ 122. For, by Art. 68, 345 +c) (6 —c) = 2b x 1 — 


gre 4 5. Bet 
STG Fe oT ahs HC> 1S = the greatest-root of the cubic 


&e, or 
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equation x3 — 33/(b*—c?) . x = 2b. Now make 23/b = 1, and 
i = g*; so shall the above become 3{/(11 + g) + 4/11 —g) 


2g? OA. 8g4 
3.6 3.60.95 


3 kc = the greatest root of the pba 


cz 
48 is negative, 


tion 2? — 3%/(1 — oe .t=4. And when g? or 

these become 
2g 2.5. 8g4 

EAL + EV —1) + 3Y(1-8/ —D=1t+s47-35-6-9, 18 + 
&c = the greatest root of the equation 23— 2%(1 +87) 
= j- So that, in general, the infinite series 
poe HL 8 Set 2 8 aa 
Pay AL $26.9 419 7. 3609. 12215: 

Mit geg4+1)+213(i-gV+1) = the a a root of 
the equation 23 — 33/1 > g’),.r =i. Where the upper 
and under signs respectively correspond to each other. 


123. Again, 
2. 562 2.5.8. 1154 
Ke +b)-(c- 6) = SKY say Soa STS 8 se Es 
is the least root of the equation 23 + 33/(c? — 6") x = 26. 


ote = 


. 26 5? . 
Then, by taking yams and— = g°, this becomes 


yits)—-y-s) ly 2: ee &ce = the least root of the 


2g 3 3.6 
1—g? K ; 
equation .c? ++ oe lps rc And when g* or c* is ne- 


. gative, this becomes 


Vt Baf—1)—3 a) 2. gt es 
$¢5/—1 = 3 -se75 + &c = the least 
iY Rae st Se a 


ion 2 — 
root of the equation x Tae rk 


So that, in ge- 


neral, the infinite series 
eee 2.5.8,dlg* | 2.5.8.11, 14. 1%6 


Sa ay or OL Sy We PST EL hear UTR PET Bat 
— VOteVEN)-VOre/EV 
SS ED 4 
is “MFI = the least root of the 
: oaiseeey On 
3 = -- ——> 
equation if = a7 t= age 


.. by iS 
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Of the Roots by another Class of Series. 


124. But there are yet other series, converging much 
faster than those in the foregoing class, by the help of 
which, and Cardan’s rule conjointly, may always be found 
the roots of those equations, in which that rule fails when it 
_ is applied singly, that is, in what is called the irreducible 

‘case, or that in which c? is negative. And these series are 
found by introducing another cubic equation, having the 
same values of 5 and c*, as the given equation, except that, 
in the new equation, the value of c* is positive, while in the 
given one it is negative. For when c* is positive, the new 
equation to which it belongs, has only one real root, and 
that root is always found by Cardan’s rule; but the contrary 
takes place when c* is negative, the equation having then 
three real roots, though they are not always determinable 
by that rule, because the radical quantities can seldom be 
extracted, on account of the square root of the negative 
quantity, which is contained in them. 

125. Now the general expression for the root, by Car- 


dan’s rule, being s+d=Yb+V+0)+37(b-—-VY+c), or 


YU/v+e+6)-3(v~+c¢—)), if the cubic roots of each 

of these be extracted, by the binomial theorem, as at Art. 

68, we shall obtain these four forms: 

1. (b+ v4.7) +(b—V +07) =23/b x 21 -—, — &c. 
Qc? 


2 _ 26 : 1 2. 552 


4.V(V4 —2-+4b)-Y(v —c’—6) =i Xi— : + Fe aa Ke. 


126. Of which, the series in the first and third denote 
the only real root of the equation, when ¢c* is positive, ac- 


cording as ¢ is greater or less than 6, which root call x; and” | 


the series in the second and fourth forms denote the greatest 
and least roots of the equation, when c* is negative, which 
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roots call R and r respectively, Then, by adding and sub- 
tracting the first and second, as also thy: third and fourtdi, 
there result these four equations: jj ,' 


Be xeaybx st 28 AEA Ta ge NA 

para err + oe © nett Soe + Secs o> " 
© XS A Si J jlg ' 

SeP= xX? ‘ ere + &crs < 

saibiich or a * feca 3 F es Ae fe 


127. And hence, by equal addition or subtraction, we 
find these two different expressions, both for the greatest 
and least roots of a cubic equation, in which ¢* or & + as is’ 
negative, namely, 

2.5.8ct — 9.5.8.11. 14.17. 20c8 


~— 3 Ay lb wae & ie ie ils eR oe eh Eee Seale ah Cuore aide 
R= —X+4Ybx il Rae OG IGET ALG OLE RG SL ks Sa 


Yet oh iy* thes 
ison tr STS Tig is ise | &C3 


2.5.8.116 9.5.8.11.14.17.20.235" _ 

yoo ** sty 679712 vibe F 3,6.9.12.15.18.21.94. 2108 
4b 2. 5b? 2.5.8.11. 14. 1765 

ie RTE Gat AOL OTia ais let ee 


where k is the greatest, and r the least root of the equation 
x — 3axr = 2b, or 2 —33/(c* + 6°) « = 26, and x the enly 
real root of the equation 2% + 8? — b>) + = 26; in 
which, as well as in the above series, ¢* denotes a positive 
quantity. } 


=x+4ybdx: 
&e, or 


r=x— 


128. And hence it can no longer be said that Cardan’ a 
rule is of no use in the solution of cubic equations, that 
have three real roots; since they have here been reduced to 
the other case, in which the equation has only one real root, 
which case is always resolvable by that rule. And the first 
hint of such reduction I received from Francis Maseres, 
Esq. Cursitor Baron of the Exchequer, he having done me 
the favour to communicate to me the second of the above 
four forms for the greatest root, in a letter of the 17th of 
July 1779; the investigation of which formula, together 
with those of the other three, nearly as aboye, I had the 
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honour of sending to him, in a letter of the 26th of the 
same month; and that learned gentleman ‘has since comav- 
nicated to the Royal Society his said formula, together with 
his own investigation of it, done in his usual very accurate 
manner. Since that time I have seen, in the Memotres de 
P Acad. for the year 1743, four expressions similar’ to the 
above, given by Mr. Nicole, for the purpose of summing 
certain terms of a binomial raised to any power, but unac- 
companied with any ajpearance of the idea of thus reduc¢- 
ing the one case of the cubic equation, to the other. | 
- 129. It is hardly necessary to remark, that any general 
series, of each of the above four forms, is summed by 
means of the sum or difierence of the roots of these two 
equations, 23 — 370° + ¢)2 = 26; and that, by substi- 
tuting particular numbers tor b and c, we may thus sum as 
many series of those forms as we please. 

130. Ex. 1. We may now illustrate these formulas by 
some examples, And first, in the equation 7r3—152 = 4. 
Here 2b = 4, and 33/(b* + c*) = 15, -consequently 6 = 2, 
and c= 53 — 6* = 125 — 4 = 121 =.11’, ‘and 
x= c+ b) —¥(c — 6) =13 — ¥9 = 2712508, the root 
of the equation «3 — 3i/(b’ — c*)x = 26, or 
x3 -++- 33/117 x = 4. Amd, as b is less than c, this equation 
belongs to the two series in the latter case for finding the 
least root. Hence, the terms of the two series agreeing 
with the positive and negative terms of the series in Art. 
106, they will stand thus: 


By the Ist series By the 2d series 

A = °3333333 B = “0020406 
© = 0NO220 D = ‘0000007 

* +3333663.- ~—sidlog. 1°5299217 0020513 - ~- log. 3:3099068 
45 512 , | 4b 512 
— =3f7— - = - 02088289 | — =3/— - = - ~ 0208828 
ye.” ial ye ~¥ 791 og 
series =— *5392000 - 1°7317499 | series = + ‘0033016 - 3°5187350 
x = + "2719508 =  \ x =— '2712508 
r =— 2079492 the least root. ” az — 2679492 the -° root, 


Agreeing with the same root found in Ex.'4, Art. 106. 
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131, But the same root has been found to be, —2+-¥ 3,. 
in Art. 59; and hence we obtain the sums of theseit two pat-, 
ticular series, thus: 


Y13-Y942—a/3 5 wee 8.11. 24 Mien 
io reamed Mee 234+ Ss 15. ia + &e; 
VIZ—9/9—24+/3.,0, 2.5.2 Boe, 8.81. 14.17. 9° 
8 “W121 = 3-H 9a 3.6.9.12.15 187 aT yoke, 


132. Also, by taking the sum and diflerence of these. two, 
we have 


a v9, l 2.5.22 ~obaiot Bt Ha 
9|1—- Aa Bee MS 
Vigl= sts e971 + 3.69.12 san + ke, « ane 
— vs 3416 1 A. J T 2.5. 8.1. 24 
+ NS eg, baila the: aa ae 114 Ke. 


And this last expression agrees with what was found in Art. 
108. 

133. Ex. 2. Again, in the equation 77-97 ==10, we } 
have 26=— 10, and 33/(4* +4 c*) = 9; consequently b==5, 
and c*= 33— 6 = 27 —25 =2; which being less than 63. 
or 25, this equation belongs to the first. class \of series, 
or that for the greatest root. Now 
K>¥(b+c)+3%(b-c) =¥(-54+ V2) +4%(-—5- v2) 
=~ 3(5—V2) —315 + V2) 
= —$/3°585718864 — %/3°41421356 | 
— — 1°530600 — 1°858009 = —.3'388609 = the root of the 
equation 7? — 3i(b* — c*). v= 26, or 23 —33/(21).2 =— 10, 
And the terms of the two series are found as in Art. 110, 


mays 1 — pers ie &e => A-—C— E— &e ='9997359,, 
and —— + &c=Bp+pd-+ &c = ‘0089009. Also 4%) = 


3. rag 
Am 5 = — 43/5 = —3/320. Then 


By the Ist series By the 2d series 
"9997359 log. 1:9998854 ‘0089009 log. 3:9494339 
—¥ 320 - - - 08350500 —3, 320 - - - 0:8350500 
series =— 6838098 - 0°8349354 | series =— -060881 ~ - 2:7844839 
x =i 3388609 x =— 3:388609 : 


— 3°449489 the greatest root, — 3449490 the same root, 


* 
120 ON CUBIC EQUATIONS TRACT 28. 
And these values of the greatest root are nearly the same 
with that found in Art. 110. | 

134. But, in Art. 61, the same was found to be 

—1—+/63 iience we obtain the sums of these first two 

particular series; and by the addition and subtraction of 


these two, arise the other two following them, namely, 


V+ Sb + (5 + /2) 4 (5— 2) yy _ _2-5-8.% og, 
43/5 . 3.6.9.12.54 ’ 

1+ f6-Y(5 + 4/2)—V(5—4/2)__ 2-2 | 2.5.8.11.14, 23 ay 
4375 3.6.52 3.6.9.12.15.18.58 3 

1+ ,/6 313 o.oo .8. eo" 2. «(8 . FL. La es 

aA =14+ s-S-R ee oa TT Oa 1d 18S CS 

(5+ 4/2)+/G—0/2) | _ 82 85 


25 3.6.52 346.9412. 54 
And the last but one of these equations agrees with one 


found in Art. 112. 


135. Ex. 3. Also, in the equation 2*— 122 = 9, we have 


26 =9, and 3/(b*+ ¢?)= 4; consequently 6= 2, and = 


45— 6° = 64 — 8! = +75, which being greater than 6° or 87, 

this case belongs to the second class of series, or that of the 
17549 

least roots. Now here x =.3,(¢ +6) — #/(¢ — bay et 


ye = 3/11°114378 — 3/2'114378 = 2:2316619 — 


12834950 = °9481669 = the root of the equation 
aS — BAO — Cy. ee 2, Or BEB YY yw 9. And the 
terms of the two series being found as in Art. 113, namely, 
A tO-+- E+ & = 34051, and B+ D+ F-4- &c = :03071, 


4b é 36 
also ore being = vas? We shall have 
By the Ist series By the latter series =~ 
34051 = log. 1:5321299 ‘03071 = leg. 2:4872798 
ae 0°7082798 oh 07082798 
3/350 - va! ( ( 3/350 a ( ai 
series =— 1°739441 - - 0:2404097 | series = + -1568771 - - 1°1955596 
= = + 0°948167 x =— 19431669 
— ‘791274 the least root. — °7912898 the same root, 


Which nearly agree with the same root found in Art. 113. 


* 
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136. But, in ‘_. the same root was found to be 
3—,/2 
wv F hence the shall have these first two following 
equations, and by means of their sum and difference we ob- 
tain the other two: 


RIT) 788) EY ae tags ee 
A047 450) ANID f1=80V NSH 5 BSAA A 

0 ANS i REARS IOS 
350 =5 - sacorve. 0 Sreroca acne DAES 


pe the last of these agrees with one found in Art. 115. 

137. Ex. 4. In the equation z*— 15r=22, we have 
b=22, and 3(b? +c?) =53; consequently b= 11, and 
c= 5 — 0? = 125-121 = 4; which being less than 0’, or 
121, this belongs to the first class of series, or that for the 
greatest root. 

Now x =3/(b + ¢) + 3/(b—c) =4/13 + 7/9 = 4°4314186 = 
the root of the equation #*—3/(117).1r=22. And 
the terms of the two series being found as in Art. 117, 
we have the first = a — c — &€ = 1 — :0000450 = 
*9999550, and the second = B+ D+ &c = :0036731 + 
‘0000008 = :0036739.. Also 44/b = 43/11 =%/704. Hence, 


1) 


By the Ist series By the 2d series * 
‘9999550 - log. 1°9999805 ‘0036739 - log. 3°565127% 
3/704 - - = 0°9491909 Y704 - - ~ - 0°9491909 
#eries = + 8°8955200 - 0°9491714 series = + ‘03268297 - 95143182 
CN Be tne de Tos x = + 4°4314186 
x & -_-_-_-____ -_—— 
+ 44041014 greatest root. + 4°4641013 the same root. 


Which nearly agree with the same root found in Art. 117. 

138. But in Art. 64, the same root was found to be 
1+412 =1+2¥3, hence we obtain these two first equa- 
tions following, and their sum and difference give the other 
two: 
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943/17 4+3/9 255.8 Rh .8.11.14.1'7.20.28 
aivil Sot. 9135S 15.18.21.24.11 
14 ./12—3/13—2/9 2. 2 2. 5 14. a. } 
“aghast H7\ | = 5-6-1159 + 376.9712 15 18 118 T&CS 
7715 4+3/9 ~ 2. 92 2. 5. 8. 24 Baiusliaae &e: 
R/ll ~~ 3.6. 112 8.6.9.12.11*  S.6.91915A8,126 ? 
144/12 2. 22 2.5.8. 94 2.5.8.11.14.26 


gyn 145° 6.15679 12-1 569.1215,18118 — + XC- 
The last of which agrees with one found in Art. 119. 

And thus we may find the sums of as many series of these 
kinds as we please ; as weil as the sum of any of the gene- 
ral series, by means of the roots of given cubic equations. 
And thus also may series, by means of the roots of equa- 
tions of other orders, be exhibited. 


| 


TRACT XXIX, , 


PROJECT FOR A NEW DIVISION OF THE QUADRANT. READ 
AT THE ROYAL SOCIETY, NOV. 27, 1783. 


Havine long since thought it would be a meritorious and 
useful service, to adapt the tables of sines, tangents, and 
secants, to equal parts of the radius, instead of to those of 
the quadrant ; the following observations on the subject are 


thrown together, with a view to stimulate others, either to’ 
undertake and calculate some part of so large and painful a. 


work, or to communicate further hints for the improvement 
and easier performance of it. This project then is for con- 
structing sines, tangents, secants, &c, to equal parts of the 
radius, | 

1. The arbitrary division of the quadrant of the circle 
into equal parts, by 60ths, which has been delivered down 
to us from the ancients, and gradually extended by similar 


EX oad 


——— >, ae 


ee oe ee 


> 
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sub-divisions by the moderns, among various uses, serves 
for trigonometrica other mathematical operations, by 
adapting to> those divisions of the arc, certain lines ex- 
pressed in equal parts of the radius, as chords, sines, tan- 
gents, &c. But among all the improvements in this useful 
branch of science, I have long wished to see a set of tables 


of sines, tangents, secants, &c, constructed to the arcs of 


the quadrant as divided into the like equal parts of the ra- 
dius as those lines themselves. In this natural way, the arcs 
would not be expressed by divisions of 60ths, in degrees, 
minutes, &c, but, by the common decimal scale of num- 
bers; and the real lengths of tie arcs, expressed in such 
common numbers, would then stand opposite their respec- 
tive sines, tangents, &c. The uses of such an alteration 
would be many and great, but are too obvious and import- 
ant to need pointing out or enforcing. I have therefore had 
for a long time a great desire to commence this arduous 
task ; but continual interruptions have hitherto prevented 
me from making any considerable progress, in so desirable 
an undertaking. But I am not without hopes that some 
future occasion may prove more propitious to my ardent 
wishes. It is not however to be expected, that this work 
can be accomplished by the labours of one person only ; it 
wil require rather the united endeavours of many. I shall 
therefore explain a few particulars relative to my project of 
this work, with a view to obtain from others, who may have 
leisure and abilities for it, their kind assistance, either by 
communicating hints of improvements, or by undertaking 
some part of the computations, to which they may be ex- 
cited by their zeal for the accomplishment of so important 
a work, and by the extreme facility with which the calcula- 
tions in this way are made, 

2. In the first place then I would observe, that I think it 
will be sufficient to print the sines, tangents, &c, to 7 places 
of figures; and that therefore it will be necessary to com- 
pute them to 10 places, in order effectually to secure the 
truth of the 7th place to the nearest unit. 
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3. IT would assume the radius equal to 100000, or suppose 
it to be divided into 100000 equal parts. Then it is well 
known, that the semi-circumference will be 314159°26536 
nearly, and: consequently the quadrant nearly 157079°63268 
of the same equal parts, which is less than 157080 by 
*36732, or uearly 4 of a unit, or nearer ? = °375, or nearer 
+r = °3636, or still nearer .4, = °3684, or still nearer 22 = 
*36666 &c. And the half quadrant, or 4 of the circle, 
78539°81634 which is less than 78540 by only °18366, or 
nearly 4 only of any of the above-mentioned fractions. 

4. The table may consist of 5 or more columns; the first 
column to contain the regular arithmetical series of arcs, 
differing by unity, from the beginning, in this manner, 
1, 2, 3, 4, 5, &c, up to half the quadrant, the next less 
whole number being 78539 ; then for the higher numbers, 
or those in the latter half quadrant, besides adding } con- 
tinually, there must be at the first added the decimal 
*63268, which will make all the numbers in this half become 
the exact complements of the first half, which consists of 
whole numbers only ; and these will be the lengths of the 
arcs. Or, in order toinelude the quadrantal arc 78539°8 1634, 
the first column may be continued up to 78540. The se- 
cond column to contain the corresponding degrees, minutes 
and seconds, to the nearest second, or to the true seconds 
and decimals of a second, for the convenience of easily 
changing the tables from the one measure to the other, or 
+o make them answer to both methods ; and the 3d, 4th, 5th, 
&c columns, to contain the corresponding sines, tangents, 
secants, &c. ) 

5. The tables may be disposed as at present, namely, 
eontinuing them downwards by the left-hand side of the 
pages, as far as to the middle of the quadrant, and then re~ 
turning them again backwards and upwards by the right- 
hand side of the pages. 


6. In this disposition, the numbers on the same line, the. 


one on the left and the other on the right, will be exact 
complements of each other to a quadrant, and the decimal 
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°63268, in every number in the Jatter half quadrant, in each 
page, may be placed either at the bottom of the ‘column, 
or lengthways on the sides of it. 

7. A specimen of the first page of the table will therefore 
be as follows: 


: Sines, | Tang. | Seeants, | Cosec. |Cotan| Cosin. |Q , | Arcs., 
0 {0 0 0/00000-00 00000-00 |100000-00} infin. | infin. |100000:00 90 0 0} 79 
1 1:00 78 
2 2-00 17 
3 3:00 76 
4 400 15 
&e &e 
80 
&e 
96 
97 
98 
99 
Arcsi> ‘ "J Cosin. | Cotan. | Cosec. [Secants.|Tang.| Sines. lo7 | Ares, 


8. To fill up the second column: Since the length of the 
quadrant is 157079:63267948966, and the number of se- 
conds in the quadrant is 90 x 60 x 60 = 324000; there- 
fore, as 157079°632 &c : 324000 :: 1 : 2'062648062470964 = 
the number of seconds answering to each unit in our divi- 
sion of the quadrant, and which therefore, being con- 
tinually added, will fill up the second column. 

9. The number of seconds to be always added, being 2, 
and the decimal :062643062470964, which is nearly equal 
to y., for 4, is °0625; therefore, besides adding 2 every 
time, we must also add 1” more at every 16, which will 
make 3” to be added at every 16th time, and 2” at every 
other time besides; but the first time the 3” must be added 
will be at the arc or number 8, to have them to the nearest 
second, the repetition of the fraction at the arc 8 amounting 
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to above 4 a second ; and then the 3” must be added at every 
16 cede viz, at 24, 40, 56, 72, 88, 104, Kc. 

10. But, besides the constant addition of 2” every time, 
and of 1” more every 16th time, there must be 1” more 
added for every 675% time, on account of the excess of 
the fraction ‘062648062470964 over the fraction *0625 or 
ys: for that excess is *000148062470964, which is = 

1 
67535" 
of 1 at every 67531, will be to make the increase of the 1, 
on account of the i, at a unit sooner for every 422-355 
because 16 is 422-3, times contained in 675323; by which 
means the incremental units, for the -4,, will become 1 
more at that number 67532, which last unit may be consi- 
dered as the increment of the former increment for the : ; 
and so proceed up to the quadrant; which will complete 


And the easiest method of making this Jast addition 


the second column of ares to the nearest second in each 


number. Or this second column may be exactly computed 


to as many decimals as we please, by adding continually the 


2" and decimals, viz, 2°062648062470964. But at the mid- 
dle of the quadrant, where the numbers return again. up- 
wards by the right-hand, there will for once be to be added 
only the seconds and decimals answering to the are *63268, 
viz, 1°30499618 seconds, that number being necessary to 
make the numbers on the right-hand to be the exact com- 
plements of thosé on the left. Or it will perhaps be proper 
to make them to the nearest unit, in the 6th place of deci- 
mals. And to fill up the second column to this degree of 
accuracy, add continually 2°062648 seconds, but at the 9th 
line add I more, or 2°062649, because 9 times 062470964 
“amounts to 56223867, or more than half a unit at that place; 


and after that add 1 more than 2°062648 at every 16th line, ~ 


viz, at 25, 41, 57, 73, &c, because’ 16 times 062470964 
amounts to *99953542, or nearly 1, it being only 00046458 
less than 1. And dhis number 00046458, thus added too 
much, will, in 134 times adding it, amount to more than 
06223867, the excess of 56223867 above 5, or half .a unit, 
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‘at that place; therefore at the line or number 2153, or 
9+ 16 x 134, which would be to have the 1 more added, 
let the 1 be there omitted, and add it at the next line or 
2154, the true decimals after the first six, for 2153, being 
499985, and for 2154 they are 562456. Continue thus al- 
ways adding 1 more at every 16th line, except at the fol- 
lowing numbers, where the 1 must be omitted, and added at 
the next following number ; viz, 

2153 | 12926] 23683 | 34456 | 45213 | 55970 

4314] 15071] 25844 | 36601 | 47358) 53131 | 66743 | 73194 
6459 | 17232] 27989 | 38746 | 49519] 60276] 68888 | 75339 
8620| 19377] 30150 | 40907 | 51664} 62437} 71033 | 77500 

10765 | 21538] 32295 | 43052 | 53825] 64582 

And thus proceed to the middie of the quadrant; by 
which means all the numbers will be to the nearest unit in 
the sixth or last place. Also, to have a check upon these 
numbers at certain intervals, it may be proper to proceed _ 
in this manner: First find every 100th number, by adding 
its decimal 264806 &c, verifying them at every 10th; 
then find every 16th number, by adding continually 
"002369 &c, which will also be checked and verified at 
every 25th addition by one of the former set of 100, for 
25 times 16 make 400, using a proper precaution to pre- 
serve each number true to the nearest unit in the 6th or last 
decimal. 

As to the decimals of the numbers in the latter half of the 
quadrant, they will be the complements, to 1, of the cor- 
responding numbers in the first half; and therefore they 
may be all easily found by taking each figure from 9, and 
the last from 10. But it will be safest to find only every 
10th decimal in this way, and to fill up the intermediate 
_nine by adding, as before, the constant decimal 062648 ; 
by which means they will be checked and verified at every 
10th number. 

11. To fill up the third column, or that of sines, as well 
as those of tangents and secants, it may first be observed, 
that the old tables of those lines to every minute, or even to 


Tos PROJECT FOR A NEW TRACT 29. 


every ten seconds of the quadrant, cannot be of so much 
use as it might seem at first sight; as the very near coin- 
cidence of the numbers in the new and old divisions appear 
very seldom to happen. I find indeed, that our arc 1309 
answers nearly to 45 minutes, that arc exceeding 45’ by 
only :00632363 or ;1,, part of a second nearly, and so in 
proportion for their equimultiples. But though this degree 
of coincidence may be sufficient for checking the corre- 
sponding values of the arcs, in the first and second co- 
lumns, we are not thereby authorised to consider the sine, 
tangent, or secant, of 1309, as accurately equal to that of 
45’, in all the seven places of figures, but differing from it 
by nearly the ,%, part of the difference corresponding to 
i”, which is about + of a unit in the sines and tangents, 
though next to nothing in the secants. This therefore, 
though it makes no sensible difference in this particular case, 
will cause a difference that must not be neglected, in the 
equi-multiples of 1309 and 45’, the sines and tangents of 
which will differ by half a unit or more, and therefore will 
not be expressed by the same number, but will have some 
small difference in the seventh or last figure. And the same 
will happen in almost all the other arcs; so that generally 
the sines, &c, which are exact for the arcs in the first co- 
Jumn, will not be quite so for those in the second, when 
expressed in whole seconds only, since these will sometimes 
differ by the part corresponding to almost half a second. 
However, in this, or any other case, where the difference is 
exactly known, we may profitably make use of the numbers 
in the old tables, for constructing or verifying those of the 
new, by taking in the proportional part of the difference. 
Let, therefore, all the sines, &c, of every 1309 be com- 
puted from the old tables, and entered in the new, by add- 
ing to the sine, &c, of the corresponding multiple of 45’, 

the like multiple of the rz part of the proportional differ. 
ence for 1".. This will give about 120 sines, &c, to serve 
as a verification of the computations by the more general 
methods. But if the second column be exactly constructed, 


! 


= 
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with all its decimal places, by the continual addition of 
2°06264807, the old tables may be converted into the new, 
by allowing for the edd seconds and decimals. And for this 
purpose it will, perhaps, be best to use the large table of 
Rheticus, which contains the sines, tangents, and seconds, 
to ten places of figures for every 10”, and also the differ. 
ences, At least, such sines, &c, may be found inthis way, 
as have their seconds and decimals well adapted for the 
purpose; and for such as would be found too troublesome 
in this way, recourse may be had to some of the following 
methods. 

12, Let us now examine the expressions for the sines, 
&c, by infinite series, 

The radius being 1, and are a, it is well known that the 
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er. pe RT SIN Spe ° click) Be anal hed WES Wier wledetndel ts a fc oes 
cotan x=@ 3 45 on a 4795 Sc. 
secant = 1 Heth is mat fart tabs a + &e 
4 Ee “8064 ; 
cosec. = a+ 444 — 04-4 at &e Kae: 
e 360 15120 208 604800 : 
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where 4, c, d, &c, denote the preceding co-efficients. 
And hence, with the help of the table of the first ten 
powers of the first 100 numbers, in p. 101 of my tables of 
powers, published by order of the Board of Longitude, 
may be easily found the sines, &c, of all arcs up to 100, 
by only dividing those powers by their respective co-effi- 
cients, as also of: all multiples of these arcs by 10, 100, &c, 
by only varying the decimal points in the several terms, as 
the figures will be all the same: and thus a number of pri- 
mary sines, &c, may be found, to check or verify the same, 
when computed by other methods. By this means will be 
found the sines, &c, of the arcs 


1, 10, 100, 1000, 10000, 100000 ; 
2, 20, 200, 2000, 20000 ; 

3, 30, 300, 3000, 30000; 

4, 40, 400, 4000, 40000; 

&e, till 

99, 990, 9900, 99000, 990000. 

13. Again, it is evident, that, of the terms in the series 
for the sine, the first term a alone will give the sine true to 
the nearest unit in the 9th place, in the first 144 sines, or 
the arc and sine will be the same for nine places, as far as 
‘the arc 144; but they will agree to the nearest unit in the 
7th place, as far as the are 669; after which, the second 
term of the series must be included. 

14, When the second term is taken in, these two terms, 
a — za, will give the sines true to the nearest unit in the 9th 
place, till the arc becomes 3500. Now the numbers in my 
table of cubes, published by order of the Board of Longi- 
tude, extend to 10000, and therefore all the above cubes are 
found in it; consequently, taking the 6th part of those 
cubes, and subtracting it from the corresponding ares, the 
remaindersiwill be the sines of those arcs, as far as till the 
arc be $500: after which the third term of the series may 
be taken in, or other methods may be used. 


15. But since, for any arc a, this is a general theorem, | 
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viz, as radius : 2 cos. a :: sin. na: sin. (n—1) xa +- sin. 
{n+ 1) x a; taking a = 1, radius 10000, the sine of a will 
be 1 — ‘0000000000, and the cosine of a@ will be 100000— 
"000005 ; then the above proportion will become 100000: 
200000 — ‘00001, or 1:2 — 0000000001 :: sin. 2: sin. (2 1) 
+ sin. (n + 1); consequently sin. (2 —1) + sin. (m 4 1)is = 
2 sin. N—*O00Q00000001 sin. m, and the sines are in arithme- 
tical progression except only for the small difference of 
‘0000000001 sin. 2; heace sin. (2 + 1) ts = (2—*0000000001) 
x sin. m — sin. (2— 1); and therefore, taking 7 succes- 
sively equal to 1, 2, 3, 4, &c, the series of sines will be as 
follows . 


sin. 1 = 1 —*09000000002 ; 

sin. 2 = (2 —*0000000001) x sin. 1; 

sin. 3 = (2 —:0000000001) x sin. 2—sin. 1; 

sin. 4 = (2 —*0000000001) x sin. 3—sin. 2; 

sin. 5 = (2 —*0000000001) x sin. 4 — sin, 3; 

&c. 

And by this theorem, viz, sin. (7 + 1) = (2-—'0000000001) 
‘x sin, N— sine (2 — 1), may easily be iilled up the intervals 
between those primary numbers mentioned in former arti- 
cles. 4 

16. In like thanner, as radius : 2 cos. @ :: cos. na : Cos. 
(n—1).a@+ cos.(n+1).a; and hence this theorem, cos, 
(m + 1) = (2— 000000000!) x cos. 2— cos. (2— 1), by which 
the. cosines will be ail easily filled up. And these two 
theorems, for the sines and cosines, are so easy and accu- 
rate, that we need not have recourse to any other, but only 
to check and verify these at certain intervals, as at every 
100th number, by a proportion from Rheticus’s canon, as 
mentioned at Art. 11, or by any other way. 

17. The sines and cosines being completed, the difference 
between the radius and cosine will be the versed sine ; the 
difference between radins and sine will be the diosa ale 
sine ; and the sum of the radius and cosine will be the sup- 


plement versed sine. 
K 2 
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18. From the sines and cosines also, the tangents, co- 
tangents, secants, and cosecants, mey. be made by thesg 
known proportions, viz, as 


tet 


. cosine : radius :: sine : tangent, 
2. sine : radius :: cosine ; cotangent, 
8. cosine : radius :: radius: secant, 

4. sine : radius :: radius +: cosecant, 
5. radius sine :: secant : tangent, 
6 
7 


oe 


eo 


. radius cosine :: cosecant: cotangent, 
. tangent ; radius :: radius: cotangent. 


Therefore, the reciprocal of the cosine will be the secant ; 
the reciprocal of the sine, the cosecant; the quotient of the 
sine by the cosine, the tangent; and the quotient of the 
cosine by the sine, the cotangent; or the product of the 
sine and secant will be the tangent, and the product of the 
cosine and cosecant, the cotangent; or, lastly, the recipro- 
cal of. the tangent is the cotangent; proper regard being 
had to the namiber of decimals, on account of our radius 
being 100000, instead of 1 only, 

And these are to be used when the application happens to 
be easier than the general series, and easier than by propor- 
tion from Rheticus’s canon. 

But there are other particular theorems, which, by a little 
address, may be rendered more expeditious than any of the 
former : thus, 


19. In any two arcs, this is a general proportion ; 
As the difference of their sines: 
_ to the sum of their sines :: o 
so tangent of half the difference of the arcs : 
to tangent of half their sum. 


So that, by taking continually the arcs, having the common 
difference 2, the third term of this proportion will be 1, 
and the fourth term will be found bv dividing the sum of the 
sines by their difference, which divisor, or difference, will 


- 
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hever consist of more than four or five figures, viz, about 
half the number of figures that are in the divisors mentioned 
in the preceding article. 
20. Again, As the difference of the cosines : 
to the sum of the cosines :: 
so tangent of half their difference : 
to cotangent of half their sum. 
And thus the cotangents will be found, by dividing the sum 
of the cosines of two arcs, differing by 2, by their small 
difference. : 
21. Also, the secant of an arc, is equal to the sum of its 
tangent and the tangent of half its complement ; and the 
cosecant of an arc, is equal to the sum of its cotangent and 
the tangent of half the arc; or half the sum of the tangent 
and cotangent, is equal to the cosecant of the double arc. 
Whence the secants and cosecants will be easily made. 
And thus we have pointed out methods, by which the whole 
tables may be readily constructed. 
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TRACT XXX. 


ON THE SECTIONS OF SPHEROIDS AND CONOIDS, 


PROPOSITION i. ¥ 
Lf any solid, formed by the rotation of a conic section about 
tts axe, i.e. a spherord, paraboloid, or hyperbolord, be cut by a 
plane im any position; the section will be some conre section, 
and all the parallel sections will be like and similar figures. 


Demon. Let apc be the generating section, or a section 
of the given solid through its axe Bn, and perpendicular to 
the proposed section arc, their common intersection being 
Ac; let Gu be any other line meeting the generating section 
in G and H, and cutting Ac in E; and erect EF perpendicu- 
Jar to the plane asc, and meeting the proposed plane in F. 


Now, if ac and Gu be conceived to be moved continually 
parallel to themselves, then will the rectangle ar x Ec be 
to the rectangle Gz x EH, always in a constant ratio; but 
if GH be perpendicular to BD, the points G, F, H will be in 
the circumference of a circle whose diameter is GH, so that 
GEX EH will be = Er?; therefore Az x Ec will be to Er’, 


ty 
¢ 
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always in a constant ratio; consequently AFc is a comic sec- 
tion, and every section parallel to are will be of oa same 
kind with it, and similar to. it. QE. D. 

Corol. 1. The above constant ratio, in which AE x EC Is 
to EF’, is that of K1* to 1m’, the squares of the diameters of 
the generating section respectively parallel to ac, GH; that 
is, the ratio of the square of the diameter parallel to the 
section, to the square of the revolving axe of the generat- 
ing plane.—This will appear by conceiving ac and Gu to be 
moved into the positions KL, MN, intersecting in I, the 
centre of the generating~section. 

Corol. 2. And hence it appears, that the axes ac atte QEF 
of the section, supposing E now to be the middle of ac, 
will be to each other, as the diameter KL is to the diameter 
mN of the generating section. 

Corol. 3. If the section of the solid be made so as to re- 
turn into itself, it will evidently be an ellipse. Which al- 
ways happens in the spheroid, except when it is perpendi- 
cular to the axe; which position is also to be excepted in 
the other solids, the section being always then a circle: in 
the paraboloid the section is always an ellipse, excepting 
when it is parallel to the axe: and in the hyperboloid the 
section is always an ellipse, when its axe makes with the 
axe of the solid, an angle greater than that made by the 
said axe of the solid and the asymptote of the generating 
hyperbola; the section being an hyperbola in all other 
cases, but when those angles are equal, and then it is a 
parabola. 

Coral. 4. But if the section be parallel to the fixed | axe 
BD, it will be of the same kind with, and similar to, the 
generating plane apc; that is, the section parallel to the 
axe, in a spheroid, is an ellipse similar to the generating 
ellipse ; in the paraboloid, the section is a parabola similar 
to the generating parabola; and in an hyperboloid, it is an 
hyperbola similar to the generating hyperbola of the solid. 

Corol. 5. In the spheroid, the section through the axe is 


e 


‘ 
~ - S 
~ ‘ - 


136 CONOIDAL SECTIONS. ‘TRACT SO. 


the greatest of the parallel sections; but in the hyperboloid, 
jt is the smallest; and in the paraboloid, all the sections 
parallel to the axe are equal to one another.—-For, the axe 
js the greatest parallel chord line in the ellipse, but the least 
in the opposite hyperbolas, and all the diameters are equal 
in a parabola. 


Corol. 6. If the extremities of the diameters KL, MN, be 
joined by the line KN, and ao be drawn parallel to KN, and 
meeting GEH in 0, E being the middle of ac, or Az the 
semi-axe, and Gu parallelto mn. Then Eo will be equal to 
EF, the other semi-axe of the section.—For, by similar tri- 
angles, KI: IN :: AE: EO. 

Or, upon Gu as a diameter, describe a circle meeting 
EQ, perpendicular to GH, in a; and it is evident that Ee 
will be equal to the semi-diameter EF. 

Corol. 7. Draw ap parallel to the axe Bp of the solid, and 
meeting the perpendicular Gu in p. Then it will be evident 
that, in the spheroid, the semi-axe EF = Eo will be greater 
than ep; but in the hyperboloid, the semi-uxe EF = £O, of 
the elliptic section, will be less than Ep; and in the parabo- 
loid, EF = Eo is always equal to Ep. 


SCHOLIUM. 


The analogy of the sections of an hyperboloid to those 
of the cone, are very remarkable, all the three conic sec- 
tions being formed by cutting an hyperboloid in the same 
position as the cone is cut. 
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Thus, let an hyperbola and its asymptote be revolved to- 
gether about the transverse axe, the former describing an 
hyperboloid, and the latter a cone circumscribing it; now 
let them be supposed to be both eut by one plane in any 
position, then the two sections will be like, similar, and: 
concentric figures: that is, if the plane cut both sides of 
each, the sections will be concentric, similar ellipses ; if the 
cutting plane be parallel to the asymptote, or to the side of 
the cone, the sections will be parabolas; and in all other 
positions, the sections will be similar and concentric hyper- 
bolas. 

That the sections are like figures, appears from the fore- 
going corollaries. That they are concentric, will be evident 
when we consider that ce is = aa, producing ac both ways 
to meet the asymptotes in a and c. And that they are simi- 
lar, or have their transverse and conjugate axes proportional 
to each other, will appear thus: Produce Gu both ways to 
meet the asymptotes in g and /; and on the diameters Gu, 
gh, describe the semi-circles Gan, gRA, meeting EaR, drawn 
perpendicular to GH, in @ and Rr; Ea and ER being then 
evidently the semi-conjugate axes, and Ec, Ec, the semi- 
transverse axes of the sections, Now if Gu and ac be con- 
ceived to be moved parallel to themselves, AE x EC or CE’, 
will be to GE xX EH or EQ’, in a Constant ratio, or CE to EQ 
will be a constant ratio; and since cE is as Eg, and aE as EA, 
ae X Ec or cx’, will be to gE x EA or ER’, in aconstant ratio, 
or cE to ER will be a constant ratio; but at an infinite dis- 
tance from the vertex, c and c coincide, or FC= EC, as 
‘also EG = Eg, consequently E@ is then = ER, and CE to Fe 
will be = cE to ER; but as these ratios are constant, if they 
be equal to each other in one place, they must be always so; 
and consequently CE : E¢ :: QE: ER. 

And this analogy of the sections will not seem strange, 
when we consider that a cone is a species of the hyperbo- 
Joid ; or a triangle a species of the hyperbola, whose axes 
are infinitely small. 
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PROPOSITION II. 


If st be the semi-diameter belonging to the double ordinate 
AEC of the generating plane, AEC being the diameter of the 
section AFC, concetved to be moved continually parallel t to w- 
self; and if x denote any part of the diameter sl, intercepted 
by £ the middle of ac, and any gwen fixed point taken in st ; 
then will the section arc be always asa + bx +cxx; a, b,c, 
being constant quantities; 5 in some cases affirmative, and m 
others negative; ¢ being affirmative in the hyperbola, and ne- 
gative in the ellipse, and nothing in the parabola; and a may 
always be supposed to denote the distance of the given fixed 
point from the vertex s. 

Demon. In any conic section, Ac* is as a+ br 4 crx; 
but all the parallel sections are like and similar figures, and 
similar plane figures are as the squares of their like dimen- 
sions; therefore the section aAFc. is as ac*, that is, as 
Adtbe-+cx7r. Q.E.D. 

Corollary. If the given fixed point, where x begins, co- 
incide with the vertex s, then will a be equal to nothing, 
and the section will be as bv = crx, or asx tdzrx, in the 
hyperbola and ellipse, and as 6x, or as x, in the parabola. 
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COMPARISON OF CURVES. 


PROPOSITION I. 


Tf apc, Adc be two curves of any one and the same species, ' 
and there be drawn vd a tangent to them both; and from. the 
points of contact D, d, there be drawn the diameters peEB, dfb, 
bisecting the Bees ordinates EG and ac, eg and ac, nee 
are parallel to pd: then, uf the corresponding ordinates KG 
and eg, or ac and ac, be equal to each other, or in any ratio 
to each other in any one part, they will always be equal or in 
the same constant ratio to each other in every part. 


Demon, For, let x denote any abscissa pr. Then, since 
_ df is always to DF in a constant ratio, let that ratio be that 
of r to 1; then will dfbe denoted by rz. Also let y denote 
the double ordinate rc, and z the ordinate eg; and jet the 
general equation y = ax + bx” + cx3 + dx4 _&e, express the 
general relation of that species of curve, or the relation of 
the ordinate to the abscissa; then will the equation z= 
Arx + Br2’ + crx + prtxv* Kc, express the general rela- 
tion between df and eg. Now, in order to determine the 
relation: of the fixed constant coefficients of the terms of 
these two series, let the corresponding ordinates be con- 
ceived to flow into that situation where they are equal or 
have a known ratio, as at Ae, Ac, and let their ratio there 
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be that of m to 1, viz, Ac: AC::m:1, or AC=7 X AC, or 
z= ny at that place; therefore then also is nax + nbx* + 
ners &c = are + Brx* + crix} &c; hence, by equating the 
like terms of this equation, we have na = ar, nb = Br’, 
nc = cri, &c; and since these are all constant quantities, 
these equations will express their constant or general rela- 
tion: Jet now na, nb, nc, &c, be substituted instead of 
their values ar, Br*, cr*, &c, in the general series express- 
ing the value of z, and it will be always 
z—nar+ nbx* + nex? &c ; 

but itisalways - y= ar+ bx*+ cx? &c; 
therefore z= ny, OF 239 i: 1%: 1,1. €. 6g HEQ 3: AC: AC. 

Again, when Ac is once = Ac, or n= 1, then always 
z=¥Y, or itis alwayseg = EG. Q.E.D. 


PROPOSITION II. 


The two curves of the same kind being stil related as specified 
in the last proposition: then, the corresponding areas AEGC, 
Aege, or Apc, Adc, or EDG, edg, will always be equal to 
each other, or in the same constant ratio with the ordinates. 


Demon. If the corresponding ordinates be supposed to 
flow from any position, always parallel to themselves: then, 
since the fluxion of the area is equal to the ordinate drawn 
into the fluxion of the abscissa; and, the fluxions of the 
abscissas are equal, or in a constant ratio, the fluxions of 
the areas will be in a constant ratio also; but when two 
fluxions are in a constant ratio, their fluents are likewise in 
the same constant ratio; therefore the areas generated are 
as the generating ordinates; but the ordinates are either 
equal or in a constant ratio; therefore the areas are also 
equal or in the same constant ratio. Q. EwD. 
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THEOREM FOR THE CUBE ROOT OF A BINOMIAL. 


Ir ~ - Yat /b) be =pt+v4q; 
then shall ;4a—,/b) be =p—Wq. And vice versa. 
Demon. For, since 3a +Wb)=p+/q, 
therefore - a4./b=p’+ 3p*/¢ + 3pqg t+qV/93 
hence - a=p} + 3pq, t 
and - - V/b=3p?/q+qVv9@. 
Consequently, by subtraction, it is 
a—/J/b =p — 3p/q + 3p9 - WV/9, 
and the cubic root of this is 34a —,/b) =p —./qg. @.E.D, 

Again, if - - ¢/(a—/b)be =p —gq; 

then shall - -- Y(a+¥vb)be =p +g. 

This is proved like the former, by adding, instead of sub- 
tracting. ; 

Corol. Hence 3(a+ Vb) +3(a —4/b) = 2p the root of a 
cubic equation. 

The necessity or occasion for a rule to extract the cube 
root of such binomials as a +,4/5 and a—./6, occurred as 
early as the first discovery of the rules for solving cubic 
equations by Tartalea, since one of the rules is expressed 
in this form, 3/(a +4/6) +8/(a—,/6). On this occasion 
Tartalea invented the following rule, as stated at large in 
the next following Tract, on the History of Algebra. The 
rule is this, and will hold good in all suelt cases as will ad- 
mit of a perfect cubic root. ‘‘ “Take,” says Tartalea, 
** either of the two terms of the binomial, and divide it 
into two such parts, that one of them may be a complete — 
cube, and the other part exactly divisible by 3; then. the 
cube root of the said cubic part will be one term of the re-’ 
quired root; and the square root of the quotient arising 
from the division of + of the second part by the said cube 
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root of the former, will-be the other member of the root 


sought.” But this rule will perhaps be better understood 


in characters thus: Let m be one member of the given bi- 
nomial, whese cube root is sought ; and let it be divided into 
the two parts a and 3d, so that a3+ 3b be =m; then is 
L . ° “pie 
a@ +4/-— the cube root of the proposed quantity, if it has a 
root. Thus, in the guantity ,/108 + 10, taking the term 
4/108 for m, this divides into the two equal parts “27 and 
J/ 27, making a? =,/27, and 3b=,/27 also; hence a=,/3, 
| : é 
and 6=,/3 also; consequently a+-V—~ =V73 +473 or 
73-+1, for the cube root of the binomial sought. Again, 
taking the term 10; this divides into 1 and 9, where 
: 5 
@ = | oria = 1) and $d'=3.9, or 0 34) therefore z ght es 
becomes 1 + 4/3 for the cube root of ,/108 + 10, the same 
as before. - 
** And thus,” Tartalea adds, ‘* we may know whether 
any proposed binomial! or residual be a cube or a noncube ; 


for if it be a cube, the same two terms for the root must 
arise from both the given terms: separately ; and if the two 


terms of the root cannot thus be brought to agree both 


ways, such binomial or residual will not be a cube.” 

If therefore the expression for the root of a cubic equa- 
tion should lead to the expression 4/(/108 + 10) — 
2/(/ 108 — 10); thensince, asaboves/( 4/108 + 10)is= W341; 
and that, by our theorem, (4/108 — 10) is = W/3—1); there- 
fore (Y¥3 +1) — (4/3 — 1) =2 is the root of the equation 
sought. 

a 
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TRACT XXXII. 


HISTORY OF ALGEBRA. 


ALGEBRA is usually understood to be a general method of 
resolving mathematical problems by means: of equations, 
Or, it is a method of performing the calculations of all 
sorts of quantities by means of general signs or characters. 
At first, numbers and things were expressed by their names 
at full length; but afterwards these were abridged, and the 
initials of the words used instead of them; and, as the art 
advanced further, the letters of the alphabet came to be 
employed as general representations of all sorts of quanti- 
ties. Other marks were also gradually introduced, to ex- 
press all sorts of operations and combinations; so as to en- 
title it to different appellations—as, universal arithmetic, 
and literal arithmetic, and the arithmetic of signs. 

The etymology of thename, Algebra, is given in various 
ways. It is, however, pretty generally considered, that 
the word is Arabian, and that from those people we had the 
name, as well as the art itself, as is testified by Lucas de 
Burgo, the first European author whose treatise was printed 
on this art, and who also refers to former authors and mas- 
ters, from whose writings he had learned it. The Arabic 
name he gives it, is Alghebra e Almucabala, which is ex- 
plained to signify the art of restitution and. comparison, or 
opposition and restoration, or resolution and equation, all 
which agree well enough with the nature of this art. Some 
however derive it from various other Arabic words; as from 
Geber, a celebrated philosopher, chemist, and mathemati- 
cian, to whom also they ascribe the invention of this sci- 
ence: and some derive it from the word Geber, which with 
the particle al, makes Algeber, which is purely Arabic, 
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and signifies the reduction of broken numbers or fractions to 
integers. . 

But Peter Ramus, in the beginning of his algebra, says 
‘* the name algebra is Syriac, signifying the art and doc- 
trine of an excellent man. For Geber, in Syriac, is a name 
applied to men, and is sometimes a term of honour, as 
master or doctor among us. That there was a certain 
learned mathematician, who sent his algebra, written in the 
Syriac Janguage, to Alexander the Great, and he named it 
Almucabala, that is, the book of dark or mysterious things, 
which others would rather call the doctrine of algebra. 
And to this day the same book is in great estimation among 
the learned in the oriental nations, and by the Indians who 
cultivate this art it is called aljabra, and alboret; though 
the name of the author himself is not known.” But Ramus 
gives no authority for this singular paragraph. It has how- 
ever on various occasions been distinguished by other names. 
Lucas Paciolus, or de Burgo, in Italy, called it Arte Ma- 
giore: ditta dal vulgo la Regola de la Cosa over Alghebra e 
Almucabala; calling it Arte Magiore, or the greater art, 
to distinguish it from common arithmetic, which is called 
Arte Minore, or the lesser art. It seems too that it had 
been long and commonly known in his country by the name 
Regola de. Ja Cosa, or Rule of the Thing; whence came 
our rule of coss, cosic numbers, and such like terms. Some 
of his countrymen followed his denomination of the art; 
but other Italian and Latin writers called it Regula rei & 
census, the rule of the thing and the product, or the root 
and the square, as the unknown quantity in their equations 
commonly ascended no higher than the square or second 
power. From this Italian word census, pronounced chensus, 
came the barbarous word zenzus, used by the Germans and 
others, for quadratics; with the several zenzic or square 
roots. And hence ¥, 5, sf, which are derived from the 
letters r, 2, €, the initials of res, zenzus, cubus, or root, 
square, cube, came to be the signs or characters of these 
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words: like as R and 4/, derived from the letters 2, 7, 
became the signs of radicality. | 

Later Sathbts. and other nations, used some the one of 
those names, and some another. It was also called specious 
arithmetic by Vieta, on account of the species, or letters 
of the alphabet, which he brought into general use; and » 
by Newton it was called universal arithmetic, from the 
manner in which it performs all arithmetical operations by 
general symbols, or indeterminate quantities. 

Some authors define algebra to be the art of resolving 
mathematical problems: but this is the idea of analysis, or 
the analytic art in general, rather than of algebra, which is 
only one particular species of it. ) 

Indeed algebra properly consists of two ‘parts: first, the 
“method of calculating magnitudes or quantities, as repre 
‘sented by letters or other characters; and secondly the 
‘manner of applying these calculations m the solution of 
problems. 

In algebra, as applied to the resolution of problems, the 
‘first business is to translate the problem out of the common 
into the algebraic language, by expressing all the conditions 
and quantities, both known and unknown, by their proper 
characters, arranged in an equation, or several equations if 
“necessary, and treating the unknown quantity, whether it 
be number, or line, or any other thing, in the same wav 
‘as if it were a known one: this forms the composition. 
Then the resolution, or analytic part, is the disentangling 
the unknown quantity from the several others with which it 
is connected, so as to retain it alone on one side of the 
equation, while all the other, or known quantities, are col- 
lected on the other side, and so giving the value of the un- 
known one. And as this disentangling of the quantity 
sought, is performed by the converse of the operations by 
which it is connected with the others, taking them always 
backwards in the contrary order, it ena becomes a species 
of the analytic art, and is called the modern analysis, in 
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contradistinction to the ancient analysis, which chiefly re- 
spected geometry, and its applications. | 
There have arisen great controversies and sharp disputes 
among authors, concerning the history of the progress and 
improvements of algebra; arising partly from the partiality 
and prejudices which are natural to all nations, and partly 
from the want of a closer examination of the works of the 
older authors on this subject. From these causes it has hap- 
pened, that the improvements made by the writers of one 
nation, have been ascribed to those of another; and the 
discoveries of an earlier author, to some one of much later 
date. Add to this also, that the peculiar methods of many 
authors have been described so little in detail, that our in- 
formation derived from such histories, is but very imperfect, 
and amounting only to some general and vague ideas of the 
true state of the arts. To remedy this inconvenience there- 
fore, and to reform this article, I have taken the pains care- 
fully to read over in succession all the older authors on this 
subject, which I have been able to meet with, and to write 
down distinctly a particular account and description of their 
several compusitions, as to their contents, notation, im- 
provements, and peculiarities; from the comparison of all 
which, I have acquired an idea more precise and accurate 
than it was possible to obtain from other histories, and ina 
great many instances very different from them. The full 
detail of these descriptions would employ a volume of itself, 
and would be far too extensive for this place: I must there- 
fore limit this article to a very brief abridgment of my notes, 
remarking only the most material circumstances in each au- 
thor; from which a general idea of the chain of improve- 
ments may be perceived, from the first rude beginnings, 
down to the more perfect state; from which it will appear 
that the discoveries and improvements made by any one 
single author, are scarcely ever either very great or numer-- 
ous; but that, on the contrary, the improvements are al- 
most always very slow and gradual, from former writers, 
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successively made, not by great leaps, and after long inter- 
vals of time, but by gradations which, viewed in succes- 
sion, become almost imperceptible. 


OF DIOPHANTUS’S ALGEBRA. 


As to the origin of the analytic art, of which algebra is a 
species, it is doubtless as old as any science in the world, 
being the natural method by which the mind investigates 
truths, causes, and theories, from their observed effects and 
properties. Accordingly, traces of it are observable in the 
works of the earliest philosophers and mathematicians, the 
subject of whose enquiries most of any require the aid of 
such an art. And this process constituted their analytics. 
Of that part of analytics, however, which is properly called 
algebra, the oldest treatise which has come down to us, is 
that of Diophantus of Alexandria, who flourished about the 
year 150 after Christ, and who wrote, in the Greek lan- 
guage, thirteen books of algebra or arithmetic, as mentioned 
by himself at the end of his address to one Dionysius, though 
only six of them have hitherto been printed ; and an imper- 
. fect book on multangular numbers, namely in a Latin trans- 
lation only, by Xilander, in the year 1575, and afterwards 
in 1621 and 1670 in Greek and Latin by Gaspar Bachet. 
These books however do not contain a treatise on the ele- 
mentary parts of algebra, but only collections of difficult 
questions relating to square and cube numbers, and other 
curious properties of numbers, with their solutions. And 
Diophantus only prefaces the books by an address to Dio- 
nysius, for whose use it was probably written, in which he 
just mentions certain precognita, as it were to prepare him 
for the problems themselves. In these remarks he shows the 
names and generation of the powers, the square, cube, 4th, 
Sth, 6th, &c, which he calls dynamis, cubus, dynamodina- 
mis, dynamocubus, cubocubus, according to the sum or ad- 
dition of the indices of the powers; and he marks these 


powers with the initials thus 3%; x”, 30°, dx’, xn%, &e: the 
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unknown quantity he calls simply api)wos, numerus, the 
number ; and in the solutions he commonly marks it by the 


final thus ¢; also he denotes the monades, or indefinite unit, 


by Be. Diophantus then remarks on the multiplication and 
division of simple species together, showing what powers or 
species they produce; declares that minus (Asis) multiplied 
by minus produces plus (urepfv); but that minus multiphed 
by plus, produces minus; and that the mark used for minus 
is m, namely the } inverted and curtailed; but he uses no 
mark for plus, but a word or conjunction copulative. 

As to the operations, viz, of addition, subtraction, mul- 
tiplication, and division of compound species, or those con- 
nected by plus and minus, Diophantus does not teach, but 
supposes his reader to know them. He then remarks on the 
preparation or simplifying the equations that are derived 
from the questions, which we call reduction of equations, 
by collecting like quantities together, adding quantities that 
are minus, and subtracting such as are plus, called by the 
moderns transposition, so as to bring the equation to simple 
terms, and then depressing it to a lower degree by equal di- 
vision, when the powers of the unknown quantity are in 
every term: which preparation, or reduction of the com- 
plex equation, being now made, or reduced to what we 
call a final equation, Diophantus goes no further, but barely 
says what the root or res ignota is, without giving any rules 
for finding it, or for the resolution of equations ; thereby 
intimating that such rules were to be found in some other 
work, done either by himself or others. 

Of the body of the work, lib. 1 contains forty-three ques- 
tions, concerning one, two, three, or four unknown num- 
bers, having certain relations to each other, viz, concern- 
ing their sums, differences, ratios, products, squares, sums 
and differences of squares, &c, &c; but none of them con- 
cerning either square or cubic numbers. Lib. 2 contains 
thirty-six questions. The first five questions are concerning 
two numbers, though only one condition is given in each 
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question ; but he supplies another by assuming the numbers 
in a given ratio, viz, as2to1. The 6th and 7th contain 
each two conditions: then in the 8th question he first comes 
to treat of square numbers, which is this, to divide a given 
Square number into two other squares; and the 9th is the 
same, but performed in a different way: the rest, to the 
end, are, almost all, about one, two, or three squares. 
Lib. 3 contains twenty-four questions concerning squares, 
chiefly including three or four numbers, Lib. 4 begins with 
cubes ; the first of which is this, to divide a given number 
into two cubes whose sides shall have a given sum: here he 
has occasion to cube the two binomials 5+” and 5—n; 
the manner of doing which shows that he was acquainted 
with the composition of the cube of a binomial; and many 
other places manifest the same thing. Only part of the 
questions in this book are concerning cubes; the rest are 
relating to squares. ‘T'wo or three questions in this book 
have general solutions, and the theorems deduced are gene- 
ral, and for any numbers indefinitely ; but all the other 
questions, in all the four books, are employed in finding only 
particular numbers. Lib. 5 is also concerning square and 
cube numbers, but of a more difhcult kind, beginning with 
some that relate to numbers in geometrical progression. 
Lib. 6 contains twenty-six propositions, concerning right- 
angled triangles ; such as to make their sides, areas, peri- 
meters, &c, &c, squares or cubes, or rational numbers, &e. 
In some parts of this book it appears, that Diophantus was 
acquainted with the composition of the 4th power of the bi- 
nomial root, as he sets down all the terms of it; and, from 
his great skill in such matters, it seems probable that he was 
acquainted with the composition of other higher powers, 
and with other parts of algebra, besides what are here 
treated of. At the end is part of a book, in ten proposi- 
tions, concerning arithmetical progressions, and multangu- 
lar or polygonal numbers. Diophantus once mentions a 
compound quadratic equation; but the resolution of his 
questions is by simple equations, and by means of only one 
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unknown letter or character, which he chooses or assumes 
so ingeniously, that all the other unknown quantities in the 
question are easily expressed by it, and the final equation 
reduced to the simplest form which it seems the question can 
admit of. Sometimes he substitutes for a number sought 
immediately, and then expresses the other numbers or con- 
ditions by it: at other times he substitutes for the sum or 
difference, &c, and thence derives the rest, so as always to 
obtain the expressions in the simplest form. Thus, if the 
sum of two numbers be given, he substitutes for their differ- 
ence; and if the difference be given, he substitutes for 
their sum: in both cases he has the two numbers easily ex-_ 
pressed by adding and subtracting the half sum and half dif- 
ference ; and so in other cases he uses other similar inge- 
nious notations. In short, the chief excellence in this col- 
lection of questions, which seems to be only a set of exer- 
cises to some rules which had been given elsewhere, is the 
neat mode of substitution or notation; which being once 
made, the reduction to the final equation is easy and eyi- 
dent: and there he leaves the solution, only mentioning 
that the root or apiu0s is so much. Upon the whole, this 
work is treated in a very able and masterly manner, mani- 
festing the utmost address and knowledge in the solutions, 
and forcing a persuasion that the author was deeply skilled 
in the science of algebra, to some of the most abstruse parts 
of which these questions or exercises relate. However, as 
he contrives his assumptions and notations so as to reduce all 
his conditions to a simple equation, or at least a simple qua- 
dratic, it does not appear what his knowledge was in the re- 
solution of compound or affected equations. 

But though Diophantus was the first author on algebra 
that we now know of, it was not from him, but from the Moors 
or Arabians that we received the knowledge of aleebra in 
Europe, as well as that of most other sciences. And it is 
matter of dispute who were the first inventors of it; some - 
ascribing the invention to the Greeks, while others say that 
the Arabians had it from the Persians, and these from the 
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Indians, as well as the arithmetical method of computing by 
ten characters, or digits; but the Arabians themselves say it 
was invented among them by one Mahomet ben Musa, or 
son of Moses, who it seems flourished about the 8th or 9th 
century. It is more probable, however, that Mahomet was 
not the inventor, but only a person well skilled in the art; 
and it is further probable, that the Arabians drew their 
first knowledge of it, either from the Indians, or from Dio- 
phantus and other Greek writers, as they did that of geo- 
metry and other sciences, which they improved and trans- 
lated into their own language; and from them it was that 
Europe received these sciences, before the Greek authors 
were known to us, after the Moors settled in Spain, and after 
the Europeans began to hold communication with them, and 
began to travel among them to learn the sciences. And accord-~ 
ing to the testimony of Abulpharagius, in the year 969, the 
arithmetic of Diophantus had been translated into Arabic by 
Mahomet ben-yahyaBuziani. But whoever werethe inventors 
and first cultivators of algebra, it is certain that the Europeans 
first received the knowledge, as well as the name, from the 
Arabians or Moors, in consequence of the close intercourse 
which subsisted between them for several centuries. And it 
appears that the art was pretty generally known, and much 
cultivated, at least in Italy, if not in Spain, as well as other 
parts of Europe also, long before the invention of printing, 
as many writers upon-the art are still extant in the libraries 
of manuscripts; and the first authors, presently after the 
invention of printing, speak of many former writers on this 
subject, from whom they learned the art. 


OF THE INDIAN ALGEBRA. 


Some notices have lately been obtained of the science of 
algebra among the Indians; and it is very probable that, 
through the intercourse of learned Englishmen with that 
country, we shall receive still more considerable information 
on that head. 
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There has long existed cause to suspect that the-princi- 
ples of this art came to Europe through the Arabians and 
Moors, as well as the Indian numeration and arithmetic ; 
and every extension of our concerns among them, serves 
further to increase the probability of that opinion. For 
more than a century past, evidence has been received in 
Europe, at various times, of the existence of very learned 
works on astronomy among the Indians. Such notices were 
first imported by certain learned Frenchmen, and commu, 
nicated through the Memoirs of the Academy; whence a 
very ingenious and learned account of such works was given 
in the Astronomie Indienne of the unfortunate M. Bailly. 
Since then, many other valuable communications have been 
made by several of our own learned countrymen, belonging 
to the Bengal Society, and other persons curious in the 
sciences; as Sir William Jones, Samuel Davis, Esq. Ed+ 
ward Strachey, Esq. and many others, Hence the strongest 
evidence has been obtained, that, at a period several thou- 
sand years (at least three or four), before the Christian era, 
the Indians must have possessed very correct astronomical 
observations and rules of calculation; rules that require a 
considerable knowledge of geometry and of trigonometry, both 
plane and spherical; and even accompanied with regular 
tables of sines and versed sines; at a time when all Europe 
was in a state of gross barbarity, if it was at all inhabited; 
See a valuable paper in the 2d volume of the Asiatic: Re- 
searches, by Samuel Davis, Esq. on the Astronomical Com- 
putations of the Hindus; also two learned dissertations on 
the Indian Astronomy and Trigonometry, by Professor Play 
fair, in the Edinburgh Philosophical Transactions, Vols. 11, 
and Iv. 

What we have now, however, particularly to attend to, 
is the algebra of that country. It has long been thought that 
a people, possessing so much knowledge of many other 
branches of mathematical science, could not well be unac- 
quainted with algebra; and we have now received incon- 
testible proofs of their very critical skill in that branch, 
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Several specimens of such works have been seen in that 
country, both in the native language and in Persian trans-  _ 
lations. Some of the latter are also now in the hands of 8. 
Davis, Esq. of Hill-street, one of the Directors of the Kast- 
India Company, with a partial translation into English; and 
similar translations of some others have been sent to Eng- 
Jand by Mr. Edward Strachey, before-mentioned. As I have 
been favoured with the perusal of these, I am enabled to 
give some account of them. ‘ 

The first of these communications, by Mr. Strachey, of 
the Bengal civil establishment, is a printed account of some 
observations on the originality, extent, and importance, of 
the mathematical science of the Hindoos ; with extracts from 
Persian translations of the Leelawuttee and the Beey Guns 
nit; or the Beja Ganita, as it is written by Mr. Davis. 
These two works, Mr. Strachey informs us, were both writ- 
ten by Bhasker Acharij, a famous Hindoo mathematician 
and astronomer, who lived about the beginning of the 13th 
century of the Christian era; the latter of these two trea- 
tises being on algebra, with some of its applications; and 
the former on.arithmetic, and algebra, and mensuration or 
practical geometry. The Bee; Gunnit was translated into 
Persian. in 1634, by Utta Ulla Rusheedee, at Agra or Dehli 
probably ; and the Leelawuttee in 1587, by. the celebrated 
Fyzee. | 

It isswell known, Mr. Strachey says, that the only Per- 
sian science is Arabian, and that the Arabs had much of 
their mathematical knowledge from the Greeks; it is cer- 
tain, however, that they had their arithmetic from the In- 
dians, and most likely their algebra was drawn from the 
same source; but the time, and other circumstances re- 
specting the introduction of these sciences among thé 
Arabs, is unknown. It appears, however, that the first ace 
count of any Indian mathematical science among the Arabs, 
was of their astronomy, which was known in the reign of 
Al Mamoon. In later times, many Mahommedans have had 
access to the Hindoo books: accounts of several are in the 
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Ayeen Ackbery, and in D’Herbelot. | Abul Fuzl gives a list 
of Sanscrit books, which were translated into Persian in 
Akbar’s time ; among which the Leelawuttee is the only ma- 
thematical work. 

From a comparison of the algebra of the Arabians and 
Greeks, and that of the modern Europeans, with the Per- 
sian translations of the Beej Gunnit and Leelawuttee, it 
would probably appear, that the algebra of the Arabs is 
quite different from that of Diophantus, and not taken the 
one from the other: that if the Arabs did learn from the 
Indians, as is most probable, they did not borrow largely 
from them; that the Persian translations of the Beej Gunnit 
and Leelawuttee contain principles, which are sufficient for 
the solution of any propositions in the Arabian, or in the 
Diophantine algebra ; that these translations contain propo- 
sitions, which are not to be solved on any principles that 
could be supplied by the Arabian or the Diophantine alge- 
bra; and that the Hindoos were further advanced in some 
branches of. this science than the modern Europeans, with 
all their improvements, till the middle of the eighteenth 
century. 


On Series, with Extracts from the Leelawuttee. 


In the translation of the Leelawuttee there is a chapter 
en combinations, and another on progressions, as in the 
following specimens :— 


Combinations. 


. “ To find the number of mixtures of different things.” 
“* If it be required to add different things together, so 
that all the combinations, arising from their addition, may 
be known, this is the rule:” | 
‘* First write them all, with 1, in order; and below write 
1 the last opposite the first in order. Then divide the first 
term of the first line by the number which is opposite to it 


in the second line; the quotient will be the number of com- 
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binations of that thing. Multiply this quotient by the 2d 
term of the first line, and divide the product by the number 
which is opposite to it in the second line, the quotient will 
be the number of combinations of that thing. Again, mul- 
tiply this quotient by the $d term, and divide by that which 
is below it, and so on. Then add together whatever is thus 
obtained below each term, the sum will be the amount of all 
the combinations of these things.” 

Such is their manner of expressing all their algebraic 
rules, in words at length, which sometimes, in complex 
cases, makes them difficult to follow, and easily mistaken. 
Whereas the same rule is soon comprehended at sight, when 


expressed in our own convenient mode and notation; as in 
the present case, = of Fah 3 Ti — — &c, denotes the 
combinations of any Cena (n) of things, taken two by 
two, three by three, four by four, &c, the series being 
continued to as many factors as thee are things to be com- 
bined. The translation then continues in the following ex- 
ample :— | 3 

Example. ‘** The six-flavoured, called in Hindu, Ahut 
Rus, contains, lst a sweet, 2d a salt, 3d a sour, 4th a soft, 
5th a bitter, 6th a sharp: I would know the number of dif- 
ferent mixtures which may be had by adding these together. 
Write them thus: 


654321 6 6x5 15 x4 . 20¥*3 
15 x2 6x1 “ 
= 15, “= = 6, “— = 1, the sum is 63. The number 


of mixtures then of 6 things is 63.” 


Progressions. 


<¢ OF numbers increasing, This may be of several kinds, 
First, with the number 1, that is, when each term exceeds 
the preceding by 1. The way to find the sum to any num- 
ber is; add 1 to that number, and multiply by half that 
number. To find the sum of the terms arising from the 
continued addition’ of the former terms; add 2 to the num. 
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ber of terms, then multiply by the sum of the same number 
of terms of the first series, and divide by 3, the quotient 
will be the sum of the same number of the latter terms.” 
hese rules are, in short, first to find the sum of any 
number of terms (7) in the series of natural numbers 
1, 2, 3, 4, 5, 6, &c; and then to find the sum of any 
number of the terms arising by the continued addition of 
the former, being what we call the triangular numbers. 
Thus, 
1, 2, 3, 4, 5, &c, the natural numbers, 
1, 3, 6, 10, 15, &c, the triangular numbers. 
Our rule for the former series is In X (2 + 1) =s; and for 
the latter series 1m x (n +1) x (n+ 2)=5 x 3(n 4+ 2), 
where the latter form agrees with that given in the Indian 
rule. 
Exam. In the first series; for four terms, 1+2+3+4 
=(1+4)x ¢= 10; for six terms, (1+ 6) x £=21; for 
nine terms, (1 +9) x 2=45. In the second series: for 


342 3 1 5x6 
three terms, os om Se Dae ea, on ~— 10 7 iter 
A+ 2) 4+2 14+2+3+4 6 x 10 
four terms, dead PIAS Raye Ak eo ~— = 20; for 
3 3 3 
: 94+2 9 45 
nine terms, vale nn hae dae = 165. 


The next rule is for the summation of series of square 
and cube numbers, applied to the series 1, 4, 9, 16, 25, &c, 
and 1, 8, 27, 64, 125, &c. The sum of nm terms of the 


n+) ; 
former being = x s, and the sum of # terms of the latter 


s*, where s denotes the sum of 2 terms of the natural series 
1, 2, 3, 4, &c. Rules are then given for any arithmetical 
progressions, a being the first term, ™ the middle term, z 
the last term, d the common difference, and s the sum; for 
which the rules, expressed in our algebraical notation, are 
these: (n— 1)d--a=2; =m; nin = Ss; = —(n—1) 


nN; 


€ s . eal 2ds + (a—4d)?)—(a—4d 
543 (Got) =4; if (Ads + (a oo (a—$d) _ 
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where the last form is deduced from the preceding one, by 
meaus of the solution of a compound quadratic equation, 
of a rather complex nature, by the mode of completing 
the square, and evincing a considerable degree of expert- 
ness in the arrangement. 

Next follows the rule for summing a geometrical progres- 
sion, thus: 

«« A person gave a certain number the first day; the 2d 
day he added that number multiplied by itself; and so on 
for several days, adding every product multiplied by the 
first number. The rule for finding the sum is this: First 
observe whether the number of the times is odd or even; if 
it is odd, subtract 1 from it, and write it somewhere, plac- 
ing a mark of multiplication above it; if it is even, place a 
mark of a square above it, and halve it till the number of 
the times is finished; after that, beginning at the bottom 
with the number of increase, multiply where there is a mark 
of multiplication, and take the square where there is a mark 
of a square; subtract 1 from the product, and divide what 
remains by the number of increase less 1, and multiply the 
quotient by the number of the first day ; the product will be 
the sum of the progression.” 

‘¢ Example, where the number of terms is even, 2, 4, 8, 
&c, to thirty terms.—Example, where the number oF terms 
is odd, 2, 6, 18, 54, &c, to seven terms.” 

In these examples, the result only is given, without any 
detail of the application of the rule to the case. Indeed, 
the rule is not very clearly expressed, though one easily per- 
ceives what is meant by it; and which comes to the same 


‘ rn — | 
thing as our own rule, thus expressed, —~ X @= 5, or 


qi—1 


—;, * 4=s, when the ratio r and the first term @ are 


equal, 

In this rule, we perceive indications that the Hindoos had 
a mark to denote multiplication, and another to denote 
squaring. It may be doubted, whether some of the rules in 
these two chapters were known in Europe till after the 16th 
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eentury. We know that Peletarius, in his algebra, printed 
in 1558, gave a table of square and cube numbers; and re- 
marked, among other properties of these numbers, that the 
sum of any Aa wiber of cubes, taken from the beginning, 
always makes a square number, the root of which is the 
sum of the roots of the cubes; which is the same thing as 
the Leelawuttee rule before-mentioned. It does not appear 
whether the Hindoos had any knowledge of figurate num- 
bers, beyond what is given above. 


On the Mensuraiion of the Circle and Sphere, with Extracts 
Srom the Leelawuttee. 


The rules in the Leelawuttee for the mensuration of the 
circle and the sphere are these: 

To find the circumference of a circle, multiply the dia- 
meter by 3927, and divide the product by 1250; or multiply 
the diameter by 2 22, and divide by 7. 

In this precept we find two approximations; ene of them, 
7 to 22, the same ratio as had been the result of one of the 
labours of the prince of the ancient mathematicians, Archi- 
medes; and the other 1250 to 3927, the very same as 1 to 
3°1416, nearer than those of any of the Europeans before 
the labours of Vieta. 

Among other rules in mensuration, they have the follow- 
ing: D being the diameter, and c the circumference; then 
Ipc = area of the circle; also pc = surface of the sphere, — 


: aes 3987 ~~ 
and tp’c = its solidity.—-Other rules are, ame == area, 
which is exactly equivalent to our °7854D*, and shows that 
it is derived from the ratio above-mentioned, 1250 to 3927. 
Another rule for the same is, £1p* = area, which is another 
of our approximations, and derived from the ratio 7 to 22, 
—Another rule wea for te solidity of the sphere in terms 
of the diameter, 1s — s+- — = the solidity of the sphere, 


27 


which must be‘\wrong printed in various respects, Having 
endeavoured to restore this form to some probability, I have 
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perginse it might be intended to mean the same as 
> x he which reduces to— x ¥ oye 7D} = = ‘525p', and is 
zr x 
very nearly the same as our own approximation *5236pD%, 
—Again, p being the diameter, ¢ the chord, and 2 the 
versed sine of an arch a, then 2p —4vV(D*—C’)=2, a 
theorem geometrically correct: from which is derived 
24/ (Dv —v*) =c, which is correct also— But the two fol- 
lowing are only approximations, where c = the circumfer- 


4ap(c—a) 


ence, viz, = = c¢, which gives the chord ¢ rather 
aCe 


—(c—a)a 
too great, by about the 58th part in an are of two degrees, 
and about the 166th part in an arc of thirty degrees, being 
true to the 4th place of figures in the former case, and te 
the 3d place in the latter; but it does not appear how they 
have got this rule. From this however they have derived 
‘the following rule, by resolving a compound quadratic 
5c2c : 
aig santa? 


. ° c e4 
equation, v1Z, > — VAG — 


The following are their rules for finding the sides of re- 
gular figures inscribed in a circle, for the polygons of 
3, 4, 5, 6, 7, 8, 9, sides, viz, of the 


Taken, a 130323 Bit Heptiyort the 52055 ag But should be 
120000 : 120000 ; 103923 
Tetragon - iad p.| Octagon - daa al D.  aaiin 720000 ™ 
120000 120000 Hoptaged a: 52070 i 
Pentagon - sh ciel p.| Nonagon - facil D. : BEY 
120000 120000 41.042 
60000. Nonagon - 790600 '>" 
Hexagon - ——— pb. 
120000 


Where three of the numbers are erroneous, viz, in the te- 
tragon, the heptagon, and the nonagon, most probably by 
miscopyings; the correct numbers are here set in the las 
column. 
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On Quadratic Equations, with Extracts from the Leelawuttee 
and the Bee; Gunnit. 


In the translation of the Leelawuttee, the rule for qua- 
dratic equations is :— 

“© When the number, by which the root of the number 
thought of is multiplied, 1s given; and the sum or difference 
of the product when added to, or subtracted from the num- 
ber thought of, is also given; the rule for finding the num- 
ber is: Take half the multiplier and square it, add what 
remains to it; take its root; add or subtract half the multi- 
plier to the root, according as the question is of subtraction 
or addition; take the square of the aggregate, and that 
will be the number thought of.” 

Now this is exactly our process for the equation 
xtkavxab, by egy the square, &c, which gives 
w= (/ (207 + 6) = 42)" 

A lec given, for eitenine the higher power from frac- 
tional coefficients, thus :— 

<¢ To add to the number thought of, or to subtract from 
it, a fraction of that number, the rule is: Add or subtract 
the fraction with 1; divide the multiplier and the remainder 
by the sum or difference, and proceed according to the 
foregoing rule, with the quotients of the multiplier and 
remainder.”’ 

That is, in our notation, having the equation 


1 CW dys 1 ; 
x®t—xvtavxe=od: first, dividing by 1+ —, gives 


a b : : 
wv #© = +—— ; then proceeding as before gives 
1+— 1+— 
™ m 


ta 
s=IV (HF pa) tra) Fo niet 
1+— Ink— it 
™m m ; 
The translations from the Bee} Gunnit are to the same 
purport, but rather more obscurely expressed. One of the 
cases is for the equation az*+ 6x =c, and the method 


given is this: multiply all by 4a, this gives 4a%2* + 4abr = . 
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4ac; next add the square of 6, this gives 4a*a + 4aba + 
*=)*+ 4ac; the roots give 2av + 6 =,/(b* + 4ac); then 
_ of (2 +4ac)—b 
a 2a 

much easier than our own method in such cases of quadra- 

tics. 

With respect to the double roots, the same. translation 

nner . 

‘ When one side is the thing, and the numbers are ne- 
gative, and on the other side the numbers are less than the 
negative numbers on the first side, there are two methods: 
The first is, to equate them without alteration; the second 
is, if the numbers of the second side are affirmative, to 
make them negative; and if negative, to make them af 
firmative. Equate them; two numbers will be obtained, 
both of which will probably answer.” 

This, though obscurely expressed, appears to relate to 
the two positive roots of certain quadratic equations. Whence 


» which process, by avoiding fractions, is 


we perceive that in the translations of the Biya Ganita, and 


the Lilawati, the solution of quadratic equations is carried 
as fat as it was among the Arabs, and the modern Euro- 
peans before Cardan, but no further, Lucas de Burgo, 
whose book was printed near the end of the 15th century; 
used both the roots or values of the unknown quantity, in,» 
that case of the quadratics which has two positive roots ; 
but he takes no notice of the negative roots in the other two 
cases, 

One of the examples given of quadratics in the Biya 
Ganita, is this: 

** Some bees were sitting on a tree; at once the square 
toot of half theit number flew away; again nine-tenths of 
the whole flew away, after which two iets remained: how 
many were there?” 

Considerable address is manifested in the solution of this 
question, which produces a rather intricate equation when, 
in the common way, w is assumed for the number sought, 
as the equation from the question then is v— $7 — Wiv=2y 

VOL. II. M 
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or jv~W/3r=2. But, instead of this way, the Hindu 
assumes 22° for the number of bees, which at once gives 
this simpler form 2x? — 627 — 7 =, or 22* —1 = 2, the 
solution of which is much easier. * 


On Indeterminate Problems of the Second Degree, Diophan- 
tus, and the Bee) Gunnit, or rather Bya Ganita. 


The 16th question of the 6th book of Diophantus, is as 
follows :— 

Having two numbers given, if one of these drawn into 
a certain square, and the other subtracted from the product, 
make a square; it is required to find another square, greater 
than the former, which shall do the same thing. For in- 
stance, given the two numbers 3. and 11, and a certain 
square 25, which drawn into 3, and 11 taken from the pro- 
duct, leaves the square of 8; to find another square greater 
than 25 having the same property. Put its side 1N + 5, 
then its square is le + 10N +25; triple of this diminished 
by 11 leaves 3@ + SON + 64 equal a square; let its side be 
2n — 8, which gives nN = 62; then 62 + 5 = 67 is the side, 
and 4489 the square sought.” * 

», In the Bija Ganita this problem is solved very generally 
and scientifically, by the assistance of another, which was 
unknown in Europe till the middle of the 17th century ; 
and first applied to questions of this nature by Euler, in 
the middle of the 18th century.—With the affirmative sign, 
the Bija Ganita rule for finding new values of az*+4b=y’, 
is this: Suppose ag* + 6 = A? a particular case: find m and 
m such that an*-+1= m*; then is x = mg-+nh, and 
y = mh + ang. 

General methods, according to the Hindus, for the so- 
lution of indeterminate problems of the first and second 
degrees, are found in the 4th and 5th chapters of the Bija 
Ganita, which differ much from Diophantus’s work. It 
contains, in Mr. Strachey’s opinion, which is highly proba- 
ble, a great deal of knowledge and skill, which the Grecks 


-* 
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had not; such as, the use of an indefinite number of un- 
known quantities, and the use of arbitrary marks to express 
them; a good arithmetic of surds; a perfect theory of ins 
déterminate problems of the first degree; a very extensive 
and general knowledge of those of the second degree; a 
perfect acquaintance with quadratic equations, &c. The 
arrangement and manner of the two works are as different —- 
as their substance: the one constitutes a regular body of 
science ; the other does not: the Bija Ganita is quite con+ 
nected and well digested, and abounds in general rules, 
which suppose great learning; the rules are illustrated by 
examples, and the solutions are performed with skill. Dio- 
phantus, though not entirely without method, gives very 
few general propositions, being chiefly remarkable for the 
dexterity and ingenuity with which he makes assumptions 
for the simple solution of his questions. The former teaches 
aleebra as a science, by treating it systematically ; the lat- 
_ ter sharpens the wit, by solving a variety of abstruse and 
complicated problems in an ingenious manner. The author 
of the Bija Ganita goes deeper into his subject, treats it 
more abstractedly, and more methodically, though not more 
acutely, than Diophantus. “The former has every character- ? 
istic of an assiduous and learned compiler; the latter of a a 
man of genius in the infancy of science. 
Besides the foregoing remarks, derived chiefly from the 
printed notices of Mr. Strachey, I have lately been favoured 
with communications of several other curious particulars re- 
lating to the same two books, by 8. Davis, Esq. The late Mr. 
Reuben Burrow collected, in India, many oriental manuscripts 
on the mathematicalsciences, both in the Sanskrit and the Per- 
sian languages, the latter being translations only of the for- 
mer vy most of these he bequeathed by will to one of his sons 
there, but with an injunction not to be delivered to him till he 
should have learned those languages and the sciences. But 
one or two of these Burrow left to his friend Mr. Dalby, 
mathematical professor at the Royal Military College, Wy- 
combe. These are now in Mr. Dalby’s possession, being 
M 2 


*e 


i 
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the Persian translations of the Bija Ganita and Lilawati, 
with an attempt at an English translation of some parts of 
them by Mr. Burrow; but these attempts being mostly in- 
terlineations written with a black-lead pencil, are in danger 
of being obliterated. Mr. Daiby has also Jately received 
from Mr. Strachey, now in India, an entire English transla- 
tion of the Bija, of a part of whigh he has favoured me 


‘with the perusal, and besides communicated by letter many 


descriptive remarks of those works, from all which sources | 
have eélle cted the following curious particulars. 

‘The first work is oalleld the Bee}, or the Bee} Gunnit 
(as they are pronounced, but written Bija Ganita), and 


‘Seems to have been translated into Persian about the 


year 1634, Burrow calls the algebra simply the ‘‘ Beey ;” 
but the Persian intreduction. has it ‘* Bee} Gunnit, the au- 
thor Bhasker Acharya, author of the Leelawattee.” It is 
there also said, that ‘ this excellent method of computa- 
tion was. trans!ated from the Hindu into Persian, and is 


called the Book of Composition and Resolution ;’? and 


*«-that it is not. written in any book, Persian or Arabic.” 
The two words here translated ‘ composition and resolu- 
tion,” are elsewhere simply called ‘‘ algebra.” The two 
Persian Words for ‘‘ Bee} Gunnit,” are totally different from 
them; so that the Persians and Arabians have adopted the 
meaning, not the pronunciation, of the Sanskrit. Part of 
the Ms. is a commentary on the original Hindu work, by 
the Persian translator, who in one place refers to a ‘* Dic- 
tionary of Algebra,” but without mentioning any author or 
date. 

The work consists of five parts. It commences with explain- 
ing affirmatives and negatives, which he characterises by two 
terms denoting existing and non-existing, also property and 
debt. ‘Then follow the first rules, as with us. Next, surds are 
givenat great length ; and there seems here a general method 
of finding the number of surds in any powers raised from 
multinomial surd roots, something like our method of finding 
the number of combinations. Next follow questions about 
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squares; such as (using our own notation), finding 672° +1, 
and 6la7+1, and 1327-1, &c, squares; also a géneral 
way or method to make expressions of this kind az’ +6 
squares. | at 

Then questions are treated producing simple equations 5 
with the application to some questions about triangles. Then 
more questions about squares; as, to find r+y and xy 
both squares ;, also.23 + 73 and 2 + ¥* both squares. 

Next, some questions producing quadratics. Something 
is also said of fa cubic; but it seems to hint that it cannot 
be solved generally: a straight-rujer is mentioned, which 
it is suspected may allude to some mechanical method, of 
solution, for there is an omission in the translation. Then 
more about squares ; such as, to find 


v—Y both 74* + 87 both = 2?+7 , 
‘ +1 pe areas v+Y Bi bis ap 


z* +-y” J squares; 7.* — 8y 
aagite bs 2 ORY EI ey, asquare 


. w3—a 
in whole numbers ; 7 ake pole number, &c, &c. 


Wastly, more indeterminate questions. In short, a great 
part is about indeterminate, and what we call questions of 
the Diophantine kind, yet without any one being the very 
same as in that author; which alone seems to show a differ- 
‘ent origin; besides, they are mostly treated in a very ditier- 
ent way. Several of them are not easy; and Mr. Burrow 
has sometimes given answers ln the margin, done in the 
European manner. 

There are three or four questions about right-aneled tri- 
angles, done algebraically; and here one might have ex- 
pected to have found Eucl. 47, 1, quoted; but, instead of 
that, a reference is made to the ‘* figure of weddingtéhair?’" 
But from these, and many ether parts of their writings, we’ 
perceive that they were possessed of, not this. property 
only, but most others the same as in our geometry; and 
here it was probably that Pythagoras acquired his mathema- 


\ 


‘ i 
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tical knowledge, which he carried back with him, and taught 
to his countrymen. The results of the operations by 
the cipher 0, are the same as we make them: the quotient 


“ Burrow at first translated “¢ infinite,” but afterwards 


crossed it with his pencil, and substituted ‘* cannot be com- 
prehended :” probably it means unbounded, or unassignable. 

Respecting the notation in this Ms. it appears that un- 
known quantities are represented by letters or characters, 
which they call “‘ colours.” Thus, when onlygone unknown 
is used, it 1s denoted by a character called * Majool ;’ when 
tw. unknowns enter into the computation, the second is 


«© Aswad” (black); a third is ** Neelok” (blue); the fourth 
Yellow, &c. The mark for Majool is this a | a Aswad 
thus Dent; Neelok thus whas, the others are more sim- 
ple. Affirmative is 1L; and negative ..3 The mark 


~ 
Ce ee ee 


for the unknown, or quantity sought, in an equation, is ¢ 
46, and is called technically the thing, meaning em- 
phatically the thing about which the question or enquiry is 
made. All these marks, denoting words expressing the 
operations, are Arabian. And it is remarkable that the first 
Italian writers on algebra, used a word of the same import 

~” for the unknown quantity, viz, cosa, the thing; whence, in 
Europe, the science came to be called the cosste art, and 
such quantities cossic numbers, &c. 


There is also a character, "viz, ALS set next an unknown, 


to denote its square; another, —«sJ, for the cube, &c: 


also a mark for the square root; and one for the cube root: 

but there does not appear to be any thing answering toa i 

vinculum used in compound quantities. The higher powers 

are formed, and named, by repeating and combining these 

marks ; so, the 4th power is called the square square; the t 
_ 5th power, the square cube; the 6th power, the cube cube ; 

and so on, meaning those powers multiplied together. For 
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equality they use the expression *‘ I equalize,” or ‘* equa- 
lizing,” and, indeed, all their operations are expressed in 
words at length. 

‘Mr. Davis however informs me that, instead of most of 
the preceding words in their notation, the Indians commonly 
contract them, so as to employ only the initial letter of the 
words, as was also the custom of the Europeans for a long 
tine afterwards in their writings. Those initials the Hindus 
employ as We now do the ordinary letters fornumbers, a, 4, c, 
&c. Their multiplication is represented by joining them 
together a§ we do, abc. To denote their addition, the mark 

{| is set between them: so atd+ 2 isa||6|j#. If any 
quantity is negative or subtractive, a point ig set over it; as 
a+b—x isa || || z So also abx denotes ab x —.x. 'They have 
also a method of denoting the powers and roots of a quan- 
tity by subjoining the initial of the name of the power 
or root to the quantity. So that if s should be the initial of 
the square, then as would denote aa or a*; and ar would 
denote Wa, if r were the initial of their word for root : thus 
using the mark after the quantity, as we now use it before 
the same. 

Mr. Davis further informs me that the Sanskrit characters 
or letters, by which the Hindus denote the unknown quan- 


tities in their notation, are the following: UT, AL, AT, 
UT, cal. Aud Charles Wilkins, Esq. the oriental librarian 


to the honourable East India Company, has obligingly fur- 
nished me, not only with types to print these and the Indian 
numeral figures with, but also the explanation of the above, 
which is as follows. The first, pa, is the initial or contrac. 
tion of pandz, pale or white; the second, ka, the initial of 
kald, black; the third, nz, the initial of nziZ, blue; the 
fourth, pz, the initial of pz/Z, yellow; and the fifth, /o, the 
initial of lohitd, red. . 

Respecting the etymology of the Indian names of the 
books, Mr. Wilkins also expresses his opinion as follows. 
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Lilavaiz is an adjective i in the feminine gender, formed bya 
particular afhx from L7z/a, sport, play, amusement, wan- 
tonness, endeavour, research, and, as the epithet of a work, 
may be interpreted the Book of Amusement, or the Book of 
Research.—B7j72, properly 177d, signifies a seed, and thence 
the source whence any thing springs.—Gdvi/d, is the per- 
fect participle of the root gan, to count, reckon, number, 
compute, calculate, and is interpreted by counted, reckoned, 
numbered, computed, calculated.—Bzyd-ganiid then is a 
Betapouid epithet literally signifying the seed counted, the 
source or root calculated.—N. B. The names of books in 
Sanskrit are seldom descriptive of their contents, 

It is observable too that the affirmative, or the negative 
sion, and the coefficient, are always placed on contrary 
sides of the unknown, not + 2vy as with us, but 2ry+, 
or + xy2; this latter way is in the Persian, as they read 
from right to left; but the Hindus from left to right, 
like the Europeans. Rut, though the Persians write from 
right to left, they do not use, or translate the Sanskrit nu- 
merals backwards; for example, the Ms. on algebra is 15s 
Jeaves, and they are regularly numbered up to ;o/ _ 
not with Hindu figures, but Persian ; but confessedly bor- 
rowed from the Hindus, though they now differ from them 
in shape; a circumstance which renders the opinion very 
probable, that the Persians derived their calculation from 
the Indians, but probably at second hand through the Ara- 
bians. , 


~ Compounds are multiplied 
as we fill the mulnplication + 4Y | — Lory a syy | — 8y 
table : for example, to mal- Aten. 
tiply — 3% 4+ 2y—2 by + 4y— 
# +1, they proceed as in the + % 
margin, and afterwards collect the products. 


— wv |+ 32 


— 3r 


In the process of their solutions, there is no distinct ar- 
rangement of the different steps, as in the modern algebra ; 
; . \ - - a 7 
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but it is carried on without any breaks in the lines, some- 
thing like de Burgo, or Bombelli, &e. The language is 
written in the first person, as,—I do so and so—I then 
equalize—next I multiply, &c.—We distinguish the be- 
ginning of chapters, &c. only by being in red ink, 

We have already noticed their method of resolving com-» 
pound quadratic equations, the same as ours, by completing 
the square; and better than ours in such cases,as d2°+ bc 5¢@, 
when the first term has a coefticient a, which does not divide 
the two b and ¢, by which they avoid the operation in: frac~ 
tions. In imitation of this, also, I see they have a method 
of completing the powers in some cases of cubics and bi- 
quadratics: Thus, having the cubic equation x? 4+ 120 
= 6c* + 35; first subtracting 62%, gives v3— 64% + 12x 
== 35; next subtgacting 8, gives 27-6274 127-8 = 27, 
which completes the binomial cubic, and the roots are 
e—-2=3, or r= 5.—Again, having given the imperfect 
biquadratic 2+ — 400x — 227 = 9999, a case which it 1s not 
very obvious how to bring it to a complete power, but ie 
is managed with much address, in this manner. First ad 
400xr +1 to both sides, this gives +? — 22* + 1 = 10000 + 
400x, where the first side is a complete square, and the 
yoots are 2? — 1 =,4/(10000 + 400r); "but as the Jatter side 
is not a complete square, the author goesyback again, and 
tries another course; thus, to the original equation he adds 
4x7 4- 400x +- 1, which gives x4 + 227 + 1 = 4.x? + 400¥% 4 
10000, two complete squares, the roots of “which are 
2 +1=2xr +4100; again, subtract 2x, and it becomes 
av — 2x + 1 = 100, which are again two complete squares, 
the roots of which are y— 1= 16, and hence x= 11, And 
this process has some resemblance to that which was after- 
wards practised, if not imitated, by Lewis Ferrari. It ap- 
pears, however, that the Indians had no general method for 
all equations of these two powers, but only depended on 
their own ingenuity for artfully managing some particular 
cases of them; for, at the conclusion of the above process, 
the author emphatically adds, ‘* The solution of such ques- 


~~ 
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tions as these depends on correct judgment, aided by the as- 
sistance of God.” 

At, the conclusion of the first book occur some curious 
circumstances in the solution of certain problems in the ap- 
plication of algebra to geometry, particularly some relating 
‘to right-angled triangles, by which it appears that they were 
well acquainted with the most remarkable properties in Eu- 
clid’s Elements, some of which are cited under names pecu- 
liar to themselves, and sometimes, Mr. Strachey thinks, by 
numbers of the books and propositions in Euclid’s collec- 
tion, unless these last references have been added by the ° 
translator, or some transcriber, which is to be suspected. 
Mr. Strachey says, in two examples the Elements are refered 
to, though not by name, viz, the 4th and 8th props. of the 
2d book; the 4th expressly in these terms, ‘‘ by the 4 fig. 
of the 2d book ;”? and the 8th in these words, ‘ by this 
figure ;” and a fig. for the demonstration of that prop. is in 
the margin. The 47th of the Ist book is cited under the 
,,, eae of ** the figure of the bride ;” and in one of 
the examples are these words, ‘* for the sum of the sides is 
NE greater than the hypothenuse, by the ass’s proposi= 
tion.’ | 

One of these problems is this: Given the two sides about 
the right angle, of a right-angled triangle, 15 and 20; 
required the hypothenuse. ‘To the solution it is observed 
that, “* Although, by the figure of the bride, the hypothe- 
nuse is the root of the sum of the squares of the two sides, 
the method of solution by algebra is this.” The triangle is 
supposed to be divided into two other triangles, by a perp. 
from the point of the right angle to the hypothenuse. 
«¢ Then by four proportionals I fod; when the least. side 
about the right angle, whose. hypothenuse is 1 unknown, is 
15, how many will be 1s least side about the right angle, 
whose hypothenuse is 15.” In like manner the other seg- 


ment of the hypothenuse is found. Whence = ears atid 


x=25. The perp. is found from the segments of the by- 


pothenuse, and the sides which are contiguous to them. 
S / * 
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The process above mentioned, in the original, is rather ob- 


scure, but the meaning is this: Putting BR 
the hypothenuse ac = x, then*by similar 6 2, 
225 


triangles, 7:15 :: 15: — =aD; in like 
# A D C 
400 


manner x: 20::20:—- = cp; the sum of these two # 
“ 

625 a6 

— =ac=-.; then 625 = x’, and r = V 625 = 25. ie 
And this would be a ready way of proving the property 

of the right-angled triangle, taking for known or granted 

the proportionality of the like sides of equiangular triangles. 

For, putting ag =a, and pc= 4, ac being x as before; 

2 32 
then v:@::a: AD =—; and wib::bi— = cp; the sum 


az + 2 


=r, or a2 eb? = 2”. 


Next Is given, in the original, this other rule: ‘© The 
square of the hypothenuse of every right-angled triangle, 
is equal to twice the rectangle of the two sides containing 
the right angle, with the square of the difference of those 
sides. As the joining of the four triangles above-mentioned 
is in such a manner, that from the hypothenuse of each the 
side of the square will be formed, and in the middle of it 
there will be a square, the quantity of whose sides is equal 
to the difference of the two sides about the right angle of the 
triaigle; and as the area of every right-angled triangle is 
half the rectangle of the two sides about the» right angle, 
twice the rectangle of those sides, viz, 600, is equal to all 
the four triangles; and when IJ add 25, the small square, it 
will be equal to the whole square of the hypothenuse, that 
is 625, which is equal to the square of the thang. In many 
cases an effable root cannot be found, then it will be a surd. 
And if we do not suppose the ¢hing, add twice the rectangle. 
of the sides to the square of their difference, and take the 
root of the sum, it will be the quantity of the hypothenuse. 
And from this it is known, that if twice the rectangle of two 
numbers be added to the square of their difference, the re- 
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sult will be equal to the sum of the squares of those two 

numbers.” | ! “ae t 
In the margin of the original, as here an- 

nexed, is drawn a figure of four equal right- 

angled triangles, joined in the manner above» 

‘described, exhibiting a new and obvious 

proof of the 47th of Eucl. 1; for here are 

the four equal right-angled triangles, which are equal to 

twice the rectangle of their two perpendicular sides; and 

which, together with the small square in the middie, being 

the square of the ‘difference of those sides, make up the 

darge square on the hypothenuse. But, by Eucl. vi, 2, . 

double the rectangle of two lines, with the square of their 


difference, is equal to the sum of their squares; therefore * 
the square on the hypothenuse, is equal the squares on 
the other two sides. And this may be considered as the In- 
dian demoustration of the celebrated property of the sides 
of right-angied triangles, demonstrated in the 47th of 
Bucl, 1; a property so much employed by their geometri- 
clans, and so often referred to in their writings, by the 
names of ‘‘ the figure of the bride,” and ‘* the figure of 
the bride’s chair,” and ‘‘ the figure of the wedding chair;” 
epithets which we may conjecture have been suggested 
by the above figure bearing some resemblance to a_palan- 
quin, or sedan chair, in which it is the usual practicegpin 
that country, for the bride to be carried home to her hus- 
band’s house. | 4 
- In the $d book the author comes to treat of questions 
and equations having several unknown quantities in them, 
These he directs to exterminate one after @nother, much 
after our modern way, till they are reduced to one unknown 
only. ‘The number of independent equations are stated to 
be equal to the number of the unknown quantities; but 
when there are not so many equations, the defect is sup- 
plied by assuming values for as many of the unknown quell 
tities, &c, as with us, ‘Phe unknown quantities are repre. 


. ' i” 
‘ 


d 


a 


*. 
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sented and called by so many different characters and names, 

as is our ownfpractice also. We denote them usually by 

the letters x, y, z, &c; the Hindus by different colours, 

or letters, or other marks also. ‘* 'Thus,’’ says our author, 

“ suppose the Pst unknown, and the 2d black, and the 3d 

blue, and the 4th yellow, and the 5th red, and the 6th 
green, and the 7th parti-coloured, and so on, giving what- - 
ever names you please to the unknown quantitiés whieh 

you wish to discover; and if, instead of these colours, 

other names are supposed, such as letters, and the like, it 
may be done. For what is required, is to find out the un- 

known quantities, and the object in giving names, is that 
you may distinguish the things required.” 

In this 3d book occur many examples of making certain 
analytical expressions to be squares and cubes, &c. These 
are mostly very curious, many of chem difficult, and often 
involving several unknown quantities; they are generally 
solved in a masterly way, and that very different from the 
manner of Diophantus. 

The two other books are on similar indeterminate pro- 
blems, but gradually more and more complex and difficult. 
Connected with the subject of the 5th chapter of the intro- 
duction, are the following specimens of questions, which 
are solved in the Bija Ganita, stating thein as in our notation. 


r y i ho y? z2 
2. hap Tig ee rhe + a and 


u U2 U2 ur 
7? s2 i2 v2 73 53 (3 v3 * 
ait 05 Fok Tae ake as aah as" * 


2. To find a right-angled triangle, the area of which is 
equal to its hypothenuse; and to find a right-angled tri- 
angle, the area of which is equal to the product of its three 
sides. 

3.7 +y=oO, *—-y=O, and ry = a cube. 

4. 2+ y=, and 2* +7? = a cube. 
oD.) eS a ats 2) = b*5 y +2 = cere” 
z2+2= 0 =d?’; the roots a, b, c; d, of these squares, 
being in arithmetical progression ; and | | 


! 
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wep-l8=O=p*; ry+18=O=¢; yxt+ 18 =0=2",; 
alsoatb+c+d+p+gq $a2=0% 13’. 

» I” + 8y? =O, and 1xr*—8y* +150. 

r+y=o,andzse+y=oO. 

e+y + ry =O=", and (ex+y)r$1=0. 

fry + 4y =a cube = 7”, and 2 +7 =O=s", and 

rty+2=o0=?7, and r—-y+2=0=0’%, and - 

roy +8=0= wv, alsor+s+itv+u=—o. 

10.7 +y4+3=>0=7", and r—y+3=>0=8, ee 

e+ynH-4=o0=?, and *-7+ 12 ==, anc 


par 


try +y = cube = w,alor+s+itv+u4+2=0., 


Pol. w—-y41=0, ande*+y+1=0. 
12.2 —-yY—1=0, andxY+7—-1=0. 
13. 39 -- TY =,*and' $7 + 1 =O" 
14. 32 + 1 =cube = 7°, and 37 +120. 
15. 2¢-y) +3=0, and 3 (x* — 7?) +3=a. 
16. = = y a whole number. 
A-rule is given for making rational (ax + my) + ry’, by 


making av + my = —*. 


Besides the es, there are many curious things in the 
Bija Ganita, and it may be presumed, adds Mr. Strachey, 
that the Hindu books contain much interesting matter re- 
specting this branch of algebra; it is peonenie that they 
have some system of continued-fractions ; and perhaps ‘me- 
thods, of approximation, and theories of series and equa- 
tions. From the rules of the 5th book, and their applica- 
tion, there is some ground for an opinion, that the Hindus 
may have had a knowisdoe of curves, and much of the 
application of mathematics to natural philosophy. 

The origin of algebra, as well as of arithmetic, was pro- 
bably Indian. We have, however, as yet but little certain 
information on this subject. It has been said that the Arabs 
ascribe the invention of algebra to the Greeks ; but the al- 
gebra of Diophantus is widely different from that of the 
Arabs ; and jt is very doubtful whether the Greeks ever had 


Se a 


7 


s 


i 
TRACT 35%. HISTORY OF ALGEBRA. 5 


any other than that of Diophantus. If there be any doubt 
of Diophantus’§ algebra being of Greek origin, it may be 
worthy of remark, that at Alexendria he might have had 
the means of access to Indian literature. The Biya Ganita 
is, indeed, of comparatively modern date; but we must 
not forget that it is extracted from other books, as stated by 
Mr. Davis, in the Asiatic Researches, in a very learned 
article on the cycle of 60 years. And it is not uD- 
likely that there are old Hindu treatises, from which 
not only the Bija Ganita, but even the algebra of Dio- 
phantus, and that of the Arabs, may have been derived. 

The other work, the Lilawati, as before-mentioned, is 
on arithmetic, mensuration, &c. In the introduction, we 
find that ‘* the collector of the book Lilawati was Bhasker 
Acharya, of Bidder city,’ on the northern confines of 
Hindustan. And ‘‘ though the date of it is not known, 
yet in another book, made in the year 1105 of Salbahan, 
the reason of making the Lilawati is given.” In the 
Ayeen Akbery (a Persian work on the manners, history, 
laws, &c, of the Hindus, translated by Gladwin), we find 
‘¢ that Acharya among the followers of Jine, is one who ex- 
plains any difficulties that may occur to noviciates;’ and 
therefore we may conclude that Bhasker was an instructor 
in mathematics. Now, the Salbahan, according to the 
wo chronology, commenced Anno Dom. 80; hence this 
book must have been written in 1185, But, all that-can be 
inferred from this is, that in 1185 they did not know When 
Bhasker lived, 

The Lilawati begins with the first rules of arithmetic, 
and goes through fractions, the extraction of roots, &c, 
with a good deal of what we should call alligation. Like 
us, they mark every 3d figure from the place of units, in 
extracting the cube root. A part towards the end is upon 
forms,” somewhat similar it seems to our permutations. 
The numeral figures have been graduaily varied from the 
original of the Hindus as in the following specimens : 


= - : 
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Otherwise thus - 
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In Planudes - - - 


»From which it appears that our present figures have been 
derived from the first, by gradual and successive alterations 
in the shape, by different transcribers. And hence it ap- 
pears also, that these figures, as well as their use, and the 
arts of arithmetic, algebra, &c, have come to us from In- 
dia, in their progress through Persia, Arabia, Africa, Spain, 
Italy, &c; and that we ought rather to call them Indian 
figures, &c, than Arabian. 

In the operation of multiplication, they = { 12 
begin with the left hand figures of the 4M 9 4135 
multiplier, &c, as in the annexed exam- tr 12 
ple, to multiply |} by 1d, or 12 by pry 36 
135, setting the successive lines of proz- ,~ 4, 60 
ducts each one place more towards the (VP. 1606 
right hands 

On a review of the whole premises it appears, that the 
Indians, from very ancient times, possessed all the know- 
ledge in alyebra to be found, not only in Diophantus, but 
in the works of the Italians, &c, before the improvements 


made in the time of Tartalia and Cardan, &c, and that even 
in a more perfect manner. 


Having chiefly extracted the preceding imperfect account” 
from the translations and commentaries of Mr. Strachey, it 
is greatly to be wished that this learned gentleman will con- 


te 
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tinue and complete the work he has so commendably begun,* 
for the able performance of which he appears to be so emi- 
nently qualified, and give it to the world in a more complete 
and perfect form. 

P.S. Since the foregoing account of the Indian Algebra 
was printed, I have been favoured by Mr. Strachey with 
the following translation of the Persian translator’s preface 
to the Lidatweid>- ; which being at once very curious, and 
containing some useful particulars, is given below as a 
postscript to that account. 


Translation of Fyzt’s preface to the Lilawatt. 


** By order of king Akber, Fyzi translates into Persian, 
from the Indian adeuase: the book Lilawati, so famous for: 
the rare and wonderful arts of calculation and mensuration. 
He (Fyzi) begs leave to mention, that the compiler of this 
book was Bhascara Acharya, whose birth place, and the 
abode of his ancestors, was the city of Biddur, in the country 
of Deccan. - Though the date of compiling this work is not 
mentioned, yet it may be nearly known from the circum- 
stance, that the author made another book on the Construc~ 
tion of Almanacks, called Kurrun Kuttohul, in which the 
date of compiling it is mentioned to be 1105 years from the 
date of the Salibahn, an era famous in India. From that 
year, to this, which is the 32nd Jlahi year, corresponding 
with the Hejira year 995, there have passed 373 years,” 
(Answering nearly to 1585 of the Christian era), * 

eerft “1S ha that the composing the Lilawati was occa- 
sioned by the following circumstance. Lilawati was the 
name of the author’s(Bhascara’s) daughter, concerning whom 
it appeared, from the qualities of the Ascendant at her birth, 
that she was destined to pass her life unmarried, and to 
remain without children. The father ascertained a lucky 


# This it appeats might best be done, by publishing a complete translation of 
the Bija Ganita and the Lilawati, with observations in notes at the foot of the 
pases. i " 
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hour for contracting her in marriage, that she might be 
firmly connected, and have children. It is said that whem 
that hour approached, he brought his daughter and his 
intended son near him. He left the hour cup on the vessel 
of water, and kept in attendance a time-knowing astrologer, 
in order that when the cup should subside in the water, 
thosé two precious jewels should be united. But, as the 
intended arrangement was not according to destiny, it hap- 
pened that the girl, from a curiosity natural to children, 
looked into the cup, to observe the water coming in at the 
hole; when by chance a pearl separated from her bridal 
dress, fell into the cup, and, rolling down to the hole, 
stopped the influx of the water. So the astrologer waited 
in expectation of the promised hour. When the operation 
of the cup had thus been delayed beyond all moderate time, 
the father was in consternation, and examining, he found 
that a small pearl had stopped the course of the water, and 
that the long-expected hour was passed. In short, the 
father, thus disappointed, said to his unfortunate daughter, | 
I will write a book of your name, which sha!l remain to the 
latest times—for a good name is a second life, and the 
ground-work of eternal existence.”—Fyzi’s preface then 
proceeds. 

‘¢ The arrangement of this translation was made with the 
assistance of men learned in this science, particularly the 
astrologers of the Deccan. Some Indian words, for which 
corresponding expressions were not to be found in books of 
this science, have been retained, as they were in the Indian 
language. The work has been divided into, an Introduc- 
tion, some Rules, and a Conclusion.” 

Introduction. In this part are given explanations of some 
expressions in the science of calculation ; with the meaning 
of certain terms employed in operations of the art of num- 
bers; the divisions and terms of money, weights, mea- 
sures, time, and mensurations; some of which are cu- 
rious, as bearing some analogy to our own, of which they 
might possibly be the origin, The grain, or barleycorn, is 


. . 
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given by the author, as the element of weights as well as 
measures. Thus, two barleycorns make 1 Soorkh, The 
breadth of 8 barleycorns is the quantity of 1 finger; 24 
fingers make the Arm or cubit ; and 10 cubits make a Bam- 
boo or rod, nearly the same as our own. The element of 
time is given thus: The time in which a word of two letters, 
ds Ta or Ka, can be uttered 10 times, neither ied 
nor quickly,” is called Pran; then 6 prans make 1 Pul; 
puls 1 Ghurry ; and 60 Ghurrys one day and night. f 
that it hence appears that, 
60 ghurrysare= our 24 hours 
1 ghurry - = - 24 minutes 


1 pul -~ = - 24 seconds 
1 pran - = == 4 seconds 
1 ka uttered in 2 of a second. 


*,* In page 176, line 20, for 1626 read 1620. 


ON THE ARABIAN ALGEBRA. 


Since the foregoing account of the Indian algebra was 
written, and indeed set up. by the printer, I have been 
fayoured by Mr. Davis with the perusal of a valuable paper 
on the algebra of the Arabians, written by Mr. Strachey, 
composed and printed in India, for the Asiatic Researches, 
which I shall here take the liberty to give an account of, 
with some extracts. After some pages of introduction, Mr. 
Strachey says, 

*¢ The Greek algebra may be seen in Diophantus, who is 
the only Greek writer on the subject that we have heard of. 
—The Indian algebra may be seen in Bija Ganita, and in 
the Lilawati, by the author of the Bija: and as the Persian 
translations of these works contain a degree of knowledge, 
which did not exist in any of the ordinary sources of science, 
extant in the time of the translators, they may be safely 
taken as Indian, and of ancient origin. To give some 
idea of the algebra of the Arabians, by which we may > 
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be enabled to judge whether, on the one hand, it could 
have been derived from Diophantus, or, on the other, that 
of the Hindus could have been taken from them, the work 
entitled Khulasat-ul-Hisab, may be taken as a specimen ; 
especially because there is a part of this book which marks 
the limits of algebraical knowledge, in the time of the 
writer. 

“¢ We have seen that the first European Algebraists learnt 
of the Arabians; but no account has been given of the 
nature, the extent, and the origin of Arabian algebra. No 
distinct abstract or translation of any Arabic book, on the 
subject, has appeared in print ; nor has it been established 
beyond controversy, who taught the Arabians. ‘The Khu- 
Jasat-ul-Hisab is of considerable repute in India: it is thought 
to be the best treatise on algebra, and it is almost the only 
book on the subject read here. I selected it, because I un- 
derstood that, as well as the shortest, it was the best treatise 
that could be procured. Besides general report, I was 
guided by the authority of Maulavi Roshen Ali, an acknow- 

~ledged good judge of such matters, who assured me that, 
among the learned Moslems, it was considered as a most 
complete work, and that he knew of no Arabian algebra 
beyond what it contained. In the Sulafat-ul-Asr, a book of 
biography, by Nizam-ul-din-Ahmed, there is this account 
of Baha-ul-din, the author of the Khulasat-ul-Hisab. ‘He 
owas born at Balbec, in the month of D’hi lhaj, * 953 
‘Hijri, and died at Isfahan in Shawal, + 1031.’ . Mention 
is made of many writings of Baha-ul-din, on religion, law, 
grammar, &c, a treatise on astronomy, and one on the 
astrolabe. In this list of his works, no notice is taken of 
his great treatise on algebra, the Behr-ul-Hisab, which is 
alluded to in the Khulasat-ul-Hisab. Maulavi Roshen Ali 
tells me the commentators say, H is not extant. There is 
no reason to believe that the Arabians ever knew more than 
appears in Baha-ul-din’s book, for their learning was at its 
height long before his time. 


* Anno Chr. 1575. $ Anno Chr, 1653. 
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*¢ From what has been stated it will appear, that from the 
Khalasat-ul-Hisab, an adequate conception may be formed 
of the nature and extent of the algebraical knowledge of the 


’ Arabians ; and hence I am induced to hope, that a short 


analysis of its contents will not be unacceptahle to the 
society.. I deem it necessary here to state that, possessing 
nothing more than the knowledge of a few words in Arabic, 
I made the translation, from which the following summary 
is abstracted, from the viva voce interpretation into Persian 
of Maulavi Roshen Ali, who perfectly understood the subject 
and both languages, and afterwards collated it with a Per- 
sian translation, which was made about * 60 years after Baha- 
ul-din’s death, and which Roshen Ali allowed to he perfectly 
correct. | 

‘¢ The work, as stated by the authar in his preface, con- 
sists of an introduction, 10 books, and a conclusion. The 
introduction contains definitions of arithmetic, of number, 
which is its object, and of various classes of numbers. The 
author distinctly arabes to the Indian sages the invention 
of the nine figures, to express the numbers from 1 to 9. 
Book 1 comprises the arithmetic of integers. The rules _ 
enumerated under this head are, Addition, Duplation, 
Subtraction, Halving, Multiplication, Division, and the 
Extraction of the Square Root. The method of proving 
the operation, by casting out the 9’s, 1s described under 
each of these rules. The author gives the following remark- 
able definitions of multiplication and division: viz. © Multi- 
plication is finding a number such, that the ratio which 
one of the factors bears to it, shall be the same which unity 
bears to the other factor; and diyision is finding a number, 
which has the same ratio to unity, as the dividend has te 
the divisor.” - f 

‘*¢ For the multiplication of even tens, hundreds, &c, into 
one another, the author delivers the following rule, which 
is remarkable in this respect, that it exhibits an application 
of something resembling the indices of logarithms.” * Take 


* About anno Christi 1713, 
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the numbers as if they were units, and multiply them toge- 
ther, writing down the product. Then add the numbers of 
the ranks together, the place of units being 1, that of tens 
2, &c; subtract 1 from the sum, and call the remainder the 
number of the rank of the product.’ This is similar to our 
own practice in such cases, when we say, Multiply the sig- 
nificant figures together, and subjoin to their product all the 
ciphers that are in both factors.” 

There next follow several other ingenious eontrivances, 
and compendiums, such as, To multiply numbers between 
5 and 10. To multiply units into numbers between units 
and 20. ‘To multiply together numbers between 10 and 20, 
To multiply numbers between 10 and 20 into compound 
numbers between 20 and 100. To multiply numbers be- 
tween 20 and 100, where the digits in the place of tens are 
the same. To multiply numbers between 10 and 100, when 
the digits in the place of tens are different. To multiply 
two unequal numbers, whose sum is even; from the square 
of the half sum subtract the square ofthe half difference. 
for multiplying numbers consisting each of several places of 
figures, the method described by this author, under the 
name of Shabacah, or network, and illustrated by the fol- 
lowing example, has some resemblance to the operation by 
Napier’s bones, 


Multiply 62374 by 207, 


Where, instead of our way, the method is, to set down the 
whole of each product in the alternate checquers, then add up 


the columns diagonal wise. On the other rules, nothing is 
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delivered differing so much from those contained in our com-~ 
mon books of arithmetic, as to require particular mention. 
Book 2d, contains the arithmetic of fractions, Book 3d, the 
rule of three, or to find an unknown number by four pro- 
portionals. Book 4th delivers the rule of position, both 
single and double, or to find an unknown number by 
assuming a number once or twice, and comparing the 
errors. Book £th gives the method of finding an unknown 
uumber, by reversing all the steps of the process described 
in the question. This last rule has a near affinity to the 
reduction of equations in algebra, and might very naturally 
lead to the invention’of algebra itself, being easily and gene- 
rally applicable to the solution of questions usually given in 
the rules of position, and in the reduction of equations. 
For instance, taking the first example in Double Position, 
in vol. 1, of my Course of Mathematics: viz, What number 
is that, which being multiplied by 6, the product increased 
by 18, and the sum divided by 9, the quotient shall be 20. 
Now, beginning with the last result 20, and performing 
in a retrograde order all the reverse operations, they will be 
us: because the last operation was dividing by 9, to give 
the result 20; and multiplication being the reverse of divi- 
sion, therefore multiply the result 20 by the 9, and it gives 
180; then, because the next preceding operation was 
adding 18, therefore subtracting 18 from the 180, leaves 162; 
Jastly, because the next preceding operation was mucltiply- 
ing by 6, therefore divide the 162 by 6; and it gives 27, 
which must be the number sought, or that first begun with. 
The proof is thus: 27 x 6 = 162, then 162 +- 18 = 180, and 
180~-9=20. Or thus, expressing all the operations by 
27x6+18 . 
9 9 
now first multiplying by the divisor 9, gives 27 x 6 + 18; 
then subtracting the increase 18, leaves 27 x 6; and lastly, 
dividing by the divisor 6, must give the first or number 
required. 
And this natural process is exactly the same as the gene- 


4 


their respective marks or characters, it will give 


* 
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ral rule Jaid down at the beginning of Simple Equations 
in the same volume, as the most general and natural method 
for the reduction of all equations. Thus, assuming x for 
the number sought, in the same example: then, by the 


question, = - isl 20; : 
multiply by 9, and it becomes 67 +18 = 180; 
subtract 18, and it is 6.0 162 5 

lastly, cide by 6, and it gives ite Me 


So that the mode of operation is exactly the same in all 
these ways, 

Book vith treats of Mensuration. The introduction con- 
tains geometrical definitions. Chap. 1, treats on the mensu- 
ration of rectilinear surfaces. Under ike et: the two 
following articles are deserving of notice. Ist, To find the 
point in the base of a triangle, where it a be cut by 
a perpendicular, let fall from the opposite angle. Call the 
greatest side the base; multiply the sum de the two less 
sides by their iegrent divide the product by the base, 
and subtract the quotient {ghar the base ; half the se aesen a 
will show the point on the base, shar the perpendicul 
falls towards the Jeast side. This property will easily be 
recognized as similar to that which we usually employ in 
resolving that case in plane trigonometry when the three 
sides are given, probably borrowed from the orientals ; it 
is also the same property as that in the 35th theorem of my 
Geometry. 

2nd, To find the area of aa equilateral triangle. Multiply 
se square of a quarter of the square of one 7 the sides by 

; then the square root of the product is the area, That 
e the side being a, its square is a*, the quarter of this is 4a’, 
the square of which is r5a*, multiplied by 3, it is 3,a*, its 
root “,3.a* is the area. ‘This is naturally derived from the 
property of rightangled triangles, and, by extracting the 
roots, soon reduces to 1474/3, ‘the same as our own’ rule for 
the same purpose. 

Chap. 2nd, treats on the mensuration of curvilinear sur, 


a” 
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faces. We here find the same rule for the arca of the circle, 
as one of those employed by ourselves, for the same pur- 
pose, viz, multiply the square of the diameter by 11, ang 
divide the product by 14. 

Chap. 3d, on the mensuration of solids, contains nothing 
sufficiently remarkable to merit particular notice. This 
chapter concludes with the following sentence: ¢ The de- 
monstrations of all these rules are contained in my greater 
work, entitied Bahr-nl-Hisab (the ocean of calculations), 
may God grant me grace to finish it.’ 

Boox the viith treats on Practical Geometry, Of which, 
the first chapter is on levelling, for the purpose of making 
canals, In this are described the plummet-level, and the 
water-level, on the same principle with our spirit-level. 

The 2nd chapter is on the mensuration of heights, accessi- 
ble and inaccessible, Under the former of these heads are deli- 
yered the common methods, by bringing the top of a pole 
(whose height is known) in a line between the eye and the top 
of the height required ; or by viewing theimage of the top in 
a horizontal mirror ; also by taking the proportion between 
a perpendicular stick of known length, and its shadow ; or 
by taking the length of the shadow of the height when the 
sun’s altitude is 45 degrees. ‘The concluding method is this: 
‘ Place the index of the astrolabe at the mark of 45°, aud. 
stand at a place where the height of the object is seen 
through the sights ;’ then measure from the place where 
you stand, to the place where a stone would fall from th 
top ; add your own height, and the sum is the quantity 
required, 

For the mensuration of inaccessible heights, the followi ing 
rule is delivered: ‘‘ Observe the top of the abject through 
the sights, and mark on what shadow-line (division) the 
lower end of the index falls. Then move the index a step 
forward or backward, and advance or recede ull you see the 
top of the object again, Measure the distance between 
your stations, and multiply by 7 if the gndex is moved 
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a Dhil-Kadam, and by 12 if it is moved a Dhil-Asba*, 
according to the shadow lines on the astrolabe ; this is the 
quantity required. 

The 3d chapter is on measuring the breadth of rivers and 
depth of wells, 1st. Stand on the bank of the river, and 
through the two sights look at the opposite bank ; then turn 
round and look at any thing on the land side, keeping the 
astrolabe even: the distance from the observer to the place 
is the same as the breadth of the river. 

2nd. Place something over the well, which 
shall serve for its diameter ; from the centre 
of this diameter drop something heavy and 
shining, till it reach the bottom, and make a 
mark at the centre; then look at the heavy 
body through the sights of the astrolabe, so 
that the line of vision may cut the dia- 
meter. Multiply the distance from the mark on the diame- 
ter to the place where the line of vision cuts it, by your own 
height, and divide the product by the distance from the 
place where the line is cut to the place where you stand: 
the quotient is the depth of the well. This operation is 
obvious from a comparison with the annexed figure. 

Book viii is on finding unknown quantities by algebra. 
In this book are two chapters. The first is introductory, 
chiefly relating to the formation and operation of powers of 
the unknown quantity, thus. Call the unknown quantity 
Shai (thing), its product into itself Mal (possession), the 
product of Mal into Shai, Cab (a die or cube), of Shai into 

* In a note, Mr. Strachey says, ** This part of the astrolabe consists of two 
squares put together laterally ; the index of the instrument being at the point 
of the adjacent angles above. One square has 7 divisions, and the other 12; 
the former called Dhil-i-Kadam, the latter Dhil-i-Asba. The squares are gra- 
duated on the outer sides from the top, and at the bottom from the point of 
the adjacent angles. The divisions on the upright sides are those lines which 
Chaucer, in his treatise on the astrolabe, calls Umbra-recta ; those, on the 
horizontal he calls Umbra-versa. Chaucer’s astrolabe had only one square, 


Dhil-i-Asba, being divided into 12 parts, The Umbra-recta is called Dhile 
Mustawi, andthe Versa, Dhil-Macus,? 
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Cab, Mal-Mal; of Shai into Mal-i-Mal, Mal-Cab; Shai 
into Mal-i-Cab, Cab-i-Cab ; and’so on, without end. For 
one Cab write two Mals, and of these two Mals one becomes 
Cab ; afterwards both Mals become Cab. Thus the 7th 
power is Mal-i-Mal-i-Cab, and the 8th Mal-i-Cab-i-Cab, in 
the 9th Cab-i-Cab-Cab, and so on. All these powers are 
in continued proportion, either ascending or descending. 
Thus, the ratio of Mal-i-Mal to Cab is like (or similar or 
equal to) the ratio of Cab to Mal, of Mal to Shai, and 
of Shai to 1, and of 1 to 1 divided by Shai, and of 1 divided 
by Shai to 1 divided by Mal, and of 1 divided by Mal to 
1 divided by Cab, and of 1 divided by Cab to 1 divided by 
Mal-i-Ma]. All this means, that all the terms in the succes- 


sive powers are in continued proportion, viz, in our nota- 
1 1 1 


RE oo pee yg!) Sarg a, —, 1, wv, x*, 2, xv, &e, 
60 ghar t) —3, 2-2, en?, wy 2") 28) 2, vt ez 

To multiply one of these powers by another. If they are 
both on the same side, (viz, of unity) add the exponents of 
their powers together ; the product will have the same 
denomination as this sum. For example, to multiply Mal- 
i-Cab by Mal-i-Mal-i-Cab, the first is the 5th power, and 
the other is the 7th; the result then is Cab-i-Cab-i-Cab-i- 
Cab, or four Cabs, which is the 12th power. If the factors 
are on different sides, the product will be the excess on 
the side of the greater.—So, the product of 1 divided by 
Mal-i-Mal into Mal-i-Cab, is Shai; and the product of 1 
divided by Cab-i-Cab-Cab into Cab-i-Mal-i-Mal, is 1 divided 
by Mal. And if the factors are at the same distance (from 
1), the product is 1. The author adds, “The particulars 
of the methods of division, with extraction of roots, and 
other rules, I have given in my greater book.” 

‘©The rules of algebra which have been discovered by 
learned men are six, and they relate to number and Shai 
and Mal.” That is, to » and x and 2, including what we 
cal] simple and quadratic equations. ‘‘ The following table 
will show the products and quotients of these, which are 
here given for the sake of brevity.” 
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The use of the table is this: multiply the coeflicients of 
the two quantities together, for the coefficient of the product, 
which is of the denomination contained in the square where 
the lines from the two factors meet. If on either side there 
be a subtractive (uegative) quantity, call the minuend plus 
or affirmative, and the subtrahend minus or negative. The 
product of plus into plus, and of minus into minus, are both 
plus, and the product of different kinds is minus. Multiply 
the quantities together, and subtract the negative from the 
affirmative. For example, the product. of 10 and 1 Shai 
(10 + x) into 10 wanting 1 Shai (10-2), is 100 wanting 1 
Mal (100 — 2°). The product of 5 wanting 1 Shai (5— 7), 
by 7 wanting Shai (7— 2), is 835 and one Mal wanting 12 
Shai (35 + 2? -—-12x). Also, the product of 4 Mal and 6 
wanting 2 Shai (42* +- 6— 27), into 3 Shai wanting 5 (3.2—5), 
is 12 Cab and 23 Shai wanting 26 Mal and 30 (12.23 + 28x — 
26.xr°— 30). In division, find a number which multiplied: by 
the divisor will,produce the dividend ; divide the coefficient 
of the dividend by that of the divisor, the quotient is the 
coefficient of the quantity which is opposite to the dividend 
and divisor, 
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CHAPTER IJ, On the Siv Rules of Algebra. 


To find unknown quantities by algebra depends on 
acuteness and sagacity, with an attentive consideration of 
the terms of the question, and a successful application of 
the invention to such things as may serve to bring out the 
quantity required. Call the unknown quantity Shai (the 
Thing), and proceed with it according to the terms of the 
question, till the operation ends with an equation: Let that 
side where there are negative quantities be made perfect, 
adding the negative quantity to the other side, which is 
called restoration (Jebr*). Let those things which are of the 
same kind, and equal on both sides, be thrown away, which, 
is called opposition (Makabulah). 

Equality is either of one species to another, which is of 
three kinds, called simple (AZufredat), or of one species to 
two species, which is of three kinds, called compound 
(Muktarinat). — . | 

Case Ist Mufridat. When number is equal to things 
fax =n); divide the number by the coeficient of the thing, 
andthe unknown quantity will be found. Axrample. A per- 
son admitted that he owed to Zaid 1000 and one half of what 
he owed Amer ; also that he owed Amer 1000 all but half of 
what he owed to Zaid. Call Zaid’s debt Shai (7). Then 
Amer’s debt is 1000 wanting half of Shai (1000-27); and 
Zaid’s is 1500 wanting a fourth of Shai (1500—42). This is 
equal to Shai (1500 —t42= 2). After Jebr, 1500 is equal to 
one Shai and a quarter of Shai (1500 = 14.r), So for Zaid 
is 1200, and for Amer 400. 

Case 2nd. Aultiples of Shar equal io multiples of Mal 
(ax = bz’). Divide the coefficient of the thing by that of 


Mal; the quotient is the unknown quantity (= == eee 


ample. Some sons plundered their father’s inheritance, 
which consisted of Dinars. One took 1, another 2, the 


* Hence doubtless, with the article 47, comes the name Algebra, 
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“ 


third 3, and so on increasing by 1. The ruling power took 
back what they had plundered, and divided it among them 
in equal shares, by which each received 7, How many 
sons were there, and how many Dinars? Suppose the num- 
ber of sons Shai (x), and take the sum of the extremes, viz, 
1 and Shai (1 +7). Multiply them by half of Shai (47) ; 
this is the number of dinars (4.2 + 42”); for the sum of any 
series of numbers in arithmetical progression, is equal to the 
product of the sum of the two extremes, into half the num- 
ber of terms. Divide the number of the Dinars by Shai (v), 
which is the number of the sons, the quotient, according to 
the terms of the question, will be 7 (50? + iv) +r = 7). 
Multiply 7 by Shai (7), the divisor, 7 Shai is the product, 
which is equal to 2 Maland + Shai (77 = 1277 + 47). After 
Jebr and Mukabalah, 1 Mal is equal to 13 Shai (27 = 132) ; 
Shai then is 13 (v7 = 13); and this is the number of sons. 
Multiply this by 7, and the number of Dinars will be found 
91. 

It is added, that questions of this sort may be solved by 
position. ‘* Thus, suppose the number of sons to be 5, the 
first error is 4 in defect ; then suppose it to be 9, the second 
error is 2 in defect. The first Mafudh is 10, and the second 
is 36; their difference is 26, and the difference of the errors 
is 2.”——‘* Another method, which is short, is this: Double 
the quotient (7) is 14; Subtract 1, and the result (13) is the 
number of sons.” - 

“* Casg 3d. Number equal to Mal (n= ax’). Divide the 
number by the coefhicient of the Mal; the root of the quo- 


tient (4/— = 2) is the unknown quantity. £wample. A 


person admitted that he owed Zaid the greater of two sums 
of money, the sum of which was 20, and the product 96. 
Suppose one of them to be 10 and Shai (10 + x), and the 
other 10 wanting Shai (10—.z). The product, which is 100 
all but Mal (100 —.x*) is equal to 96; and after Jebr and 
Mukabalat, 1 Mal is equal to 4 (2* = 4), and Shai equal to. 
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2(v = 2). .One of the sums then is 8, and the other 12, 
which is the debt of Zaid. 

Here, by substituting for the half-sum and half-dif. the 
equation comes out a simple one. 

First Case or Maktarinat. Number equal to Mal and 
Shai (az* + 6x =n). Complete the Mal to unit if it is defi- 
cient, or reduce it to the same if it exceeds, and reduce 
the number and Shai in the same ratio, by dividing all by 
the coefficient of the Mal. ‘Then square one half the 
coefficient of the Shai, and add this square to the number. 
From the root of the sum subtract half the coefficient of the 
Shai, and the unknown will remain. An example follows.as 
usual: and the method is evidently the same as ours at pre- 
 eent. ; 

Case 2nd. Shai equal to number and Mal (br = 2? + 7). 
After completing or rejecting, subtract the number from 
the square of half the coefficient of Shai; then add the root 
of the remainder to half the coefficient of the Shai, or sub- 
tract the former from the latter, and the result is the un- 
known quantity. This also is the same as the present 
method, and both the two roots are noticed in this case, by 
taking the root of the known quantity either positive or 
negative. An example is added as usual. 

Case 3d. Mal equal to number and Shai (x? = -+ bz). 
After completion or rejection, add the square of half the 
coefficient of the Shai to the number, and add the root 
of the sum to half the coefficient of the Shai; this is the 
unknown quantity. Lrample. What number is that which 
being subtracted from its square, and the remainder added 
to ‘its square, is 10? Subtract Shai from Mal and go on 
with the operation, then 2 Mal all but Shai is equal to 
10 (2x*— x = 10); and after Jebr and Radd, Mal is equal to 
5 and half of Shai (2? = 5+47). The square of half the 
coethcient of Shai and 5, is 5 and half an eighth (5,5), and 
its root is 21; to this add 4, the result 2} is the number 
sought. 


Boox 9¢h, contains 12 rules respecting the properties of 


4 


- Fee WISTORY OF ALGEBRA< TRACT 32. 


numbers. As, Ist. To find the sum of the products mul- 
tiplied into itself and into all numbers below it. Add 1 
to the number, and multiply the sum by the square of the 
number ; half the product is the number sought. 

2nd. To add the odd numbers in their regular order. 
Add 1 to the last number, and take the square of half the 
sum. 

$d. To add the even numbers from 2 upwards. Multiply 
7 Aalf the last even number by a number greater by 1 than 
that half. 

4th, To add the squares of the numbers in order. Add 
to twice the last number, and multiply a 3d of the sum 
by the sum of the numbers. 

5th. To find the sum of the cubes in succession. Take 
the square of the sum of the numbers. | 

6th. To find the product of the roots of two numbers. 
Multiply one by the other, and the root of the product 
is the answer. 

7th. ‘To divide the root of one number by that of an- 
other. Divide one by the other, the root of the quotient is 
the answer. 

Sih. To find a perfect pumnben that is, a number which 
is equal to the sum of its aliquot paths, (Eucl. book 7, def. 
22). The rule is that delivered by Euclid, book 9, prop. 36. 

gih, ‘Vo find a square in a given ratio to its root. Divide 
the first number of the ratio by the second; the square 
of the quotient ts the square required. 

i0¢h. If any number be multiplied and divided by another, 
the product multiplied by the quctient, Is the square of the 
first number. 

11¢h.-'Fhe difference of two squares, is equal to the pro- 
duct of the sum and difference of the roots. 

12th, If two numbers be divided by each other, and the 
quotients multiplied together, the result is always 1. 

Boox 10th, contains 9 practical examples, all of which 
are capable of solution by simple equations, or by position, 
or by retracing the steps of the operations and some of them 
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by simple proportion; so that it is needless to specify 
them. : 

The conclusion, which marks the limits of algebraical 
knowledge in the age of the writer, is here given entire, 
in the author’s words. 

**ConcLusion. There are many questions in this science 
which learned men have to this time in vain attempted to 
solve; and they have stated some of these questions in their 
writings, to prove that this science contains difficulties, to 


silence those who pretend they find nothing in it above their * 


ability, to warn arithmeticians against undertaking to an- 
swer every question that may be proposed, and to excite 
men of genius to attempt their solution. Of these T have 
selected seven.—Ist. To divide 10 into two parts, such, 
that when each part is added to its square root, and the 
sums are multiplied together, the product is equal to a sup- 
posed number.—2d. What square number is that, which 
being increased or diminished by 10, the sum and remainder 
are both square numbers?—3dy~A person said he owed 
to Zaid 10 all but the square root of what he owed to Amer, 
and that he owed Amer 5 all but the square root of what he 


owed Zaid.—4th. To divide a cube number into two cube | 


numbers.—5th. To divide 10 into two parts such, that if , | 


ed 


each is divided by the other, and the two quotients are 
added together, the sum is equal to one of the parts.~-6th. 
There are three square numbers in continued geometric 
proportion, such, that the sum of the three is a square 
number.—7th. There is a square, such, that when it is 
increased and diminished by its root and 2, the sum and the 
difference are squares.—Know, reader, that in this treatise 
I have collected in a small space the most beautiful and best 
rules of this science, more than were ever collected before 
in one book. Do not underrate the value of this bride; hide 
her from the view of those who are unworthy of her, and 
let her go to the house of him only who aspires to wed 
her.” 

From the preceding account of this Arabian treatise on 

VOL. It. ° 
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Algebra, the Khulasat-ul-Hisab, of Baha-ul-din, which is 
esteemed the best in that language, we pretty clearly per- 
ceive what was the state of the sciencé in that nation ; that 
it was much the sanie as the first treatises among the Italians, 
derived directly from the former; but that it was much in- 
ferior to the same science among the Indians. It does not 
appear that the Arabians used algebraic notion or abbreviat+ 
ing symbols ; that they had any knowledge of the Diophan- 
tine alyebra, or of any but the easiest and elementary parts 
‘the science. We have seen that Baha-ul-din ascribes 
» the invention of the numeral figures, in the decimal scale, 
o the Indians; as is done indeed by all the Arabic and 
Persian books of arithmetic. ‘The following is an extract 
from a Persian treatise of arithmetic in Mr. Strachey’s pos- 
Session. | 
~ € The Indian sages wishing to express numbers conve- 


niently, invented these nine figures, | FF oY AS 


The first figure on the right hand they made stand for 
units, the second for tens, the third for hundreds, the 
fourth for thousands. Thus, after the third rank, the 
next following is units of thousands, the second tens of 
thousands, the third hundreds of thousands, and so on. 
Every figure therefore in the first rank is the number 
of units it expresses; every figure in the second, the 
number of tens which the figure expresses ; in the third, 
the number of hundreds; and so on. When in any rank | 
a figure is wanting, write a cipher like a small circle ( ) | 
to preserve the rank. Thus, ten is written 10, ahundred | 
400, five thousand and twenty-five 5025.” | 
In short, of the Indian algebra, in its full extent, the 
Arabians seem to have been ignorant ; but most likely they 
had their algebra from the same source as their arithmetic. 
The Arabian and Persian treatises on algebra, like the first 
and old European ones, begin with arithmetic, called in 
those treatises the arithmetic of the Indians, and have a 
‘second part on algebra ; but no notice is taken of the origin 
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of the latter. Most likely their algebra, being umeral,: 
was considered by the authors as a part of arithmetic. 

Though part only of the Khulasat-ul-Hisab, Mr. Strachey: 
says, is concerning algebra, the rest, relating to arithmetic: 
and ménsuration, must be thought not swirly unconnected 
with the subject. It is to be hoped that ereylong we shall 
have either translations from the Sanscrit of the Bija Ganita 
and Lilawati, or perfect accounts from the originals ; and 
that other Hindu books of algebra will be found, and made. 
known to- the world. But in the mean time the Persian’ 
translations will be found well deserving of attention i» 
observing carefully to distinguish between what is interpo-~ 
lated, i what is original. 

From the pr boedings account of this Arabic freatigiiy also, 
is Clearly seen the origin of the name of Algebra, being am 
Arabic compound, viz.-of the article al, and yebr, which 
denotes one of the modes of reducing the equations, viz. by 
transposing or adding the negative terms, to make them all 
affirmative. 

From the circumstance of receiving the notices of the 
communications on the foregoing subjects at several different 
times, while the account was composing, and even while 
printing, it is hoped that some repetitions, and some irregu- 
larities in the composition, may be candidly excused. 


OF ALGEBRA IN ITALY AND OTHER PARTS OF EUROPE. © 


We have seen that algebra had probably its rise in Hin- 
dustan, as well as our present numeration and arithmetic, 
all the rules of it having been found in the ancient mss. of 
that country, much the same, in matter and form, as they 
appear in the first Italian authors; and among. these, the 
two rules of false position, which are nearly allied to alge- . 
bra, and the extension of which probably led to, and ulti- 
mately became the art of algebra itself. Hence it appears 
that these arts passed successively into Persia, Arabia, Afris 
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ca, and Europe. In this last quarter it seems doubtful, 
whether their introduction was first into Spain or into Italy : 
the probability would appear to be on the side of the former, 
as it would most likely be introduced by the Moors on 
their settlement in the peninsula in the 8th, 9th, and 10th 
centuries ; whence it might be communicated to Gaul and 
Germany and England, &c. This route is rendered the more 
‘probable by the circumstance, that the early state of the alge- 
braic art in these countries was very different, and even 
more perfect, in several respects, than that in Italy, in the 
‘contemporary stages, And yet, on the other hand, against 
this probability of the first introduction of the art into Spain, 
by means of the Moorish conquest, it may reasonably be 
objected, that it does not appear that the Arabians them- 
selves had cultivated it at a time so early as the date of 
that conquest ; and besides that we have not heard of any 
early works on Algebra having ever been found in the Spa- 
nish peninsula. It appears, however, at any rate, that Italy 
received the art by a different route, though probably at a 
later date, viz, immediately from the eastern Arabians them- 
selves, without the knowledge of any other source or com- 
munication: and hence it was natural for the Italians to 
ascribe the invention of the art to that people. 

It has usually been thought, that the first introduction of 
algebra into Italy, was about the 14th century. But we 
have lately, viz, in 1797, been favoured with a new and 
very diffuse history of algebra, by Sig. Cossali, in two large 
volumes, 4to, by which it appears, that the art was first 
imported into Italy, from the east, by Leonard Bonacci, of 
Pisa, who composed his arithmetic in the year 1202, and 
again in 1228; adding the algebra at the end, as a part 
of it. 

In this work of Cossali’s, accounts are given of satenal 
other old authors, as well Italian as Arabian and Persian, 
&c, among which some were much earlier than Leonard: 
as, a Mohamed ben Musa or Moses, called also Mohamed of 
Buziani, a place in Corasan, near the south-east point of 
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the Caspian Sea. This Mohamed, it seetns, in the year 
959, travelled eastward to the confines of India, to learn 
the mathematical sciences,-:and afterwards to teach them; 
and who, according to Abulfaragio, in the year 969, wrote 
a Commentary on Diophantus; he wrote also Demonstra- 
tions of the Propositions in the same; and another work on 
the Universal Logistic Art, in three books. 

It seems, however, that it was Leonard Bonacci, of Pisa, 
who first introduced the art in Italy, as before-mentioned. 
Leonard’s work, it appears, was a very orderly and regular 
treatise on arithmetic and algebra, as far as it was then 
known ; teaching and demonstrating all the rules, and il- 
Justrating them with many examples; being also much oc- 
cupied with questions about square and cube numbers, like 
those of Diophantus, or rather like what we have seen and de- 
scribed among theIndians and Arabians.—In algebra, Leonard 
distinguished three kinds of numbers, viz, the absolute known 
number in any question; then the unknown number, which 
he calls radice, the root; and its square, which he calls 
census in Latin, or censo in Italian; for his algebra extend- 
ed only tothe solution of equations of the Ist and 2d de- 
gree, the same as that of the Indians and Arabians. The lan- 
guage in which the wark was written, was in barbarous 
Latin, or something between Latin and Italian, when the 
language of the country was changing from the one to the 
other. 

In treating his subject, Leonard had no such notation as 
is used by modern authers; on the contrary, he expressed 
every thing, both the quantities and the several operations, 
by their names, or words at full length. Phose equations 
he treated of in six different forms, which are as follow, 
when expressed in the modern notation. Ist, 2* = ar; 
2d, a =n; 3d, ax =n; 4th, 2r+ar=n; Sth, P= ax 
+2; 6th, 27+ n-=ar; where x denotes the radice,' or 
quantity sought, 2* its censo or square, @ the number mul- 
tiplying x, and » the absolute’ known number; and 
where it is remarkable that he places the terms, more or less, 
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«on-the one side or the other, so as they may be all affirma- 
tive: all which cases and forms are exactly the same as before 
- given by their masters the Arabians, &c. 


Now omitting the simple forms, as including but little re- 
markable, we shall only consider the compound ones, or the 
‘solution of quadratic equations, by the method of complet- 
ing the square, which Leonard founds on geometrical de- 
monstration, as follows :—In the first case, if 77 + ar =n, 
then the rule is 7 = (ia +) — 4a; which he thus demon- 
strates. 


* Demonstr. If upon a right line zc, 
greater than ja, the square ABcp be 
constructed, on the sides of which there 
are taken the parts CG, CH, DF, BE, 
each equal to ta, and drawing the right 
lines EH, FG, intersecting in 1, they 
form the square 1G¢cH = 1a. Suppos- 
ing EI == AF = EA = IF = BG = DB, to denote the required 
quantity 2; then will the square a1 or of Er = 2’, the rect- 
“angle BI = tax = also to the rectangle 1p. ‘Therefore the 
whole square ABCD = 2* + av +10: but 2 +ar=n; 
therefore is the same square aBcD = n + 1a”: consequently 
the side Be =./(m + ja*); and the quantity sought » = 
BC— GC= BC— 7a = (n+ 4a*) — ta. 
andly. If 2 =ar-+n; then will c =,/(40 + 1) + 4a, 
Demonstr. Let the right line sc=7, and 
the square upon it ancp=.2*. If ce be 
taken =a, and the perp. er=2x. Then 
the rectangle Ep =ax. Therefore the re- 
maining rectangle aAE=2 But az = aBx 
BE = BC x BE; therefore » = Rc X BE = B kG ¢ 
BE? +3BE x Ec, If ec be bisected in G, then wiJl 2+ EG* = 
BE’+ BE X EC + EG’. Hence W(n + £G*)= BE+xG; and _ 
cc+/7(n+xrG)=Gc+B8G. So that, it being Go=EG = 
a4, and Bc =a, it will be e+ (n + 4a*) Sy. 
3dly. Let 2 + =av—Here he says, if 40° <n, the 


B G C 


J, Wa © 


S 


* 
TRACT 33. HISTORY OF ALGEBRA, 199 


equation is impossible.—If ta*=m, then is v= 4a.—If, 
i@>n, then is v7 = 1a — Y(1a*—2n), or = 4a+/ (G0 —N). 


Demonstr. Draw ap representing. a, 
bisected in G, and unequally divided 
in D; and upon one of the unequal 
parts, supposed =x, if there be made 
a square = 27. Now, if, in the first’ Tf EF 
place, it be formed on the less part DB, supposed = x; let 
FE be produced to 1, till rr be = AB, and let ar be drawn. 
Then the whole rectangle ar = aB x BF = ax; hence, tak- 
ing away the square Bz = x, there remains the rectangle 
AE = AD X DE = AD X DB =”; and adding to both the 
square GD’, ‘gives AD X DB + GD? =x+ Gp*. But, by. 
Eucl. 1. 5, it is AD X DB + GD* = BG’; therefore sc? = 
n+ 6p*; hence pc? —n = Gp’, and /(BG*—n) = GD, then 
BG — /(BG’— ) = BG —6p = DB, or ja— Y(ia’—n) = @. 
—If the square 2* be constituted on the greater part AD, 
considered as =x; then by a like process it will be 
/(AG*— 72) = GD; hence ac + 4/(ac* mS AG+GD=AD, 
that is 4a +f (1a* —n) =a. 

Thus we see that Leonard derived the rules for quadratic 
equations from geometrical considerations, and even the 
double values in the possible case of z* + =az; as it Is 
probable his predecessors had done, and as we find his suc- 
cessors Lucas de Burgo and others did also. And this me- 
thod shows the reason why these writers never admitted 
those values of x, in which 7 is greater than ta% We fur- 
ther find, that neither Leonard, nor the Avabiaes, nor In- 
dians, made any use of the form a* + ax -4+m=0, nor of 
the negative roots of the two forms a*+ar= ', and 
v =ar-+n: it being Harriot who first departed from the 
usual custom (of equalizing the positive terms to the posi- 
tive in an equation) ),/by placing all the terms on one side, 
with their signs + or —, and made =0 on the other side, 
thus a* + av +n=0; and it was Cardan who had the ho- 
hour of showing that, of the ¢ two forms XL +4 amie and- 
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a* —axr +n, the negative root of the one is the positive 
root of the other. 

It appears that Leonard Pisanis was well skilled in the 
various ways of reducing equations to their final simple 
state, by all the usual methods; as addition, subtraction, 
multiplication, division, powers and roots, to free them 
from radicals, &c. He was also well acquainted with the 
modes of substitution, so as to bring out the equation in the 
lowest degree; such as, in cases of two unknown quanti- 
ties, instead of finding either of them separately, he would 
first search out their sum or difference. So, for instance, 
in this problem, ‘* To divide the number 10 into two such 
parts, that from the greater part taking its own square- 
root, and to the less part adding its square me i two 

results should be equal,’ Now, in this case, if in the com- 
mon way x be made to denote one of the parts, as the 
greater suppose, then 10—<2 will denote the less part, and 
the equation will be r— yx = 10—2+,/(10—2), the re- 
duction of which leads to a complete equation of the 4th 
decree. But, instead of this method, Leonard empioys the 
way of the half-sum and half-difference, as used by Diophantus 
and the Arabians and Hindus, which has been accounted by 
some persons an arufice of the modern algebraists. Thus, 
if « be put to denote the half-difference of the two parts ; 
then, 5 being their half-sum, 5 + 2 will be the greater, and 
5 —g@ythe less, and the equation will be-5 + 2— y(5 +2)= 
5—2++4/(5—.2), which reduces to a final quadfatic, as is 
done by this author. 

From Pisa, as from a centre, it seems the art gradually 
spread through Tuscany and all Italy ; in consequence of 
which, many other authors in that country had respectable 
names before the period of the art of printing. So, we 
read that Raffaello Canacci, a Florentine mathematician, 
was author of a ‘‘ Ragionamento di Algebra,” who praises 
another that preceded him, named Guglielmo di Lunis; of 
whom Canacci writes, at the beginning of his Ragionamento, 


Aa La regola dell’ algibra, la quale regola Ghughelmo di 
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Lunis la translato d’Arabico a nostra lingua ;” whence some 
have thought, though without probability, that the honour 
of having made Italy acquainted with algebra, was due to 
Guglielmo di Lunis, rather’ than to Leonardo Bonacci di 
Pisa. Many other early authors are mentioned. Bombelli, 
in the preface to his book, writes that a work of Mohamed 
ben Musa had been shown, but it was of little value. And 
it is said that Lucas de Burgo, the first author in print, was 
instructed in this science at Venice, by Domanico Braga- 
dini, successor in the public chair to the learned Paolo della 
Pergola, his preceptor, who died in 1366. 

Proceed we now to the consideration of the books of 
Lucas de Burgo, and other authors, whose works we are 
possessed of in print. 

se » 
LUCAS PACIOLUS, OR DE BURGO. 


It was chiefly among the Italians that this art was first cul- 
tivated in Europe. And the first author whose works were 
in print, was Lucas Paciolus, or Lucas de Burgo, a corde- 
lier, or minorite friar. THe wrote several treatises of arith- 
metic, algebra, and geometry, which were printed in the 
years 1470, 1476, 1481, 1487, and in 1494 his principal 
work, intitled Summa de Arithmetica, Geometria, Propor- 
tioni, et Proportionalita, which is a very masterly and com- 
plete treatise on those sciences, as they then stood. In this 
work -he mentions various former writers, as Euclid, St. 
Augustine, Sacrobosco or Halifax, Boetius, Prodocimo, 
Giordano, Biagio da Parma, and Leonardus Pisanus, from 
whom he learned those sciences. | 
“The order of the work is, 1st arithmetic, 2d algebra, and 
3d geometry. Of the arithmetic, the contents, and the 
order of them, are nearly as follow. First, of numbers figu- 

rate, odd and even, perfect, prime and composite, and many 
others, Then of common arithmetic in seven parts, name- 
wy numeration or notation, addition, subtraction, multipli- 
cation, division, progression, and extraction of foots. Be- 
fore him, he says, duplation and mediation, or doubling 
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and halving, were accounted two rules in arithmetic; but 
that he omits them, as being inciuded in multiplication and 
division. He ascribes the present notation and method of 
arithmetic to the Arabs; and says that according to some 
the word Abaco is a corruption of Modo Arabico, but that 
according to others it was from a Greek word. This, how- 
éver, must be a mistake ; for though the Italians had those arts 
from the Arabs, these latter had them probably from the In- 
dians. All those primary operations he both performs and de- 
monstrates in various ways, many of which are not in use at 
present ; proving them not only by what is called casting 
out the nines, bat also by casting out the sevens, and other- 
wise. In the extraction of roots he uses the initial R, for a 
root; and when the roots can be extracted, he calls them 
discrete or rational; otherwise surd, or indiscrete, or irra- 
tional, The square root is extracted much the same way as 
at present, namely, dividing always the last remainder. by 
double the root found; and so he continues the surd roots 
-eontinually nearer and nearer in vulgar fractions. T US, 
for the root of 6, he first finds the nearest whole number 2, 
and the remainder 2 also; then } or % is the first correction, 
and 2: the second root: “i square is 64, therefore; divided 
by 5, or =, is the next correction, Hh 2; minus 3's, oF 
2.2, is the 3d root: its square is 6;45, therefore 735 divided 
by 4.%, OF zs'ss, 18 the 3d correction, which gives 2,883 
for the 4th root, whose square exceeds 6 by only 3474255: 
and so on continually : and this process he calls approxima- 
tion. He observes that fractions, which he sets down the 
same way as we do at present, are extracted, by taking the 
root of the denominator, and of the denominated, for. so 
he calls the numerator: and when mixed cher occur, 
he directs to reduce the whole to a fraction, and then ex- 
tract the roots of its two terms as above: as if it be 1355 
this he reduces to 42, and then the roots give Zor 33 3-in 
like manner he finds that 44 is the root of 201; 5L the root 
of 301; ‘©and so on (he adds) in infinitum >” which shows 
that he knew how to form the series of squares by addition: 
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He then extracts the cube root, by a rule. much the same as 
that which is used at present ; from which it appears that he 
was well acquainted with the co-eflicients of the binomial 
cubed, named, 1, 3, 3, 1; and he directs how the opera- 
tion may be continued ‘“ in infinitum” in fractions, like as 
in the square root. After this, he describes. geometrical 
methods for extracting the square and cube roots instruméh- 
tally: he then treats professedly of vulgar fractions, their 
reductions, addition, subtraction, and other operations, 
much the same as at present: then of the rule-of-three, 
_gain-and-loss, and other rules used by merchants, 

Paciolus next enters on the algebraical part of this work, 
which he calls ‘* L?Arte Magiore; ditta dal vulgo la Regola 
de la Cosa, over Alghebra e Almucabala:” which last name 
he explains by restauratio & oppositio, and assigns asa rea- 
son for the first name, that it treats of things above the 
common affairs in business, which make the arte munore. 
Here he mistakenly ascribes the invention of algebra to the 
Arabians ; and he says that the Arabic algebra means in Ita- 
lian position, or rather opposition. He denominates the 
series of powers, with their marks or abbreviations, as n°. 

_or numero, the absolute or known number ; co. or cosa, the 
thing or lst power of the unknown quantity; ce. or censo, 
the product or square; cw. or cubo, the cube, or 3d power; 
ce. ce. or censo de censo, the square-squared, or 4th power ; 

_p®. r°. or primo relato, or 5th power; ce. cu. or censo de cubo, 
the square of the cube, or 6th power; and so on, com- 
pounding the names or indices according to the multiplica- 

_tion of the numbers 2, 3, &c, and not according. to their 
sum or addition, as used by Diophantus, with the Arabians 
and Indians. He describes also the other characters made use 
of.in this part, which are for the most part no more than the 
initials or other abbreviations of the words themselves, after 
the manner of the Indians; as for R, radicz, the root;.R. R. 
radict de radwct, the root of the root; R u. radict universale, 

vor radii legata, or radict unta; R cu. radiet cuba; and 


ror yy j E F a 
q3 quantita, quantity ; p for pew or plus, and m for meiie 
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or minus; and he remarks that the necessity and use of 
these two last characters are for connecting, by addition or 
subtraction, different powers together; as $ co. p. 4 ce. m. 
5 cu. p. 2 ce. ce. m. 6 ni. that is, 3 cosa, piu 4 censa, meno 
5 eubo, piu 2 censa-censa, meno 6 numeri, or, as we now 
write the same thing, 37 + 42° — 5234 27+ —6. 

He first treats very fully of proportions and proportion- 
alities, both arithmetical and geometrical, accompanied with 
a large collection of questions concerning numbers in con- 
tinued proportion, resolved by a kind of algebra. He then 
treats of el Cataym, which he says, according to some, is an 
Arabie or Phenician word, and signifies the Double Rule of 
False Position: but he here treats of both single and double 
position, as we do at present, dividing the ef Cataym into 
single and double, as the Arabians and Indians did. He 
gives also a geometrical demonstration of both the cases 
of the errors in the double rule, namely, when the er- 
rors are both plas or both minus, and when the one 
error is plus and the other minus; and adds a large col- 
fection: of questions, as usual. He then goes through 
the common operations of algebra, with all the variety 
ef signs, as to plus and minus; proving that, in multi- 
plication and division, like signs give plas, and unlike 
signs give minus. He next treats of diflerent roots an infi- 
mium, and the. extraction of roots; giving also a copious 

treatise on radicals or surds, as to their addition, subtrac- 
tion, multiplication, and division, and that both in square 
roots and cube roots, and in the two together, much the 
same as at present. He makes here a digression concerning 
the 15. lines in the 10th book of Euclid, treating them 
as surd numbers, and teaching the extraction of the roots of 
the same, or of compound surds or binomials, such as of 
23 p R 448, or of R 18 p R 10; and gives this rule, 
among several others, namely: Divide the first term of the 
binomial into two such parts, that their produet may be 2 of 
the number in the second term; then the reots of those two 
‘parts, connected by their proper sign p or m, is the root of 
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the binomial; as in this 23 p R 448, the two parts of 23 
are 7 and 16, whose product, 112, is £ of 448, therefore 
their roots give 4p R 7 for the reot R u. 23 p R 448. 

He next treats of equations both simple and quadratic, or 
simple and compound, as he calls it; and this latter he per- 
forms by completing the square, and then extracting the 
root, just as was usual. He also resolves equations of 
the simple 4th power, and of the 4th combined with the 
2d power, which he treats the same way as quadratics; ex- 
pressing his rules in a kind of bad verse, and giving geome- 
trical demonstrations of all the cases, the same as those of 
Leonard of Pisa, before described. He uses both the roots 
or values of the unknown quantity, in that case of the qua- 
dratics which has two positive roots; but he takes no notice: 
of the negative roots in the other two cases. As to any 
other compound equations, such as the cube and any other 
power, or the 4th and Ist, or 4th and 3d, &c, he gives 
them up as impossible, or at least he says that no general 
rule has yet been found for them, any more, he adds, than 
for the quadrature of the circle+-The remainder of this 
part is employed on rules in trade and merchandize, such as 
Fellowship, Barter, Exchange, Interest, Composition or Al- 
ligation, with various other cases in trade. And in the third 
part of the work, he treats of Geometry, both theoretical 
and practical. 

From this account of Lucas de Burgo’s book, we may 
perceive what was the state of algebra about the year 1500, 
in Europe; and probably it was much the same in Africa 
and Arabia, from whence the Europeans had it. It appears 

‘that their knowledge extended no further than quadratic 
equations, of which they used only the positive roots ; that 
they used only one unknown quantity ; that they had no 
marks or signs for either quantities or operations, excepting 
only some few abbreviations of the words or names them- 
selves ; and: that the art was only employed in resolving 
‘Gertain numeral problems. So that either the orientals had 
not carried algebra beyond quadratic equations, or else the 
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Europeans had not learned the whole of the art, as it was 
then known to the former. And indeed it is not impossible 
but this might be the case: for whether the art was brought 
to us by an European, who, travelling into the East, there 
Jearned it; or whether it was brought to us by those people ; 
in either casé we might receive the art only in an imperfect 
state, and perhaps far short of the degree of perfection to 
which it had been carried by their best authors. And this 
suspicion is rendered rather probable by the circumstance of 
an Arabic manuscript, said to be on cubic equations, depo- 
sited in the library of the university of Leyden by the cele- 
brated Warner, bearing a title, which in Latin sigmfies 
Omar Ben Ibrahim alGhaamei Algebra cubicarum equa- 
foonum, sve de problematum solidorum resolutione. At any 
rate, however, we have found that the Hindus, if not the 
Arabians, treated of problems including several unknown 
quantities, with applications of algebra to geometrical and 
to indeterminate problems, 


FERREUS AND CARDAN. 


After the publication of the books of Lucas de Burgo, 
the science of algebra became more generally known, and 
improved, especially by many persons in Italy ; and about 
this time, or soon after, namely, about the year 1505, the 
first rule was there found out by Scipio Ferreus, for resoly- 
ing one case of a compound cubic equation. But this sci- 
ence, as well as other branches of mathematics, was most 
of all cultivated and improved there by Hieronymus Cardan 
of Bononia, a very learned man, whose arithmetical writ- 
ings were the next that appeared in print, namely, in the 
year 1539, in nine books, in the Latin language, at Milan, 
where he practised physic, and read public lectures on ma- 
thematics; and in the year 1545 came out a 10th book, 
containing the whole doctrine of cubic equations, which 
had been in part revealed to him by Tartalea, about the 
time of the publication of his first nine books. And as it is 
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algebra, I shall here confine myself to it alone, as it will 
also afford sufficient occasion to speak, of his manner of 
treating algebra in general, This book is divided into 40 
chapters, in which the’ whole science of cubic equations is 
most amply and ably treated. Chap, 1, treats of the na- 
ture, number, and properties, of the roots of, equations, 
and particularly of single equations that have, double roots. 
He begins with a few remarks on the invention and name of 
the art: calls it drs Magna, or Cosa, or Rules of Algebra, 
after Lucas de Burgo and others: says it was invented by 
* Mahomet, the son of one Moses, an Arabian, as is testified 
by Leonardus Pisanus; and that he left four rules or cases, 
which only included quadratic equations: that afterwards 
three derivatives were added by an unknown author, though 
some think by Lucas Paciolus; and after that again three 
other derivatives, for the cube and 6th power, by another 
unknown author; all which were resolved like quadratics : 
that then Scipio Ferreus, professor of mathematics at Bo- 
nonia, about 1505, found out the rule for the case cubum & 
rerum nuniero equallum, or, as we now write it, 23+ br=c, 
which he speaks of as a thing admirable: that the same 
thing was next afterwards found out, in 1535, by Tartalea, 
who revealed it to him, Cardan, after the most earnest in- 
treaties: that, finally, by byavoult and his quondam pupil 
Lewis Ferrari, the cases were greatly augmented and ex- 
tended, namely, by all that is not here expressly ascribed 
to others; and that all the demonstrations of the rules are 
his own, except only three adopted from Mahomet for the 
quadratics, and two of Ferrari for cubics. 

Cardan then delivers some remarks, showing that all> 
square numbers have two roots, the one positive, and the 
other negative, or, as he calls them, vera X ficta, true and 
fictitious or false; so the estimatio rez, or root, of 9, is ei- 
ther 3 or — 3; of 16 itis 4or —4; the 4th root of 81 is 3 

—3; and so on for all even denominations or powers. 
‘And the same is remarked on compound cases of even 
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powers that are added together; as if «* + 327 = 28, then 
the wstimatio x is = 2 or — 2; but that the form x*+-19=727 
has four answers or roots, in real numbers, two plus and 
two minus, viz, 2 or —2, and W%3 or —3; while the 
case «+ + 12 = 6x7 has no real roots; and the case 
z* = 22° +1% has two, namely, 2 and — 2: and. in like man- 
Ber for other even powers. So that he includes both the 
positive and negative roots; but rejects what we now call 
imaginary ones. I here express the cases in our modern 
notation, for brevity sake, as he commonly expresses the 
terms by words at full length, calling the absolute or known 
term the mumero, the Ist power the res, the 2d the guadra-" 
tum, the 3d the cubum, and so on, using no mark for the 
unknown quantity, and only the initials p and m for plus 
and minus, and R for radix or root. The res he sometimes 
calls positio (as derived from the like quantity in the rule of 
position), and guantiias ygnota; and in stating or setting 
down his -equations, he, as well as Lucas de Burgo before 
him, sets down the terms on that side where they will be 
plus, and not minus. 

On the other hand, he remarks that the odd denomina- 
tions, or powers, have only one estimatio, or root, and 
that true or positive, but none fictitious or negative, and 
for this reason, that no negative number raised ‘to an. odd 
power, will give a positive number; so of 2x7 = 16, the 
root is 8 only; and if 273 = 16, the root is 2 only: and if - 
there be ever so many odd denominations, added together, 
equal to a number, there will be only one zstimatio or 
root; as if #3 + 6r = 20, the only root is 2. But that when 
the signs of some of the terms are different, as to plus and 
minus, they may have more roots; and he shows certain 
relations of the coefficients, when they have two or more 
roots: so the equation 23+ 16 =12r has two estimatios, 
the one true or 2, and the other fictitious or — 4, which he 
observes is the same as the true estimatio of the case 
x} = 127-416, having only the sign of the absolute number 
changed from. the former, the 3d root 2 being the same ap 
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the first, which therefore he does not count. He next 

shows what are the relations of the coefficients when a cubic 

equation has three roots, of which two are true, and the 

3d fictitious, which is always equal to the sum of the other 

two, and also equal to the true root of the same equation 

with the ly of the absolute number changed: thus, in the 
equation 2° + 9 = 12r, the two true roots are 3 and 

“54 —14, and the fictitious one is — W5i—14, which last 

is the same as the true root of a3 = 12x + 9, viz, /5¢+143 

and he here infers generally that the fictitious estimatio of 
the case . ~ : - e+tec= br, 

always answers to the true root of - v= br+e. 

Cardan also shows what the relation of the coefficients is, 

when the case has no true roots, but only one fictitious root, 

which is the same as the true root of the reciprocal case, 

formed by changing the sign of the absolute number. Thus, 

the case 2° + 21 = 2r has no true root, and only one false 
root, viz, — 3%, which is the same as the true root of 
a} = 2x + 21: and he shows in general, that changing the 
sign of the absolute number in such cases as want the 2d 

term, or changing the signs of the even terms when it is not 
wanting, changes the signs of all the three roots, which he 
also illustrates by many examples; thus, the roots of 
w+ llav*= 72, are +,/40— 4, and ~3, and —/40—4; 

and the roots of #3 4+ 72 = lla’, are —- 40+ 4, and +3, 

and + /40 + 4. 

And he further observes, that the sum of the three roots, 
or the difference between the true and fictitious roots, is 
equal to 11, the coefficient of the 2d term. He also shows 
how certain cubic cases have one, or two, or three roots, 
according to circumstances: that the case x* + d= 62" has 
sometimes four roots, and sometimes none at all, that is, no 
real ones: that the case x° + 6x = ax*-+¢ may have three 
true estimatios, or positive roots, but no fictitious or nega- 
tive ones; and for this reason, that the odd powers of minus 
being minus, and the even powers plus, the two terms 
_a@+bx would be negative, and equal to a positive sum 
VOL. H. P 
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ax*.-++-c, whichis absurd: and further, that the case x3 + az* 
+ bx =c has three roots, one plus and two minus, which 
are the same, with the signs changed, as the roots of the 
case 23+ by +¢=azx*. He also shows the relation of the 
coefficients when the equation has only one real root, in a 
variety of ‘cases: but that the case x +-¢ = aa* + br has al- 
Ways one negative root, and either two positive roots, or 
none at all; the number of roots failing by pairs, or the 
impossible roots, as we now call them, being always in 
‘pairs. Of all these circumstances Cardan gives a great 
many particular examples in numeral coefficients, and sub- 
joins. geometrical demonstrations of the properties here 
enumerated ; such as, that the two corresponding or reci- 
procal cases have the same root or roots, but with different 
signs or affections; and how many true or positive roots 
each case has... 

Upon the whole, it appears from this short chapter, that 
Cardan had discovered most of the principal properties of 
the roots of equations, and could point out the number and 
nature of the roots, partly from the signs of the terms, and 
partly from the magnitude and relations of the coefficients. 
He shows in effect, that when the case has all its roots, or 
when none are impossible, the number of its positive roots 
is the same as the number of changes in the signs of the 
terms, when they are all brought to one side: that the co- 
efficient of the 2d term is equal to the sum of all the roots 
positive and negative collected together, and consequently 
that when the 2d term is wanting, the positive roots are 
equal to the negative ones: and that the signs of all the 
roots are changed, by changing only the signs of the even 
terms: with many other remarks concerning the nature of 
egjuations, . 

In chap. 2, Cardan enumerates all the cases of compound 
equations of the 2d and. 3d order, namely, 3 quadratics, 
and 19 cubics; with 44 derivatives of these two, that is, 
of the same kind, with higher denominations. | 

In chap. 3 are treated the roots of simple cases, or simple 
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equations, or at least that will reduce to such, having only - 
two terms, the one equal to the other. He directs to de- 
press the denominations equally, as much as they will, ac- 
cording to the height of the least; then divide by the num- 
ber or coefticient of the greatest ; and lastly extract the 
root on both sides. oe if 2073 = 18025, then 20 = 1802", | 
and $= 2’, and @ =4, 

Chars 4 treats of both geieelt and particular roots, and 
contains various definitions and observations concerning 
them. It is here shown, that the several cases of quadratics 
and cubies have their roots of the following forms or kinds, 
namely, that the case 
xv = ax + 6 has its root of this kind Y19 + 3, 

z* + ax = 6 has its root of this kind 719 — 3, 

a* + 6 = ar has two roots like 34+ /2 and 3— V2, 

x? = bx + ¢ has its root of this kind 4 +3, 

a3 + br = c has its root of this kind 374 —372, 

x? = ax* + ¢ has this kind of root 3/16 +2 + 3/4, 

a3 + ax* =c has this kind of root 4716-2 + 3/4, 

where the three parts 4/16, 2, %/4, are in continual propor- 
tion. 

Chap. 5 treats of the estimatio of the lowest degree of 
compound cases, that is, affected quadratic equations; giv- 
ing the rule for each of the three cases, which consists in 
completing the square, &c, as at present, and which was 
the method given by the Arabians and Hindus; and proving 
them by geometrical demonstrations from Eucl. I, 43, and 
II, 4 and 5; in which he makes some improvement on the 
demonstrations of Mahomet. And hence it appears that the 
work of this Arabian author was in being, and well known in 
Cardan’s time. aes 

Chap. 6, on the methods of finding new rules, contains 
some curious speculations concerning the squares and cubes 
of binomial and residual quantities, and the proportions of 
the terms of which they consist, shown from geometrical 
demonstrations, with many curious remarks and properties, 

P2 
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forming a foundation of principles for investigating the rules 
for cubic equations. 

Chap. 7 is on the transmutation of equations, showin 
how to change them from one form to another, by taking 
away certain terms out of them; as 23+ az*=c, to 
x= bx +d, &c. The rules are demonstrated geometri- 
cally; and a table is added, of the forms into which any 
given cases will reduce; which transformations are extended 
to equations of the 4th and 5th order. And hence it ap- 
pears that Cardan knew how to take away any term out of 
an equation. 

Chap. 8 shows generally how to find the root of any such 
equation as this, aa™ = a" + 6, where m and m are any ex- 
ponents whatever, but » the greater; and the rule is, to 
separate or divide the coefficient a into two such parts z 
and a—2z, as that the absolute number 6 shall be equal to 

m 


(a—z).z°-™, the product of the one part a— 2, and the 
—— power of the other part: then the root xz is = 


I 
z-™, The rule is general for quadratics, cubics, and all 
the higher powers; and could not have been formed without 
the knowledge of the composition of the terms from the 
roots of the equation. 

Chap. 9 and 10 contain the resolution of various questions 
producing equations not higher than quadratics. 

Chap. 11 is on the case or form 23+ 3dr =2c. Cardan 
now comes to the actual resolution of the first case of cubic 
equations. He begins with relating a short history of the 
invention of it, observing that it was first found out, about 
thirty years before, by Scipio Ferreus, of Bononia, and by 
him taught to Antonio Maria Florido, of Venice, who hav- 
ing a contest afterwards with Nicolas Tartalea, of Brescia, 
it gave occasion to Tartalea to find it out himself, who after 
great entreaties taught it to Cardan,. but suppressed the 
demonstration. By help of the rule Hage: however, Car- 
dan of himself discovered the source or geometrical investi- 
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gation, which he gives here at large, from Eucl. II, 4. In 
this process he makes use of the Greek letters a, ©, y, 4, 
&c, to denote certain indefinite numbers or quantities, to 
render the investigation general; which may be considered 
as the first instance of such literal notation in algebra. 
He then gives the rule in words at length, which comes 
to this, 
e=y[V (c+ 8) +] -Y/ (6 + 8) —¢]; 

illustrating it by a variety of examples; in the resolution of 
which, he extracts the cubic roots of such of the binomials 
as will admit of it, by some rule which he had for that pur- 
pose; such as 23 + 6x = 20, where x =3(Y108 + 10) 
—3/ 108 — 10) = (1/3 +1) -(V3—1) = 2 

Chap. 12, on the case 23? = 3br +2c. ‘This he treats ex- 

actly as the last, and finds the rule to be 

v= y [e+ J/(c? — b3)] +-37[c— Vc? — B)] ; 
which he illustrates by many examples, as usual. But when 
83 exceeds c’, which has since been called the irreducible 
case, he refers to another following book, called dfiza, for 
other rules of solution, to overcome this difficulty, about 
which he took infinite pains. 

Chap. 13, on the case 23+ 2¢=3br. This case, by a 
geometrical process, he reduces to the case in the last chape 
ter: thus, find the estimatio y of the case y? = 3by + 2e, 
having the same coefficients as the given case a3 + 2c = 362; 
then is x = Ly + 17(12b—3y*), giving two roots. He 
shows also how to find the second root, when the first is 
known, independent of the foregoing case. From this rela- 
tion of these two cases he deduces several corollaries, one of 
which is, that the estimatio or root of the case y3 = 3by + 2c, 
is equal to the sum of the roots of the case 2° + 2¢ = 3b. 
As in the example y? = 16y + 21, whose estimatio is 
/9+-+- 14, which is equal to the sum of 3 and /94 — 13, 
the two roots of the case 23 + 21 = 162. 

In chapters 14, 15, and 16, he treats of the three cases 
which contain the 2d and 3d powers, but wanting the Ist 
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power, according to all the varieties of the signs; which he 
performs by exterminating the 2d term, or that which con- 
tains the 2d power of the unknown quantity 2, by substitut- 
ing y+ + the coefficient of that term for 2, and so reducing 
these cases to one of the former. In these chapters Cardan 
sometimes also gives other rules; thus, for the case 
a + 3ax* = 2c, find first the estimatio y of the® case 
y= say + 2c, then is x = y* — 3a: also for the case 
xv + 2c = 3aa’, first find the two roots of 73 + 2¢ = 3ay3/2e, 


he? 
chen ise = ve the two values of « according to the two 


values of y. He here also gives another rule, by which a 
second estimatio or root is found, when the first is known, 
namely, if e be the first zstimatio, or value of x in the 
case x3 + 2c = 3ax*, then is the other value of 

x = iv [(3a4—e). (3a + 3e)] + 14(8a—). 

In chapters 17, 18, 19, 20, 21, 22, 23, Cardan treats of 
the cases in which all the four terms of the equation are 
present; and this he always effects by taking away the 2d 
term out of the equation, and so reducing it to one of the 
foregoing cases which want that term, giving always geo- 
metrica! investigations, and adding a great many examples 
of every case of the equations. 

Chap. 24, is on the 44 derivative cases ; which are only 
higher powers of the ferms of quadratics and cubics. 

Chap. 25, on imperfect and special cases; containing 
many particular examples when the coefficients have certain 
relations among them, with easy rules for finding the 
roots; also eight other rules for the irreducible case 
= br +c. 

Chap. 26, in like manner, contains easy rules for biqua- 
dratics, when the coefhcients have certain special rela- 
tions. ~ 

Then the following chapters, from chap. 27 to chap. 38, 
contain a great number of questions and applications of 
various kinds, the titles of which are these: De transity 
capituli specialis im capitulum speciale; De operationibus radi- 
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cum pronicarum sew mivtarum et Allellarum; De regula 
modi; De regula Aurea; De regula Magna, or the method 
of finding out solutions to certain questions; De regula 
egualis positionis, being a method of substituting for the 
half sum and half difference of two quantities, instead of 
the quantities themselves; De regula inequaliter ponendi, 
seu proportionis; De regula medii; De regula aggreguti; De 
regula libere positionis; De-regula falsum ponend2, in which 
some quantities come out negative ; Quomodo excidant partes 
et denominationes multiplicando, Among the foregoing col- 
Jection of questions, which are chiefly about numbers, there 
are some geometrical ones, being the application of algebra 
to geometry; such as, Ina right-angled triangle, ‘given the 
sum of each leg and the adjacent segment of the hypote- 
nuse, made by a perpendicular from the right angle, to de- 
termine the area, &c; with other such geometrical ques- 
tions, resolved algebraically. 
Chap. 39, De regula qua pluribus positionibus invenimus 
wnotam guantitaten.; which is employed on biquadratic 
equations., After some examples of his own, Cardan gives 
a rule of Lewis Ferrari’s, for resolving all biquadratics, 
namely, by means of a cubic equation, which Ferrari in- 
vestigated at his request, and which Cardan here demon- 
strates, and applies in all its cases. The method is very 
general, and consists in forming three squares, thus: first, 
complete one side of the equation up to a square, by adding 
or subtracting some multiples or parts of some of its own 
terms on both sides, which it is always easy todo: @dj; sup- 
posing now the three terms of this square to be but’ one 
quantity, viz, the first term of another square to which this 
same side is to be completed, by annexing the square of a 
new and assumed indeterminate quantity, with double the 
product of tie roots of both; which evidently forms the 
square of a binomial, consisting of the assumed indetermi- 
nate quantity and the root of the first square: 3d, the other 
side of the equation is then made to become the square of a 
binomial also, by supposing the product of its Ist and 3d 
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terms to be equal to the square of half its 2d term ; for .it 
consists of only three terms, or three different denomina- 
tions of the original unknown quantity: then this equality 
will determine the value of the assumed indeterminate quan- 
tity, by means of a cubic equation, and from it, that of the 
original ignota, by the equal roots of the 2d and $d squares. 
Here we have a notable example of the use of assuming a 
new indeterminate quantity to introduce into an equation, 
long before Des Cartes was born, who made use of a like 
assumption for a similar purpose. And this method is very 
general, and is here applied to all forms of biquadratics, 
either having all their terms, or wanting some of them. To 
illustrate this rule, I shall here set down the process in one 
of his examples, which is this, +++ 47+ 8 = 1027. Now 
first subtract 2x’ -+4%-+ 7 from both sides, then the first 
becomes a square, viz, e+ —2x* + 1 or (2* — 1) = 8x 
47-7. Next assume the indeterminate y, and subtract 
2y (x*— 1) —y* from both sides, making the first side again 
a square, viz, (v—1)/~—2y(r—1) + 7 or (*#—1-yyY= 
(8—2y) 2° —4r-+y°+2y-7. Of this latter side, make 
the product of the lst and 3d terms equal to the square of 
half the 2d term, that is, (8 —2y) . (y*+4+2y—7) = 2, 
which reduces to 43 +380 = 2y* + 15y; the positive roots 
of which are y = 2 or 15; and hence, using 2 for y, the 
equation of equal squares becomes (a? — 1—y)* or (a* — 3)? 
= 44*— 4x2 +41, the roots of which give 27-3=21m 1; 
and hence a* = 2r +2, or «*+2r = 4; the two positive 
roots of which are 3+ 1 and 5-1, which are two of 
the values of x in the given equation a* + 47 4+ 8 = 10a”. 
The other roots he leaves to be tried by the reader. 

The 40th, or last, chap. is entitled, On modes of gene- 
ral supposition relating to this art; with some rules of an 
unusual kind ; and estimatios or roots of a nature different 
from the foregoing ones. Some of these are as follow: If 
w= az +c, and «-a=y, and x;y::0¢:d; then is 
Ftay=d. 
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Secondly, if 27+ ax? =c, 
and 7? = ay*® + ¢, 
then is v7 ++ a:y—a::7?:27. 

Thirdly, when 23 + ¢ = az*, the square will be taken 
away, by putting r= y+ 1a; and then the equation be- 
comes y? + ¢ — 2(ja) = 4a’y. 

Cardan adds some other remarks concerning the solutions 
of certain cases and questions, all evincing the accuracy of 
his skill, and the extent of his practice; he then concludes 
the book with a remark concerning a certain transformation 
of equations, which quite astonishes us to find that the 
same person who, through the whole work, has shown such 
a profound and critical skill in the nature of equations, and 
the solution of problems, should yet be ignorant of one of 
the most obvious transmutations attending them, namely, 
increasing or diminishing the roots in any proportion. 
Cardan having observed that the form 2? = bx +c may be 


7 ae . b 1 
oO ree 
changed into another similar one, V1Z, Yo = aY + ome of 


which the coefficient of the term y is the quotient arising 
from the coefficient of 2 divided by the absolute number of 
the first equation; and that the absolute number of the 2d 
equation, is the root of the quotient of 1 divided by the 
said absolute number of the first; he then adds, that finding 
the estimatio or root of the one equation from that of the 
other is very difficult, valde difficilis. 

It is matter of wonder that Cardan, among so many 
transmutations, should never think of substituting, instead 
of x in such equations, another positio or root, greater or 
hess than the former in any indefinite proportion, that is, 
multiplied or divided by a given number; for this would 
have led him immediately to the same transformation as he 
makes above, and that by a way which would have shown 
the constant proportion between the two roots. Thus, in- 
stead of x in the given form 2? = br +c, substitute dy, and 
it becomes d?y3 = bdy +.¢; and this divided by d3 becomes 


= “y -/ = ; and here if d be taken = yc, it becomes 
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b 1 F a . F 5 
Yo Vas which is the transformation in question, 


. . . ° e . x“ 
and in which it is evident that ris =y Yc, and y= We 
Instead of this, Cardan gives the following ‘strange way of 
finding the one root x from the other y, when this latter is 
by any means known; viz, Multiply the first given equation 
by vx + 1, then add = to both sides, and lastly extract 
the roots. of both, which can always be done, as they will 
always be both of them squares; and the roots will give the 
value of x by a quadratic equation. 

Thus, 23 = 6x + ¢ multiplied by yx 4:1 gives 


Pet + 3 = by? + (cy + 6) x +c; add “a then 


Yat +b aby tea et btof)e+e: and the 
roots are yx + SS = [(by* + i + (b + cy’) v+ec)l; 
and this 2d side of the equation, he says, will always have 


a root also. It is indeed true, that it will have an exact 
root; but the reason of it is not obvious, which is, because 


; prc liagans 2tig 1 
y is the root of the equation yy = —y+v-—. Cardan has 


not shown the reason why this happens ; but I apprehend he 
made it out in this manner, viz, similar to the way in which 
he forms the last square in the case of biquadratic equations, 
namely, by making the product of the Ist and 3d terms 
equal to the square of half the 2d term: thus, in the pre- 


ag ol if 
sent case, it is 4c (by* + Ales (6 + cy’, which reduces to 
3 1 é : . : 
3 —— be ae D - 
P= AV- the equation in question. Therefore taking 
b sada 
y the root of the equation y3 = ¥+4/ =; and substituting 


its value in the quantity (by* ++ i) a’ + (b+ cy’) x + ¢, this 
becomes a complete square. | 


ee 
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Of Carvan’s Libellus de Aliza Regula. 

Subjoined to the above treatise on cubic equations, is this 
Libellus de Aliza Regula, or the algebraic logistics, in 
which the author treats of some of the more abstruse parts 
of arithmetic and algebra, especially cubic equations, with 
many more attempts cn the irreducible case 1? = bx +c. 
This beok is divided into 60 chapters; but I shall only set 
down the titles of some few of them, whose contents require 
more particular notice. | 

Chap. 4. De modo redigendi quantitates omnes, que dicun- 
tur latera prima ex dectmo Euclidis in compendium. He 
treats here of all Euclid’s irrational lines, as surd numbers, 
and performs various operations with them. 

Chap. 5. De consideratione binomiorum et recisorum, Kc ; 
ubi de estimatione capitulorum. Contains various operations 
of multiplying compound numbers and surds. 

Chap. 6. De operaiionibus p: et m: (1. e. -+ and — ) secun- 
dum communem usum. Here it is shown that, in multipli- 
cation and division, plus always gives the same signs, and 
minus gives the contrary signs. So also in addition, every 
quantity retains its own sign; but in subtraction they change 
the signs. That the ,/+, or the square root of plus, is +5 
but the ,/ —, or the square root of minus, is nothing as to 
common use: (but of this below). That Y— is —3 as s/—8 
is —2. That a residual, composed of + and— may have 
a root also composed of + and —: so 4/(5—/24) is 
=f3—,/2.. The rules for the signs in multiplication and 
division are illustrated by this example; to divide 8 by 
2476 o0r/6+2. ‘Take the two corresponding residuals 
2—,./6 and /“6—2, and by these multiply both the divisor 
and dividend; then the products are + and — respectively, 
and the quotients still both alike. Thus, 


Divid, Divis. Divid. Divis. 
8 f6 + 2 8) (2+6 
VY6—2 /6—2 2—./6 2—V6 
W 384—16 divide + 2 16— / 384 div, —2 


Quot. / 96-8. Quot. 796-8. 
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And this method of performing division of compound surds, 
was fully taught before him, by Lucas de Burgo, namely, 
reducing the compound divisor to a simple quantity, by 
multiplying by the corresponding quantity, having the sign 
changed. ) 

In chap. 11 and 18, and elsewhere, Cardan makes a ge- 
neral notation of a, 6, c, d, e, f, for any indefinite quanti- 
ties, and treats of them in a general way. 

Cap. 2, De contemplatione p: et m: (or + and —), et quod 
m: am: fucit p: et de causts horum juxta veruatem. Cardan 
here demonstrates geometrically that, in multiplication and 
division, like signs give plus, and unlike signs give minus. 
And he illustrates this numerically, by squaring the quan- 
tity 8, or 6 +2, or 10 — 2, which must all produce the 

me thing, namely, 64. 

Among many of the chapters which treat of the irreduci- 
ble case 23 = br +c, there is a peculiar kind of way given 
in chap. 31, which is entitled De estimatione generali 
x =bx +c solida vocata, et operationibus eyus; in which he 
shows how to approximate to the root of that case, in a 
manner similar to approximating the square root and cube 
root of anumber. The rule he uses for this purpose, is the 
3d in chap. 25 of the last book, and it is this: Divide 4 into 
two parts, such that the sum of the products of each, mul- 
tiplied by the square root of the other, may be equal to 4¢; 
then the sum of the roots of these parts 9 1 
is the zstimatio or value of x required. 34 
So, of this equation z3= 107+ 24; the 3 1 
two parts are 9and 1, and theirroots3and 349 or 12= 4c, 
1, and their sum 4 = 2, asinthe margins v=341>= 4. 
Again, take 3 = 627-41. Here he invents a new notation 
to express the root or radix, which he calls solida, viz, 
x= ,/sohda 6 mi, that is, the roots of the two parts of 6, 
so that each part multiplied by the root of the other, the 
two products may be 4 or 3c. Then to free this from frac- 
tions, and make the operation easier, multiply that root by 
some number, as suppose 4, that is, the square part 6 by 
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the square of 4, and tlie solid part 4 by the cube of 4; then 
x= 1 solida 96 in 32. Now, by a few trials, it is found 


that the parts are nm 
nearly 95% and 4, which give too much, 


or 95,2, and +4,, which give too little, 
and thereof 9512 and 4, are still nearer. Divide both by 
4° or 16, then 5441 and ,1~are the quotients. And the sum of 
their roots, or 7 =/5iit +,/,1, is nearly the value of the 
root 2. 

Cap. 42. De duplici equatione comparanda in capitulo cubr 
et numert equalium rebus. Treats of the two positive roots 
of that case, neglecting the negative one; and showing, 
not only that the case has two such roots, but that the 
same number may be the common root of innumerable 
equations. ‘ 

Cap. 517. De tractatione estimationis generalis capitulr 
x? =bx-+c. Cardan here again resumes the consideration 
of the irreducible case, making ingenious observations upon 
it, but still without obtaining the root by a general rule. In 
this place also, as well as elsewhere, he shows how to form 
an equation in this case, that shall have a given binomial 
root, as suppose ,/m +2, where the equation will be «3 = 
(m + 3n’)v + 2n(m—n*), having ,/m-+n for one root, 
namely the positive root. From which it appears that he 
was well acquainted with the composition of cubic equations 
from given roots. 

Cap. 59. De ordine et exemplis in binomiis secundo et 
guinto. Contains a great many numeral forms of the same 
irreducible case 73 = 6x +c, with their roots; from which 
are derived these following cases, with many curious re- 
marks. As, when 


w@=(c+il)ete, then x =vV(c+4+i2)+ 


bl 


x= (ie+ 4) 47 +c, then r =V(ie + 4) + 2. 
a= (3ce+ 9) r +e, then x = /(fe4+ 2) + 3. 
eo (ze +16)7 +c, then x =V(<e + tS) + a 


2h = (~¢ +2) a + c, then R =/(=¢ + 7) + 3 
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Cap. 60. Demonstratio generalis capituli cubt equalis rebus 
et numero. ‘This demonstration of the irreducible case is 
geometrical, like all the rest. Some'more ingenious re-’ 
marks are again added, as if he reluctantly finished the 
book, without perfectly overcoming the difficulty of the ir- 
reducible case. Cardan here also uses the letters a and 6 for 
any two indefinite numbers, in order to show the form and — 


. * . a . 
manner of the arithmetical operations: thus > is the frac- 


tion for their quotient, also 4/ F or the square root of 


3 : 
that quotient, and 34 or “2 the cube root of it, &e. 
] 3 an 37b > 


Having considered the chief contents of Cardan’s algebra, 
it will now be proper to sum them up, and set down a list 
of the improvements made by him, as collected from his 
writings : . 

And lst, Tartalea having only communicated to him 
the rules for resolying these three cases of cubic equations, 
viz, 
a3 + bx =c,)he thence raised a very large and complete 
#3 = br +c, work, laying down rules for all forms and 
x? + ¢ = br,\ varieties of cubic equations,’ having all their 
terms, or wanting any of them, and having all possible 
varieties of signs; demonstrating all these rules geometri- 
cally ; and treating very fully of almost all sorts of trans- 
formations of equations, in a manner before unknown. 

2nd, It appears that he was well acquainted with all the 
roots of equations that are real, both positive and negative ; 
or, as he calls them, true and fictitious; and that he made 
use of them both occasionally. He also showed, that the 
even roots of positive quantities, are either positive or ne- 
gative; that the odd roots of negative quantities, are real 
and negative; but that the even roots of them are impos- 
sible, or nothing as to common use. He was also acquainted 
with the | 

Sd Number and nature of the roots of an equation, and 
that partly from the signs of the terms, and partly from 
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the magnitude and relation of the coefficients. He also 
knew, 

4th, That the number of positive roots is equal to the 
number of changes of the signs of the terms. 

5th, That the coefiaienty of the second term of the 
equation, is the difference between the positive and negative 
roots. 

6th, That when the second term is wanting, the sum 
of the negative roots is equal to the sum of the positive 
roots. 

ith, How to compose. equations that -shall have given 
roots. 

8th, That, changing the signs of the even terms, changes 
the signs of all the roots. 

9th, That the number of roots failed in pairs; or what we 
now call impossible roots were always in pairs. 

10th, To change the equation from one form to another, 
by taking away any term out of it, 

1ith, To increase or diminish the roots by a inn quan- 
tity. It appears also, 

12th, That he had a rule for extracting the cube root of 
such binomials as admit of extraction. 

13th, That he often used the literal notation a, b, c, d, 
&c. 

14th, That he gave a rule for biquadratic equations, suit- 
ing all their cases; and that, in the investigation of that 
rule, he made use of an assumed indeterminate quantity, 
and afterwards found its value by the arbitrary assumption 
of a relation between the terms. 

15th, That he applied algebra to the resolution of geo- 
metrical problems. And 

16th, That he was well acquainted with the difficulty of 
what is called the irreducible case, viz, #7 = 6r +c, upon 
which he spent a great deal of time, in attempting to over- 
come it. And though he did not fully succeed in this case, 
any more than other persons have done since, he neverthe- 
less made many ingenious observations aboutit, laying down 
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rules for many particular forms of it, and showing how to 
approximate very nearly to the root in all cases whatever. 


_ Cardan died at Rome in the year 1575. 


&, 


OF TARTALEA. 


Nicholas Tartalea, or Tartaglia, of Brescia, was contem- 
porary with Cardan, and was probably older than he was ; 
but I do not know of any book of algebra published by him 
till the year 1546, the year after the date of Cardan’s work 
on Cubic Equations, when he printed his Quesitz e¢ Inven-~ 
teont drverse, at Venice, where he resided as a public lec- 
turer on mathematics. This work is dedicated to our king 
Henry the 8th of Engiand, and consists of nine books, 
containing answers to various questions which bad been pro- 
posed to him at different times, concerning mechanics, sta- 
tics, hydrostatics, &c; but it is only the 9th, or last book, 
that we shall have occasion to take notice of in this place, as 
it contains all those questions which relate to arithmetic and 
algebra. These are all set down in chronological order, 
forming a pretty collection of questions and solutions on 
those subjects, with a short account of the occasion of each 
of them. Among these, the correspondence between him 
and Cardan forms a remarkable part, as we have here the 
history of the invention of the rules for cubic equations, 
which he communicated to Cardan, under the promise, and 
indeed oath, to keep them secret, on the 25th of March, 
1539. But, notwithstanding his oath, finding that Cardan 
published them in 1545, as above related, it seems Tartalea 
published the correspondence between them, in revenge for 
his breach of faith; and it elsewhere appears, that many 
other sharp bickerings passed between them on the same 
account, which only ended with the death of Tartalea, in 
the year 1557. 

It seems it was a common practice among the mathemati- 
cians, and others, of that time, to send to each other cu- 
rious and difficult questions, as trials of skill; and to this 
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circumstance it is that we owe the principal questions and 
discoveries in this collection, as well as many of the best 
discoveries of other authors. The collection now before u 
contains questions and solutions, with their dates, in a we 
Jar order, from the year 1521, and ending in 1541, in forty- 
two dialogues, the last of which is with an English gentle- 
man, namely, Mr. Richard Wentworth, who it seems was 
no mean mathematician, and who learned some algetra, 
&c, of Tartalea, while he resided at Venice. The ques- 
tions at first are mostly very easy ones in arithmetic, but 
gradually become more difficult, and exercising simple and 
quadratic equations, with complex calculations of radical 
quantities: all showing that he was well skilled in the art of © 
algebra as it then stood, and that he was very ingenious in 
applying it to the solution of questions. Tartalea made no 
alteration in the notation or forms of expression used by 
Lucas de Burgo, calling the first power of the unknown | 
quantity, in his language, cosa, the second power censa, the * 
third cubo, &c, and writing the names of all the operations 
in words at length, without using any contractions, except 
the initial R, for root or radicality, So that the only thing 
remarkable in this collection, is the discovery of the rules 
for cubic equations, with the curious circumstances attend- 
ing the same. . 

The first two of these were discovered by Tartalea in the 
year 1530, namely, for the two cases x? + ax? = c, and 
2° = ax +, as appears by Quest. 14 and 25 of this collec- 
tion, on occasion of a question then proposed to him by one 
Zuanni de Tonini da Coi or Colle, John Hill, who kept a 
school at Brescia. And from the 25th question we learn, that 
he discovered the rules for the other two cases x? + bv =, 
and 23= bx +c, on the 12th and 13th of February, 1535, 
at Venice, where he had come to reside the year before, 
And the occasion of it was this: There was then at Venice 
one Antonio Maria Fiore or Florido, who, by his own ace 
count, had received from his preceptor Scipio Farreo, about 
thirty years before,’a general rule for resolving the case 
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e+ bu=e Being a captious man, and presuming on this 
discovery, Florido used to brave his contemporaries, and by 
his insults provoked Tartalea to enter into a wager with him, 
‘that each should propose to the other thirty different ques- 
tions; and that he who soonest resolved those of his adver- 
sary, should win from him as many treats for himself and 
friends. These questions were to be proposed on a cer 
day at some weeks distance; and Tartalea made such good 
use of his time, that eight days before the time appointed 
for delivering the propositions, he discovered the rules both 
for the case 23+ 42 —=0c, and the case = ber-fe, He 
therefore proposed several of his questions, so as to fall ei- 
ther on this latter case, or on the cases of the cube and 
square, expecting that his adversary would propose his in 
the former. And what he suspected fell out accordingly ; 
the consequence of which was, that on the day of meeting 
Tartalea resolved all his adversary’s questions in the space of 

» two hours, without receiving one answer from Florido in re- 
turn; to whom, however, Tartalea generously remitted the 
forfeit of the thirty treats won of him. 

Question $1 first brings us acquainted with the corre- 
spondence between Tartalea and Cardan. This correspond- 
ence is very curious, and would well deserve to be given at 
full lengthin their own words, if it were not too long for 
this place. I may enlarge farther upon it under the article 
Cubie quations ; but must here be content with a brief ab- 
stract only. Cardan was then a respectable physician, and 
lecturerin mathematics, at Milan; who having nearly finished 
the printing of a large work on arithmetic, algebra, and 
-geometry, and having heard of ‘lartalea’s discoveries in 
cubic equations, he was very desirous of drawing those rules 
from him, that he might add them to his \yook before it was 
finished. For this purpose, he first applied to Tartalea, by 
means of a third person, a bookseller, whom he sent to him, 
in the beginning of the year 1539, with many flattering 
com; liments, and offers of his services and friendship, &c, 
accompanied with some critical questions for him to resolve, 


- TRACT 33. HISTORY OF ALGEBRA. 227 


according to the custom of the times. Tartalea, however, 
refused to disclose his rules to any one; as the knowledge of 
them gained him great reputation among all people, and 
gave him a great advantage over his competitors for fame, 
who were commonly afraid of him on account of those very 
rules. He only sent Cardan, therefore, at his request, a 
copy of the thirty questions which had been proposed to 
him in the contest with Florido. 

Not to be rebuffed so easily, Cardan next anita. in the 
most urgent manner, by letter, to Tartalea; which, however, 
procured from him only the solution of some other questions 
proposed by Cardan, with a few of the questions that had 
been proposed to Florido, but none of their solutions, Find- 
ing he could. not thus prevail, with all his fair promises, 
Cardan then fell upon another scheme. There was at Milan 
a.certain Marquis dal Vasto, a great patron of Cardan, and, 
it was said, of learned men in general. Cardan conceived 
the idea of making use of the influence of this nobleman to 
draw Tartalea to Milan, hoping that then, by personal in- 
treaties, he should succeed in drawing the long-concealed 
rules from him. Accordingly he wrote a second letter to 
Tartalea, much in the same strain with the former, strongly 
inviting him to eome and spend a few days in his house at 
Milan, and representing that, having often commended him 
in the highest terms to the marquis, this nobleman desired 
much to see him; for which reason Cardan advised him, as 
a friend, to come to visit-them at Milan, as it might be 
greatly to his interest, the marquis being very liberal and 
bountiful; and he besides gave Tartalea to understand, that 
it might be dangerous to offend such a man by refusing to 
come, who might, in that case, take offence, and do him 
some injury. This manceuvre had the desired effect: Tar- 
talea on this occasion laments to himself in these words, 
‘¢ By this I am reduced to a great dilemma; for if I go not 
to Milan, the marquis may take it amiss, and some evil may 
befal me on that account ; I shall therefore go, though very 
unwillingly.” When he arrived at Milan, however, the 
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marquis was gone to Vigeveno; and Tartalea was prevailed 
on to stay three days with Cardan, in expectation of the 
marquis returning ; at the end of which time he set out from 
Milan, with a letter from Cardan, to go to Vigeveno to that 
nobleman. While Tartalea was at Milan the three days, 
Cardan plied him by all possible means, to draw from him 
rules for the cubic equations ; and at length, just as Tartalea 
was about to depart from Milan, on the 25th of March, 
1539, he was overcome by the most solemn protestations of © 
secrecy that could be made. Cardan says, “I shall swear 
to you on the holy evangelists, and by the honour of a gen- 
tleman, not only never to publish your inventions, if you 
reveal them to me; but I also promise to you, and pledge 
my faith as a true Christian, to note them down in cyphers, 
so that after my death no other person may be able to under- 
stand them.” ‘To this Tartalea replies, ‘* If I refuse to 
give credit to these assurances, I should deservedly be ac- 
counted utterly void of belief. But as I intend to ride to 
Vigeveno, to see his excellency the marquis, asI have been 
here now these three days, and am weary of waiting so 
long ; whenever I return, therefore, I promise to show you 
the whole.’”’ Cardan answers, ‘* Since you determine at 
any rate to go to Vigeveno to the marquis, I shall give you 
a letter for his excellency, that he may know who you are. 
But now before you depart, I intreat you to show me the 
rule for the equations, as you have promised.” ‘* Iam 
content,” says Tartalea: ‘* But you must know, that to be 
able on all occasions to remember such operations, I have 
brought the rule into rhyme ; for if I had not used that pre- 
caution, I should often have forgot it; and though my 
rhymes are not very good, I do not value that, as it is sufh- 
cient that. they serve to bring the rule to mind as often as I 
repeat them. I shall here write the rule with my own hand, 
that you may be sure I give you the discovery exactly.” 
These rude verses contain, in rather dark and enigmatical 
language, the rule for these three cases, viz, ) 
’ 
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#3 4 bx =c, which differ, however, only in the sign of 
23 =bx +-¢, fone quantity, and the rule amounts to this: 
v3 +-c= br, )Find two numbers, z and y, such that their 
difference in the first case, and their sum in the 2d'and 3d, 
may be equal to ¢ the absolute number, and their product 
equal to the cube of + of 6 the coeftlicient of the less power; 
then the difference of their enbe roots will be equal to xv in 
the first case, and the sum of their cube roots equal to x in 
the 2d and 3d cases: that is, taking z—y=c in the Ist 
case, or 2 +y=C in the 2d and 3d, and zy = (46); then 
x =z —,yy in the first case, and 2 =z +'y in the other 
two. At parting, Tartalea fails not again to remind Cardan 
of his obligation: ‘“* Now your excellency will remember 
not to break your promised faith, for if unhappily you | 
should insert these rules either in the work you are now 
printing, or in any other, though you should even give 
them under my name, and as of my invention, I promise 
and swear that I shall immediately print another work that 
will not be very pleasing to-you.” ‘* Doubt not,” says 
Cardan, ‘* but that I shall observe what I have promised : 
Go, and rest secure as to that point; and give this letter of 
mine to the marquis.” It should seem, however,. that Tar- 
talea was much displeased at having suffered himself to be 
worried as it were out of his rules; for as soon as he quitted 
Milan, instead of going to wait upon the marquis, he turned 
his horse’s head, and rode straight home to Venice, saying 
to himself, ‘* By my faith I shall not go to Vigeveno, but 
shall return to Venice, come of it what will.” 

After Tartalea’s departure, it seems Cardan applied him- 
self immediately to resolving some examples in the cubic 
equations by the new rules, but not succeeding in them; for 
indeed he had mistaken the words, as it was very easy to do 
in such bad verses, having mistaken (40)' for 463, or the 
cube of 4 of the coefficient, for of the cube of the coef- 
ficient; accordingly we find him writing to Tartalea in 
fourteen days after the above, blaming him much for his 
abrupt departure without seeing the marquis, who was so 
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liberal a prince, he said, and requesting Tartalea to resolve 
him the example 7° + 82 = 10. This Tartalea did to his 
satisfaction, rightly guessing at the nature of his mistake ; 
and concludes his answer with these emphatical words, 
‘* Remember your promise.”” On the 12th of May follow- 
ing, Cardan returns him a letter of thanks, together with a 
copy of his book, saying, ‘‘ € to my work, just finished, 
to remove your suspicion, I send you a copy, but unbound, 
as it is yet too fresh to be beaten. But as to the doubt you 
express lest I may print your inventions, my faith, which I 
gave you with an oath, should satisfy you; for as to the 
finishing of my book, that could be no security, as I could 
always add to it whenever I please. But on account of the 
dignity of the thing, I excuse you for not relying on that 
which you ought to have done, namely, on the faith of a 
gentleman, instead of the finishing of a book, which might 
at any time be enlarged by the addition of new chapters ; 
and there are besides a thousand other ways. But the secu- 
rity consists in this, that there is no greater treachery than 
to break one’s faith, and to aggrieve those who have given 
us pleasure. And when you shall try me, you will find 
whether I be your friend or not, and whether I shall make 
an ungrateful return for your friendship, and the satisfaction 
you have given me.” 

It was within less than two months after this, however, © 
that Tartalea received the alarming news of Cardan’s show- 
ing some symptoms of breaking the faith he had so lately 
pledged to him: this was in a letter from a quondam pupil 
of his, in which he writes, ‘* A friend of mine at Milan has 
written to me, that Dr. Cardano is composing another alge- 
braical work, concerning some lately-discovered rules ; 
hence I imagine they may be those same rules which you 
told me you had taught him; so that I fear he will deceive 
you.” To which Tartalea replies, ‘‘ I am heartily grieved 
at the news you inform me of, concerning Dr. Cardano of 
Milan; for if it be true, they can be no other rules but 
those I gave him; and therefore the proverb truly says, 


Aa 4 ‘ 
TRACT 33. HISTORY OF ALGEBRA. 33} 


‘That which you wish not to be known, tell to nobody.” 
Pray endeavour. to learn more of this matter, and inform 
me of it.” . | 

Tartalea, after this, kept on the reserve with Cardan, 
not answering several letters he sent him, till one written on 
the 4th of August the same year, 1539, complaining greatly 
of Tartalea’s neglect of him, and farther requesting his as- 
sistance to clear up the difficulty of the irreducible case 
x? = bx 4- c, which Cardan had thus early been embarrassed 
with: he says that when (18)? exceeds (ic)*, the rule cannot 
be applied to the equation in hand, because of the square 
root of the negative quantities. On this occasion Tartalea 
turns the tables on Cardan, and plays his own game back 
upon him; for being aware of the above difficulty, and un- 
able to overcome it himself, he wanted to try if Cardan 
could be encouraged to accomplish it, by pretending that 
the case might be done; though in another way. He says 
thus to himself, ‘‘ [ have a good mind to give no answer to 
this letter, no more than to the other two. However I will 
answer it, if it be but to let him know what I have been told 
of him. And as I perceive that a suspicion has arisen con- 
cerning the difficulty or obstacle in the rule for the case 
x3 = bx +c, Ihave a mind to try if he can alter the data in 
hand, so as to remove the said obstacle, and to change the 
rule into another form, though I believe indeed that it can- 
not be done; however there is no harm in trying.”—“ M 
Hieronime, I have received your letter, in which you write 
that you understand the rule for the case 73 = bx +c; but 
that when (46)° exceeds (4c)’, you cannot resolve the equa- 
tion by following the rule, and therefore you request me to 
give you the solution of this equation 23? =9xr +10. To 
which I reply, that you have not used a good method in that 
case, and that your whole process is intirely false. - And as 
to resolving you the equation you have sent, I must say 
that I am very sorry that I have already given you so much 
as I have done ; for I have been informed, by a credible per- 
on, that you are about to publish another algebraical work, 


932 ss HISTORY OF ALGERRA. TRACT 33. 


and that you have been boasting through Milan of having 
discovered some new rules in algebra. But, take notice, 
that if you break your faith with me, T shall certainly keep 
my word with you, nay, I even assure you to do more than 
I prom sed.” In Cardén’s answer to this he says, “ You 
have been misinformed as toymy intention to publish more 
on algebra. But I suppose you have heard something about 
my work De Mysteriis #ternitatis, which you take for 
some algebra I intend to publish. As to your repenting of 
haviig given me your rules, I am uot to be moved from the 
faith I promised you for any thing you say.” _To this, and 
many otber things contained in the.same letter, Tartalea re- 
turned no answer, being still suspicious of Cardan’s inten- 
tions, and declining any more correspondence with him. 

~ This however did not discourage C. for we find him writ- 
ing again to T. on the 5th of January, 1540, to clear 
up another difficulty which had occurred in this business, 
namely to extract the cube root of the binomials, of which 
the two parts of the rule always consisted, and for which 
purpose it seems C, had not yet found out a rule. On this 
occasion he informs T. that his quondam competitor Zuanne 
Colle had come to Milan, where, in some contests between 
them, Colle gave Cardan to understand that he had found 
out the rules for the two cases 7} + br=c, and a’= br +e, 
and further that he had discovered a general rule for extract- 
ing the cube roots of all such binomials as can be extracted ; 
and that, in particular, the cube root of 4/108 + 10 is 
73+1, and that of W108 — 10is W3 —1, and conses 
quently that {7(,/108 + 1W)-¥ 108 — 10) is = (./3 +1) 
—(V¥3—1)=2. He then earnestly entreats T. to try to 
find out the ru’e, and the solution of certain other ques- 
tions which had been proposed to him by Colle. By this 
letter T. is still more confirmed in his resolutions of silence ; 
so that, without returning any answer, he only sets down 
amony his own memorandums some curious remarks on the 
contents of the letter, and then conciudes to himself, 
“* Wherefore I do not choose to answer him again, as I 
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have no more affection for him than for M. Zuanne, and 
therefore I shall leave the matter between them.” Among 
‘those remarks he sets down a rule for extracting the cube 
root of such binomials as can be extracted, and that is done 
from either member of the binomial alone, thus: Take 
either term of the binomial, and divide it into two such 
parts that one of them may be a complete cube, and the 
other part exactly divisible by 3; then the cube root of the 
said cubic part will be one term of the required root, and 
the square root of the quotient arising from the dmivion of 
S of the 2d part by the cube root of the first, will be the 
other member of the root sought. This rule will be better 
understood in characters thus: let m be one member of the 
given binomial, whose cube root is sought; and let it be 
divided into the two parts a3} and 3), so that a? + 3b be” 


; b : Me 
=m; then is a + “-—the cube root required, if it has one. 
a 


Thus, in the quantity ./108 + 10, taking the term 10 for 
m, then 10 divides into 1 and 9, where a= 1 ora=1, 


and 35 =9 or b=3;: therefore a + rhe becomes 1 + / 3 


for the cube root of “108+ 10. And taking the other 
member 4/108, this divides into the two equal parts 4/27 
and ,/27, making a = 4/27, and 36 = VW 27; hence a = ¥3, 


and 6 = ,/3'also; consequently a + Si is f3 + 4/2 0r 


3+ 1 for the cube root of the binomial sought, the same 
as before. ‘* And thus, he adds, we may know whether 
any proposed binomial or risidual be a cube or a noncube ; 
for if it be a cube, the same two terms for the root must 
arise from both the given terms separately; and if the two 
terms of the root cannot thus be brought to agree both 
ways, stch binomial or risidual will not be a cube.” And 
thus ends the correspondence between them, at least for 
this time. But it seems they had still more violent disputes 
when C. in violation of his faith, so often pledged to the 
contrary, published his work on cubic equations 4 years 
afterwards, viz, in the year 1545, of which we have before 
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given an account, which disputes, it appears, continued 
till the death of Tartalea in the year 1557. 

The last article in the volume contains a dialocue on 
some other forms of eubic equations, in the year 1541, 
between T. and Mr. Richard Wentworth, the English gen- 
tleman before-mentioned, who it seems bad resided some 
time at Venice, on some public service from England, as 
T. in the dedication of the volume to Henry viii. king 
of England, makes mention of him as “a gentleman of his 


sacred majesty.” Mr. Wentworth had learned some ma- 


thematics of 'T. and being about to depart for England, 
requests T’. to show him his newly discovered rules for cubic 


‘equations, as a farewell-lesson ; and it is worth while to 


note a few particulars in this conference, as they show 


‘pretty well the limited knowledge of T. at that time, as 


- 


to the nature and roots of such equations. 'T. bad before, 
it seems, showed Mr. W. the rules for the cases of the 3d 
and Ist powers, and now the Jatter desires him to do the 
same as to the three cases in which the 3d and 2d powers 
only are concerned. On this T. professes great gratitude 
to Mr. W. for many obligations, but desires to be excused 
from giving him the rules for these, because he says he 
intends soon to compose a new work on Arithmetic, Geo- 
metry, and Algebra, which he intends to dedicate, to him, 
and in which he means to insert all his new discoveries. On 
Mr. W. urging him further, however, T. gives him the 
roots of some equations of that kind, as fof instance: 


Af 2? + 6x? = 100, then 


x = 3/(42 + / 17000) + 34/42 — ./17000) — 2. 
if x3 + 9x* = 100, then wv = 4/24 — 2, . 
H2e+ 327 = 2, thenr= V73—1. 

Hf is3 +4 = 52", then ¢ = 4/8 -+ 2. 
Hex? 4 6 °° "12", ‘then # = 4/15 + 38. 
But he does not mention the rales for finding them. 

In the course of the conversation T. tells him that * all 
such equations admit of two different answers, and perhaps 
more; and hence it follows™that they have, or admit of, 
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two different rules, and perliaps more, the one more difficult 
than the other.” And on Mr, W. expressing his wonder at 
this circumstance of a plurality of roots, T. replies, ‘ It is 
however very true, though hardly to be believed, and indeed 
if experience had not confirmed it, I should sgsireely have 
believed it myself.” He then commits a strange blunder in 
an example which he takes to illustrate this by, namely the 
equation 23 4+ 32 = 14, which, he says, it is evident has 
the number 2 for,one of its roots; and yet, he adds, ‘* who- 
ever shall resolye the same equation by my rule, will find 
the value of x to be 3(7 + 4/50) + 37 — W50), which is 
proved to be a true root by substituting it in the equation 
for x. And therefore, continues he, it is manifest that the 
case 2 + dr =c admits of two rules, namely, one (as in 
the above example) which ought to give the value of «™ 
rational, viz, 2, and the other is my rule, which gives the 
value of x irrational, as appears above ; and there is reason 
to think that there may be such a rule as will give the value 
of x = 2, though our ancestors may not have found it out.” 
“¢ And these two different answers will be found not 
only in every equation of this form 2 + dx = c, when the 
value of x happens to be rational, as in the example 2? + 
32 = 14 above, but the same will also happen in all the 
other five forms of cubic equations: and therefore there 
is reason to think that they also admit of two different 
rules; and by certain circumstances attending some of 
them, { am aimost certain that they admit of more than 
two rules, as, God willing, I shall soon demonstrate.” 
Now all this discourse shows a strange mixture of know-. 
ledge and ignorance: it is very probable that he had met 
with some equations which admit of a plurality of roots ; 
indeed it’ was hardly possible for him to avoid it: but it 
seems he had no suspicion what the number of roots might 
be, nor that his reasoning in this instance was founded 
on an error of his own, mistaking the root x = */(7 + 50) 
+87 — 50), of the equation x3 + 3¥ = 14, for a dif- 
ferent root from the number or root 2, when in reality it is 
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the very same, as he might easily have found, if he had 
extracted the cube roots of the binomials by the rule which 
he himself had just given above for that purpose: for by 
that rule he would have found 3/(7 + ”50) = 1 4+ 1/2, and | 
a(7 — /50) = 1 — 4/2, and therefore their sum is 2 = 2, 
the same root as the other, which T. thought had been 
different. And besides this root 2, the equation in hand, 23 + 
37 = 14, admits of no other real roots. Nor indeed does 
any equation of the same form, xv + bx =c, admit of more 
than one real root. 

It seems also they had not yet discovered that all cases 
belong to the rules and forms for quadratic equations, which 
have only two powers in them, in which the exponent of 
the one is just double of the exponent of the other, as 
av + bx” = c; but some particular cases only of this sort 
they had as yet ventured to refer to quadratics, as the case 
at + bx* = c. But, in the conclusion of this dialogue, T. 
informs W. of another case of this sort which he had accom- 
plished, as a notable discovery, in these words: ‘ I well 
remember, says he, that in the year 1536, on the night of 
St. Martin, which was on a Saturday, meditating in bed 
when I could not sleep, I discovered the general rule for 
the case 7° + bx? =c, and also for the other two, its ac- 
companying cases, in the same night.” And then he directs 
that they are to be resolved like quadratics, by completing 
the square, &c. And in these resolutions it is remarkable 
that he uses only the positive roots, without taking any 
notice of the negative ones. 

Tartalea also published .in Venice, in 1556, &c, a very 
large work, in folio, on Arithmetic, Geometry, and Algebra. 
This is a very complete and curious work on the first. two 
branches ; but that of Algebra is carried no farther than 
quadratic equations, called book the first, with which the 
work terminates. It is evidently incomplete, owing to the 
death of the author, which happened before this latter part 
of the work was printed, as appears by the dates, and by 
the prefaces. It appears also, from several parts of this 
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work, that the author had many severe conflicts with Car- 
dan and his friend Lewis Ferrari: and particularly, there 
was a public trial of skill between them, in the year 1547; 
in which it would seem that Tartalea had greatly the advan- 
tage, his questions mostly remaining unanswered -by his 
antagonists, | 


OF MICHAEL STIFELIUS. 


After the foregoing analysis of the works of the first alge- 
braic writers in Italy, it will now be proper to consider 
those of their contemporaries in Germany; where it is 
remarkable that, excepting for the discoveries in cubic equa- 
tions, the art was in a more advanced state, and of a form 
approaching nearer to that of our modern Algebra; the 
state and circumstances indeed being so different, that one 
would almost be led to suppose they had derived their know- 
ledge of it from a different origin. 

Here Stifelius and Scheubelius were writers of the same 
time with Cardan and Tartalea, and even before their disco- 
veries, or publication, concerning the rules for cubic equa- 
tions, Stifelius’s Arithmetica Integra was published at No- 
rimberg in 1544, being the year before Cardan’s work on 
cubic equations, and is an excellent treatise, both on Arith- 
metic and Algebra. The work is divided into three books, 
and is prefaced with an Introduction by the famous Me- 
Janchthon. The first book contains a complete and ample 
Treatise on Arithmetic, the second an Exposition of the 10th 
book of Euclid’s Elements, and the third a Treatise on 
Algebra, being therefore properly the part with which we 
are at present concerned. In the dedication of this part, 
he ascribes the invention of Algebra to Geber, an Arabic 
Astronomer ; and mentions besides, the authors Campanus, 
Christ. Rudolph, and Adam Ris, Risen, or Gigas, whose 
rules and examples he has chiefly given. In other parts of 
the book he speaks, and makes use also, of the works of 
Boetius, Campanus, Cardan (i. e. his Arithmetic published 
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in 1539, before the work on cubic equations appeared), de 
Cusa,Euclid, Jordan, Milichius, Schonerus, and Stapulensis. 
So that he appears to have been very little acquainted indeed 
with any besides the German authors. 

Chap.1. On the Rule of Algebra, and its parts. Stifelius 
here describes the notation and marks of powers or denomi- 
nations as he calls them, which marks for the several powers 
are thus: 

Ust,’ 2d, Sd," ath, oth,).6th, ace 

Dy UR AGK s  FB Ho haps wetig Ges 
being formed from the initials of the barbarous way in 
which the Germans pronounced and wrote the Latin and 
Italic names of the powers, namely, res or cosa, zensus, 
cubo, zensi-zensus, sursolid, zensi-cubo, &c. And the coss 
or first power 2%, he calls the radix or root, which is the 
first time that we meet with this word in the printed authors. 
He also here uses the signs or characters, -+- and — , for 
addition and subtraction, and the first of any that I know 
of: for in Italy they used none of these characters for a long 
time after. He has no mark however for equality, but 
makes use of the word itself. 

Chap. 2. On the Parts of the Rule of Geber or Algebra: 
teaching the various reductions by addition, subtraction, 
multiplication, division, involution, and evolution, &c. 

Chap. 3. On the Algorithm of Cossic numbers ; teaching 
the usual operations of addition, subtraction, multiplication, 
division, involution, and extraction of roots, much the 
same as they are at present. Single terms, or powers, he 
calls simple quantities; but such as 1z + 1 %a composite 
or compound, and 2% —8 a defective one. In multipli- 
cation and division, he proves that like signs give +, and - 
unlike signs —. He shows that the powers 1, %, 3, ¢f, 
&c, form a geometrical progression from unity; and that 
the natural series of numbers 0, 1, 2, 3, &c, from 0, are 
the exponents of the cossic powers ; and he, for the first 
tame, expressly calls them exponents; thus, 
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Exponent; 0; 1, 2, Sy 4595," 6, &c. 
Powers, ly. Dol Byhiel sy e788 Se, Kc. 


And he shows the use of the exponents, in multiplication, 
division, powers, and roots, as we do at present ; viz, add- 
ing the exponents in multiplication, and subtracting them 
in division, &c. And these operations he demonstrates from 
the nature of arithmetical and geometrical progressions. 
It is remarkable that these compound denominations of the 
powers are formed from the simple ones according to the 
products of the exponents, while those of Diophantus are 
formed according to the swms of them ; thus the 6th power 
here is 3g or quadrato-cubi, but with Diophantus it is 
cubo-cubi; and so of others. Which is presumptive evi- 
dence that the Europeans had not taken their Algebra im- 
mediately from him, independent of other proofs. 

Chap. 4. On the extraction of the roots of cossic num- 
bers. He here treats of quadratic equations, which he 
resolves by completing the square, from Euclid II. 4, &c. 
Also quadratics of the higher orders, showing how to resolve 
them in all cases, whatever the height may be, provided the 
exponents be but in arithmetical progression, as 


2, 1, ©) &e; where it is plain that he always counts 0 for the 
it Fi x exponent of the unknown quantity in the absolute 
"4 b 


Chap. 5. Of irrational cossic numbers, and of surd or 
negative numbers. In this treatise of radicals, or irrationals, 
he first uses the character ,/ to denote a root, and sets after 
it the mark of the power whose root is intended ; as 4/320 
for the square root of 20, and 4/20 for the cube root 
of the same, and so on. He treats here also of» negative 
numbers, or what he calls surd or fictitious, or numbers 
less than 0. On which he takes occasion to observe, that 
when a geometrical progression is continued downwards 
below 1, then the exponents of the terms, or the arithme- 
tical progression, will go below © into negative numbers, 
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and will yet be the true exponents of the former; as in 
these, 

Expon. an hone. hae war Oo] 1 | 2.18 

Pow. Dike eae} - 1/2 |4[8 
And he gives exampies to show a these pea. expo- 
nents perform their office the same as the positive ones, in 
all the operations. . 

Chap. 6. On the perfection of the Rule of Algebra, and 
of Secondary Roots. In the reduction of equations, he 
uses a more general rule than those who had preceded him, 
who detailed the rule in a multitude of cases; instead of 
which, he directs to multiply or divide the two sides 
equally, to transpose the terms with + or —, and lastly to 
extract such root as may be denoted by the exponent of the 
highest power. 

As to secondary roots, Cardan treated of a 2d zgnota or 
unknown, which he called guantitas, and denoted it by the 
initial g, to distinguish it from the first. But here Stifelius, 
for distinction sake, and to prevent one root from being 
mistaken for others, assigns literal marks to all of them, as 
A, B, Cc, D, &c, and then performs all the usual opera- 
tions with them, joining them together as we do now, 
except that he subjoins the initial of the power, instead of 
its numeral exponent: thus, 

3A into 9B makes 27AB, 

33 into 4B makes 1238, 

2¢y into 443 makes 8 pf, 

1a squared makes 143, 

6 into 3c makes 18c, 

2a3 into 5A c¢ makes 10ass, &c, &c. 

Sofpaz divided by 457 makes 2a3, Ke. 

The square root of 25a3 is 5a, &c. 

Also 2a added to2% makes 2y% + 2a, 

and 2a subtr. from 2% makes 24 — 2a. 
And he shows how to use the same, in questions concerning 
several unknown numbers ; where he puts a different cha-— 
racter for each of them, as %, A, B, Cc, &c; he then makes 
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out, from the conditions of the question, as many equations 
as there are characters; from these he finds the value of 
each letter, in terms of some one of the rest; and so, ex- 
pelling them all but that one, reduces the whole to a final 
equation, as we do at present. 

The remainder of the book is employed with the solutions 
of a great number of questions, to exercise all the rules and 
methods ; some of which are geometrical ones. 

From this account of the state of Algebra in Stifelius, it 
appears that the improvements made by himself, or other 
Germans, beyond those of the Italians, as contained in Car- 
dan’s book of 1539, were as follow : 

Ist. He introduced the characters +, —, /, for plus, 
minus, and root, or radix, as he calls it. 

2d. The initials 2, 3, of, &c. for the powers. 

3d. He treated all the higher orders of quadratics by the 
same general rule. | 

4th. He introduced the numeral exponents of the powers, 


-8, —2, —1, 0, 1, 2, 3, &c, both positive and negative, 


so far as integral numbers, but not fractional ones ; call- 
ing them by the name exponens, exponent: and he taught 
the general uses of the exponents, in the several operations 
of powers, as we now use them, or the logarithms. 

5th. And lastly, he used the general literal notation A,B, 
c, D, &c, for so many different unknown or general quan- 
tities. 


OF SCHEUBELIUS. 


John Scheubelius published several books on Arithmetic, 
and Algebra. The one now before me, is intitled dlgebre 
Compendisa Facilisque Descriptio, gud depromuntur magna 
Arithmetices miracula. Authore Johanne Scheubelio Mathe- 
maticarum Professore in Academia Tubingenst. Parisi. 
1552. But at the end of the book it is dated 1551. The 
work is most beautifully printed, and is a very clear though 
guccinet treatise; and both in the form and matter much 

VOL. U. R 
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resembles a modern printed book. He says that the writers 
ascribe this art to Diophantus, which is the first time that 
{I find this Greek author mentioned by the modern alge- 
braists: he further observes, that the Latins call it Regula 
Ret & Census, the rule of the thing and the square, or 
of the Ist and 2d power; and the Arabs, Algebra, . His 
characters and operations are much the same as those of 
Stifelius, using the signs and characters +, —, \/, and the 
“powers g, %, 3, %, &c, where the character g is used 
for 1 or unity, ora number, or the 0 power ; prefixing also 
the numerical coefhcients; thus 4453 + 113 4-31 & — 534. 
He uses also the exponents 0, 1, 2 3, &c, of the powers, 
the same way as Stifelius, before him. He performs the 
algebraical calculations, first in integers, and then in frac- 
tions, much the same as we do at present.. Then of equa- 
tions, which he says may be of infinite degrees, though he 
treats only of two, namely the first and second orders, or 
what we call simple and quadratic equations, in the’usual 
way, taking however only the positive roots of these; and 
adverting to all the higher orders of quadratics, namely, 

Son © sat di 

“ba 2 a 13 

a a I A 

Next follows a tract on surds, both simple and compound, 

quadratic, cubic, binomial, and residual. Here he first 
marks the notation, observing that the root is either de- 
noted by the initial of the word, or, after some authors, by 
the mark 4/:, viz. the sq. root :, the cube root w,/:, and 
the 4th root, or root of the root thus vW:, which latter 
method he mostly uses. He then gives the Arithmetic of 
surds, in multiplication, division, addition, and subtraction. 
In these last two rules he squares the sum or difference 
of the surds, and then sets the root to the whole compound, 
which he calls radix collectit, what Cardan calls radix wni- 
versalis, Thus ./12 + /20isra. col. 32 + 4/960. But when 
the terms will reduce to a common surd, he then unites 
them into one number ; as /27 + V/12 is equal W775. Also 


het SE —.. ~ 
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of cubic surds, and 4th roots. In binomial and residual 
surds, he remarks the different kinds of them which answer 
to the several irrational lines in the 10th book of Euclid’s . 
elements; and then gives this general rule for extracting 
the root of any binomial or residual a + 6, where one or 
cH are surds, and a the greater quantity, namely, 


an" Be 2— J2 
that Square root of it is Aelia a, ra fame 


which he illustrates by many examples. This rule will only 
succeed however, so as to come out in simple terms, in 
certain cases, namely, either when a* — 0* is a square, or 
when a and 4/(a* — b*) will reduce to a common surd, and 
unite : in all other cases the root is in two compound surds, 
instead of one. He gives also another rule, which comes 
however to the, same thing as the former, though by the 
words of them they seem to be different. #* 
Scheubelius wrote much about the time of Cardan and 
Stifelius. And as he takes no notice of cubic equations, it 
is probable be had neither seen nor heard any thing about 
them; which might very well happen, the one living in 
Italy, and the other in Germany. And, besides, I know not 
if this be the first edition of Scheubel’s book: it is rather 
likely it is not, as it is printed at Paris, and he himself was 
professor of mathematics at Tubingen in Germany. » 


ROBERT RECORDE. 


A 


To this ingenious man we are indebted for the first trea- 
tise on algebra, then named the Cossic Art, in the English 
language ; but his meritorious labours, like those of the 
ereatest benefactors of mankind, appear to have been ill 
requited, since, after removing to the capital, he died under 
confinement for debt in the Fleet-prison. In his book on 
Arithmetic he is stiled *‘ teacher of mathematics and practi- 
tioner in physic at Cambridge.” It was for many ages the 
custom to unite the title as well as the practice of medicine 
with those of chemistry, alchymy, mathematics, andastrology, 

R2 : 
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by the Moors, and: after them by the Europeans, and is 
still continued among the almanac-makers. And it is re- 
markable, that as the Moors were not less famed, in. Lurope 
for their skill in medicine, than their dexterity in calcu- 
lation, the term Physician and Algebraist appear, at first. to 
have. been regarded as almost synonimous.  Thusgpdituas 
eurious to remark, that in the celebrated romanc Don 
Quixote, published about this time, the bachelor Samson 
Carrasco, who in his rencounter with the knight, was thrown 


ffom his horse, and had his ribs broken, sent in quest of an ~ 


Algebrista to heal his bruises. 

The first part of his Arithmetic was published in 1552 ; 
and the second part in 1557, under the title of ‘ Fhe 
Whetstone of Witte, which is the seconde parte of Arith- 
metike : containing the Extraction of Rootes: The Cossike 
Practise, with the Rule of Equation: and the Workes of 
Surde Nombers.” The work is in dialogue between. the 
master and scholar ; and is nearly after the manner of the 
Germans, Stifelius and Scheubelius, but especially the lat- 
ter, whom he often quotes, and takes examples from. The 
chief parts of the work are, 1st, The properties of abstract 
and figurate numbers. 2d, The extraction of the square 
and cube roots, much the same as at present. Here, when 
the number is not an exact power, but having some re- 
mainder over, he either continues the root into decimals as 
far as he pleases, by adding to the remainders always 
periods of cyphers; or else makes a vulgar fraction for the 
remaining part of the root, by taking the remainder for the 
numerator, and double the root for the denominator, in the 
square root ; but in the cube root he takes, for the denomi- 
nator, either the triple square of the root, which is Car- 
dan’s rule, or the triple square and triple root, with one 
more, which is Scheubel’s rule. 3d, Of Algebra, or ‘* Cos- 
sike Nombers.” He uses the notation of powers with their 
exponents the same as Stifel, with all the operations in sim- 
ple and compound quantities, or integers and fractions, 
And he gives also many examples of extracting the roots of 
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eompound algebraic quantities, even when the roots are 
from two to six terms, in imitation of the same process.in 
numbers, just as we do at present ; which is the , first 
instance of this kind that I have observed, As of this 
quantity : 


we 9 s Square Root. ‘\ 
& + 8053 — 26% 3 —633(5 ¢ + 8 Wg Pe : 

4th, f The Rule of Equation, commonly calle Mlyeber’ S 
Rule.” He here, first of any, introduces the char 
for brevity sake. His words are, “ And to avoide the 
ouse repetition of these woordes : is equalle to: I will sette 
as I doe often in woorke use, a paire of paralleles, or ge- 
mowe lines of one lengthe, thus: =, bicause noe 2 thynges 
oan be moare equalle.” He gives the rules for simple and 
quadratic equations, with many examples. He gives also 
some examples in higher compound equations, with a root 
for each of them, but gives no rale how to find it. 5th, 
* Of Surde Nombers.” ‘This is a very ample treatise on 
surds, both simple and compound, and surds of various 
degrees, as square, cubic, and biquadratic, marking the roots 
in Scheubel’s manner, thus: ,/, w,/, v,/. He here uses 
the names bimedial, binomial, and residual ; but says they 
have been used by others before him, though this is the 
first place where I have observed the two latter—Hence it 
appears that the things which chiefly are new in this author, 
are these ithree, viz. 

1, The extraction of the roots of compound algebraic 
quantities. 

2. The use of the terms binomial and residual, 

8. The use of the sign of equality, or =. 


OF PELETARIUS. 


The first edition of this author’s algebra was printed in 
-4to at Paris, in 1558, under this title, Jacobt Peletara Ce- 
nomani, de occulta parte Numerorum, quam Algebram vocant. 
Lib. duo. 
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In the preface he speaks of the supposed authors of Al- 
gebra, namely Geber, Mahomet the son of Moses, an Ara-~ 
bian, and Diophantus. But he thinks the art older, and 
mentions some of his contemporary writers, or a very little 
before him, as Cardan, Stifel, Scheubel, Chr. Januarius ; 
and a little earlier again, Lucas Paciolus of ite and 
Stephen Villafrancus a Gaul. 

Of the two books, into which the work is divided, the 
first is on rational, and the second on irrational or surd 
qiiantities ; ; each mite divided into many chapters. It. will 
be sufficient to mention only the principal articles. 

He calls the series of powers numer? creati, or derived 
numbers, or also radicals, because they are all raised from 
one root or radix. He names them thus, radix, quadratus 
cubus, quadrato-quadratus, or -biquadratus, supersolidus, 
quadrato-cubus, &c; and marks them thus R,, 9, ©, 99% 
SS, 90 bss, Ke. Of these he gives the following series in 
nuinbers, having the common ratio 2, with their marks set 
over them, and the exponents set over these again, in an 
arithmetical series, beginning at 0, thus: 


ea SA Rare hPa es ee: abt IP cas CONTE 


1.R,. ¢ 6: a ss 97 bss ggg 
1 2 4 8 16 32 64 128 256 &c. 


And he shows the use of the exponents, the same as Stifelius 
and Scheubelius ; like them also he prefixes coefficients to 
quantities of all kinds, as also the radical 4%. But he does 
not follow them in the use of the signs + and —, but em- 
ploys the initials p and m for the same purpose. After the 
operations of addition, &c, he performs involution, and 
evolution also, much the same way as at present: thus, in 
powers, raise the coefficient ta the power required, and 
multiply the exponent, or sign, as he cails it, by 2, or 3, 
or 4, &c, for the 2nd, 3d, 4th, &c, power; and the reverse 

-for extraction: and hence he observes, if the number or 
eoethcient will not exactly extract, or the sign do not exactly 
divide, the quantity is a surd, 


TRACT 33. HISTORY OF ALGEBRA+ 247 


After the operations of compound quantities, and frac- 
tions, and reduction of equations, namely, simple and qua- 
dratic equations, as usual, in chap. 16, De Zaventendis ge- 
neratim Radicibus Denominatorum, be gives a method of 
finding the roots of equations among the divisors of the abso-~ 
lute number, when the root is rational, whether it be inte- 
eral or fractional ; for then, he observes, the root always 
lies hid in that number, and is some one of its divisors. 
This is exemplified in several instances, both of quadratic 
and cubic equations, and both for integral and fractional 
roots. And he here observes, that he knows not of any 
person who has yet given general rules for the solution of 
cubic equations ; which shows that when he wrote this book, 
either Cardan’s last book was not published, or else it had 
not yet come to his knowledge. 

Chap. 17 contains, in a few words, directions for bringing 
questions to equations, and for reducing these. He here 
observes, that some authors call the unknown number res, 
and others the posttio; but that he calls it radzv, or root, 
and marks it thus R.: hence the term, root of an equation. 
But it was before called radix by Stifelius. 

Chap. 21 & seg. treat of secondary roots, or a plurality of 
roots, denoted by a, B, c, &c, after Stifelius, 

The 2d book contains the hike operations in surds, or irra- 
tional numbers, and is a very complete work on this subject 
indeed. He treats first of simple or single surds, then of 
binomial surds, and lastly of trinomial surds. He gives here 
the same rule for extracting the root of a binomial and resi- 


dual as Scheubelius, viz, ./(@+ 6) = /— Vv (at — oA) 


2 
vicwiec™. In dividing by a binomial or residual, 
he proceeds as all others before him had done, namely, 
reducing the divisor toa simple quantity, by multiplying it 
by the same two terms with the sign of one of them 
changed, that is by the binomial if it be a residual, or by 
the same residual if it be a binomial ; and multiplying the 
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dividend by the same thing: thus 


3 3 542 Bp/5 +6 
V5 = 2 =x t= or ~— ee 
And, in imitation of this method, in division by trinomial 
surds, he directs to reduce the trinomial divisor first to 
a binomial or residual, by multiplying it by the same trino- 
mial with the sign of one term changed, and then to reduce 
this binomial or residual to a simple nominal as above; 
observing to multiply the dividend by the same quantities 
as the divisor. Thus, if the divisor be 4+ W72— /33 
multiplying this by 4 + 72+ 4/3, the product is 15 + 8 
#2; then this binomial multiplied by the residual 15 — 8 
4/2, gives 225 — 128 or 97 for the simple divisor: and the 
dividend, whatever it is, must also be multiplied by the two 
4+/2+ /3and15—8,/2. Or in general, if the di- 
visor be a + ./b — 4/c; multi- , 
ply itbya+ 4/6 + Wc, which 
gives(a+ /bP -c=a@+b-c+2ayb; 
then multiply this by a + 6—c—2a,/b, 
and it gives - (a* + 6 —c)* — 4a*b, which will be 
rational, and will all collect into one single term. But Tar- 
talea must have been in possession of some such rule as 
this, as one of the questions he proposed to F lorido was of 
this nature, namely to find such a quantity as multiplied 
by a given trinomial surd, shall make it rational: and it 
appears, from what is done above, that, the given trinomial 
being @ + ,/6 — vc, the answer will be (4+ /b+ 4/c) 
x (@ +b6-—c+42,/8). 

Chap. 24 shows the composition of the cube of a binomial 
or residual, and thence remarks on the root of the case or 
equation lf p 3R, equal to 10, which he seems to know 
something about, though he had not Cardan’s rules. 

Chap. 30, which is the last, treats of certain precepts 
®elating to square and cubic numbers, with a table of such 
squares and cubes for all numbers to 140; also showing 
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how to compute them both, by adding always their dif- 
ferences. 

He then concludes with remarking that there are many 
curious properties of these numbers, one of which is 
this, that the sum of any nimber of the cubes, taken 
from the beginning, always makes a square number, the 
root of which is the sum of the roots of the cubes; 
so that the series of squares so formed, have for their 
roots ~ A = = 1, 3,°6,107 15, 21, °&e. 
whose diff. are the natural n* 15°95 SH) BY BL FES Ke: 
Namely, 1% = (1%; ° 13+ 2? ==) $75 19/4 8.4 St GFN! Be. 
Or in general, 13 + 23 + 38---n§ = (1424 5-s-n= 
fan. (rn + 1)P = 177? (n+ 1)*. 

This work of Peletarius is a very ingenious and masterly 
composition, treating in an able manner of the several parts 
of the subject then known, excepting the cubic equations. 
But his real discoveries, or improvements, may be reduced 
to these three, viz. 

ist. That the root of an equation, is one of the divisors 
of the absolute term. . 

2d. He taught how to reduce trinomials to simple terms, 
by multiplying them by compound factors. 

3d, He taught curious precepts and properties concerning 
square and cube numbers, and the method of constructing 
a series of each by addition only, namely by adding succes- 
sively their several orders of differences. 


* 


PETER RAMUS. 


s © 


ar %t 
Peter Ramus wrote his arithmetic and algebra about the 
year 1560. His notation of the powers is thus, /, g, ¢, 6g, 
being the “initials of latus, quadratus, cubus, biquadratus. 
He treats only of simple and quadratic equations. And the 
only thing remarkable in his work, is the first article, on 
the names and invention of Algebra, which we have noticed 


at the beginning of this historys /- 
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OP PEDRO NUGNEZ OR NUNEZ, OR IN LATIN NONIUS. 


Peter Nunez or Nonius, was a very ingenious and emi- 
nent physician and mathematician, for the time in which he 
lived. He was born in 1497, at Alcazar in Portugal, and 
died in 1577, at 80 years of age. He was professor of 
mathematics in the university of Coimbra, where he pub- 
lished several ingenious and useful pieces on different 
branches of the mathematics, as may be seen by the account 


of his life given in my Dictionary; but it is only with his. 


Algebra that our business is at present. 

This work he had composed in Portuguese, but trans- 
lated it into the Castilian tongue, when he resolved on 
making it public, which he thought would render his book 
more useful, as this language was more generally known 
than the former. The dedication, to his former pupil, 
prince Henry, was dated from Lisbon, Dec. 1, 1564; and 
the work contains 341 leaves, equal to 682 closely printed 
pages, in the Antwerp edition of 1567, in 8vo; the folios 
being numbered only on one side. 

The work is very methodically and plainly treated ; being 
divided into regular and distinct chapters or sections ; lead- 
ing the reader gradually through the several operations of 
computation, in integers and fractions, in powers and roots, 
in surds and in proportions, &c. The rules for dignities or 
powers are given ; and these he denominates from the pro- 
duct of their indices; thus, for the powers of 2, with their 
names, and denominations under them: 


24 8 16 32 64. 
Co. Ce. Cu. Ce. Ce. Re. pp. Ce. Cu! or Cu.Ce. &c. 
Lies A 5 6 


where the 6th denomination is called Ce. Cu.sor Cu. Ce. 
that is Censo-Cubo or Cubo-Censo, meaning the square 
cubed or the cube squared, the index 6 denoted by 2 x 3, 
the product of the indices of the powers; after the manner 
of the former Kuropeangiaigort, Lucas de Burgo, Tartalea, 
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and Cardan. And exactly after the manner of these also 
is his practice in every other part,with little or no variation, 
as far as he goes, which is to quadratic equations ; without 
treating on Cubics, further than giving some account of the 
dispute between Tartalea and Cardan concerning their ine 
vention; and that in such a manner as shows he did not 
very well understand them. Like those authors are his 
names and rules for Raizes, roots or radicals, which he 
sometimes calls Sorda, surds. In their marks or signs also ; 
as # for root; p for + ; mfor minus; 2. w. for root uni- 
versal, instead of the vinculi used by the moderns ; also L-for 
ligature or composition, such as Z. R. 9 with 2 4, composed 
of 3 which is #9, and of 2 which is #4, making 5. Places . 
likewise the name of the root after the A; as A. cu. 25. 
m. R. cu. 15. p. R. cu. 9; that is, 3/25 — 315+ 3/9. 

After all the usual preparatory rules, Nunez then treats of 
equations, simple and quadratic, in the common way, and 
giving geometrical demonstrations of the rules, as had been 
done before. He then applies these equations in the solu- 
tion of a great number of examples, of questions or pro- 
blems, first in numbers or arithmetic, and then in geome- 
trical problems or figures; in which he proceeds orderly 
through the several kinds ; as squares, rectangles, triangles, 
rhombs, rhomboids, trapeziums, pentagons, &c: all which 
he calls by the same names as at present. The content of a 
firure too he calls its Area, as De Burgo did before him ; 
and after the same author also he, gives the geometrical 
demonstration of the common rule for finding the area of a 
triangle from the three sides given. He also treats on the 
inscription of circles and squares in triangles of various 
kinds ; and the division of triangles into several parts in 
ditierent ways. 

In an address to his readers, at the end of the book, 
Nunez informs them what are the authors whose books, on 
this subject, are to be found in Spain, which consist only 
of De Burgo, Tartalea, and Cardan; stating his ideas on 
the merits of their works, with critical remarks on many 
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parts of them, in which he more particularly approves 
of those of Tartalea. ' Upon the whole, the merit of Nunez, 
m this art, consists chiefly, or wholly, in haying given a 
very neat and orderly treatise on it, after the manner of 
those authors ; but without having made any improvements 
or inventions of his own, in the art. 

On this occasion it is very remarkable to observe, that 
Nunez appears not to have been at all acquainted with any 
of the Germanic authors, several of whom were contempo- 
raries of Tartalea and Cardan, and who treated the subject 
in a better manner, in ‘some respects, than these did, An- 
other thing may be here noticed on this occasion, as remark- 
able; not only that we have never heard of any other early 
writers on this subject, in Spain or Portugal; but that 
we have never heard of writings on it by the Moors, who 
occupied great part of that peninsula during several cen- 
turies, by whom we have always been taught to believe 
that the arts of arithmetic and algebra were brouglit into 
that country.—Had that people left any such works in the 
country, would not some of them have been found in some 
of the great cities or the universities, or could they yet be 
in existence there?—Or could the people have carried all 
their books away with them when they were expelled from 
the country? 


BOMBELLI. 


Raphael Bombelli’s Algebra was published at Bologna in 
the year 1572, in the Italian language. In a short, but 
neat, introduction, he first adverts, in a few words, to the 
great excellence and usefulness of arithmetic and algebra. 
He then laments that it had hitherto been treated im so im- 
perfect and irregular a way ; and declares it his intention to 
remedy all defects, and to make the science and practice of 
it as easy and perfect as may be. And for this purpose he 
first resolved to procure and study all the former authors. 
He then mentions several of these, with a short history 
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or character of them ; as Mahomet the son of Moses, an 
Arabian ; Leonard Pisano ; Lucas de Burgo, the first printed 
author in Europe ; Oroncius ; Scribelius; Boglione Frans 
cesi; Stifelius in Germany; a certain Spaniard, perhaps 
meaning Nunez or Nonius; and lastly Cardan, Ferrari, and 
Tartalea ; with some others since, whose names he omits, 
He then adds a curious paragraph concerning Diophantus : 
he says that some years since there had been found, in the 
Vatican library, a Greek work on this art, composed by 
a certain Diophantus, of Alexandria, a Greek author, who 
lived in the time of ‘Antoninus Pius ; which work having 
been shown to him by Mr. Antonio Maria Pazzi Reggiano, 
public lecturer on mathematics at Rome; and finding it to 
be a-good work, these two formed the design of giving it to 
the world ; and he says that they had already translated five 
books, of the seven which were then extant, being as yet 
hindered: by other avocations from completing the work. 
He then adds the following: strange circumstance, viz. thaé 
they had found that im the said work the Indian authors 
are often cited; by which he learned that this science was 
known among the Indians before the Arabians had it: a para~ 
graph. the more remarkable as: have never understood that 
any other person could ever find, in Diophantus, any refer- 
ence to Indian: writers : and L haye examined his work with 
some attention, for that purpose., Probably the copy which 
Bombelli saw, contained: marginal remarks by Planudes, or 
some other scholiast, making mention of the Indian works 
on, the science, or some such remarks; which might be mis- 
taken for part of the text of Diophantus. 

Bombelli’s work is divided: into three books. In the first, 
are laid down the definitions and operations of powers and 
roots, with various kinds of radicals, simple and compound, 
binomial, residual, &c ; mostly after the rules and manner 
of former writers, excepting in some few instances, which 
Ishall-here take notice of. And first of tis rule for the cube 
root of binomials.or residuals, which for the sake of brevity, 
may be expressed in modern notation as follows; let ,/ 
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+ a be the binomial, the term /6 being greater than a; 
then the rule for the cube root of ./6 + a comes to this, 
P—Q+ /[(p — a) + 7b — a)’] ; where P= 3/ (/ (ez + 
5 — a? b — a? a 0 Oe 

ae =)s and @ = WN (a + oT ib aT si Which is a rule 
ott can be of little or no use. For, in the first place, 
(P— a) + %/(b — a’) is the same as (Pp + Qa); and P or 

: a a ig 
Vv (q +") 4+ Pis=vvy t+ Paves =e 
W/b + a); therefore the whole p—- a+ /(pP— ey + 
*A(b—a’) reduces to p—a +p+Q=2p=2 x 14(/b+a) 
= 3(\/6 +a), the original quantity first proposed. 

The next thing remarkable in this 1st book, is his method: 
for the square roots of negative quantities, and his rule for 
the cube roots of such imaginary binomials as arise from the 
irreducible case in cubic equations. His words, translated, 
are these: ‘‘ I have found another sort of cubic root, very 
different from the former, which arises from the case of the 
cube equal to the first power and a number, when the cube 
of the 4d part of the (coef. of the) Ist power, is greater than 
the square of half the absolute number, which sort of square 
root hath, in its algorism, names and operations ditlerent 
from the others; for in that case, the excess cannot be 
called either plus or minus ; I therefore call it plus of minus 
when it is to be added, and minus of minus when it is to be 
subtracted.” He then gives a set of rules for the signs when 
such roots are multiplied, and illustrates them by a great 
many examples. His rule for the cube roots of such bino- 
mials, viz, such as a + / — 4, is this: First find 3/(a* + 8); 
then, by trials search out a number c, and a sq. root Yd, 
such, that the sum of their squares c? + d may be = \X@’ + 4), 
and also c}— 3cd =a; then shallc+ / — dbe=iyKia+,/—d) 
sought. Thus, to extract the cube root of 24+ Y“—121: 
here 7/(a* + 6) = 8/125 = 5; then taking c = 2, andd=1, 
itisc?+d=5 = 3Ka + 6), andc—3ced =8—-6 = 2 =a, 
as it ought ; and therefore 24+ —1 is = the cube root of 
2+ ./—121, as required. 
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The notation in this book, is the initial 2 for root, with 
qg or ¢, &c after it, for quadrate or cubic, Kc root. Alsop 
for plus, and m for minus. 

In the 2d book, Bombelli treats of the algorism with un- 
known quantities, and the resolution of equations. He 
first gives the definitions and characters of the unknown 
quantity and its powers; in which he deviates from the 
former authors, but professes to imitate Diophantus. He 
calls the unknown quantity ¢anto, and marks it 
thus - “ - es us 
Jts square or 2d power potenza, 2, 

Its cube - - . cubo, 3, : 

and the higher names are compounded of these, and marked 
4, 5, 8, 2, Kc; so that he denotes all the powers by their 
exponents set ever the common character -. And all these 
powers he calls by the general name dignita, dignity. He 
then performs all the algorism of these powers, by means of 
their exponents, as we do at present, viz, adding them in 
multiplication, subtracting in division, multiplying them by 
the index in involution, and dividing by the same in evo- 
lution. 

In equations he goes regularly through all the cases, and 
varieties of the signs and terms ; first all the simple or single » 
powers, and then all the compound cases; demonstrating 
the rules geometrically, and illustrating them by many 
examples. 

In compound quadratics, he gives two rules: the first is 
by freeing the potenza or square from its coefficient by 
division, and then completing the square, &c, in the usual 
way: and the 2d rule, when the first term has its coefii- 
cient, may be thus expressed; if ax* + br = c, then 


r= oni. 3 Tl being a way that was practised by the 


Indians. He takes only the positive root or roots ; and inthe 
case ax* +c = br, which has two, he observes that the 
nature of the problem-must show which of the two is the 
proper one; 


& 
Oa 
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In the cubic equations, he gives the rules and transforma- 
tions, &c, after the manner of Cardan ; remarking that some 
of the cases have only one root, but others two or three, of 
which some are true, and others false or negative. And in 
one place he says that by means of the case 2? = br +c he 
trisects or divides an angle into three equal parts. 

When he arrives at biquadratic equations, and particularly 
to this case 2 + ar = b, he says, ** Since I have seen Dio- 
phantus’s work, I have always been of opinion that his 
chief intention was to come to this equation, because I 
observe he labours at finding always square numbers, and 
such, that adding some number to them, may make squares ; 
and I believe that the six books, which are lost, may treat 
of this equation, &c.” —‘* But Lewis Ferrari,” he adds, “ of 
this city, also laboured in this way, and found out a rule 
for such cases, which was a very fine invention, and there- 
fore I shall here treat of it the best Ecan.” This he accord- 
ingly does, in all the cases of biquadratics, both with respect 
to the number of terms in the equation, and the signs of 
the terms, except I think this most general case only 
re — gz* + px — x+=s; fully applying Ferrari’s method 
in all cases. Which concludes the 2d book. 

The 3d book consists only of the resolution of near 300 
practical questions, as exercises in all the rules and equa- 
tions, many of which are taken from other authors, espe- 
cially from the first five books of Diophantus, 

Upon the whole it appears, that this is a plain, explicit, 
and very orderly treatise on algebra, in which are very well 
explained the rules and methods of former writers. But 
Bombelli does not produce much of improvement or inven- 
tion of his own, except his notation, which varies from 
others, and is by means of one general character, with the 
numeral indices of Stifelius. He also first remarks that 
angles are trisected by a cubic equation. 
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’ CLAVIUS. 


Christopher Clavius wrote his Algebra about the year 
1580, though it was not published till 1608, at Orleans. 
He mostly follows Stifelius and Scheubelius in his notation 
and method, &c, having scarcely any variations from them ; 
nor does he treat of cubic equations. He mentions the 

-fiames given to the art, and the opinions about its origin, in 
which he inclines to ascribe it to Diophantus, from what 
Diophantus says in his preface to Dyonisius. 


STEVINUS. 


The Arithmetic of Simon Stevin of Bruges, was published 
in 1585, and the same with his Algebra in 1605, in the 
Flemish dialect, and containing a free translation of the 
first 4 books of Diophantus. ‘They were also printed in a 
French edition of his works at Leyden in 1634, with some 
notes and additions of Albert Girard, who it seems died the 
year before, this edition being published for the benefit 
of Girard’s widow and children. This edition contains all 
the 6 books of Diophantus. 

The Algebra is an ingenious and original work. He de- 
notes the res, or unknown quantity, in a way of his own, 
_ namely by a small circle ©, within which he places the 
“numeral exponent of the power, as ©, @, @, @, &c. 
which are the 0, 1, 2, 3, &c power of the quantity 0 ; 
where @, or the O power, is the beginning of quantity, or 
arithmetical unit. He also extends this notation to roots or 
fractional exponents, and even to radical ones. 

Thus ®, ®, @, &c, are-the square root, cube root, 4th 
root, &c; 

and @) is the cube root of the square ; 

and @ is the square root of the cube. And so of others. 

The first three powers, @, @, @, he also calls coste 
(side), guarre (square), cube (cube); and the first of them, 
By VOL. 11. a4 
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G), the prime quantity, which he observes is also metapho- 
rically called the racine or root,» (the mark of which is also 


/), because it represents the root or origin from whence 


all other quantities spring or arise, called the potences or 
powers of it. He condemns the terms sursolids, and num- 
bers absurd, irrational, irregular, inexplicable, or surd, and 
shows that all numbers are denoted the sameway, and are all 
equally proper expressions of some length or magnitude, or 
some power of the same root. He alsorejects all the compou 

expressions of square-squared, cube-squared, cube-cubed, &c, 
and observes that it is best to name them all by their expo- 
nents, as the Ist, 2d, 3d, 4th, 5th, 6th, &c power or quan- 
tity in the series. And on his extension of the new notation 
he justly observes, that what was before obscure, laborious, 
and tiresome, will by these marks be clear, easy, and plea- 
sant. He also makes the notation of algebraic quantities 
more general in their coefficients, including in them not only 
integers, as 3@), but also fractions and radicals, as 2@, and 
/23,&c. He has various other peculiarities in his notations; 
all showing an original and inventive mind. A quantity of 
several terms, fe calls a multinomial, and also binomial, trino- 
mial, &c, according to the number of the terms. He uses the 
signs.-- and —, and sometimes: for equality; also x 
for division of fractions, or to multiply crosswise thus, 


5 2-15 
7 Rigitl re 


He teaches the generation of powers by 2 
means of the annexed table of numbers, 3.8 
which are the coefficients of all the terms, 46 4 


except the first and last. And he makesuse 5 10 10 5 
of the same numbers also for extracting all 6 15 20 15 6 
roots whatever: both which things had first &e. 

been done by Stifelius. In extracting the 

roots of non-quadrate or non-cubic numbers, he has the 
same approximations as at present, viz, either to continue 


. the extraction indefinitely in decimals, by adding periods | 


of ciphers, or by making a fraction of the remainder in this 


a i > en 


A 
ar 
ee 
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N— 


2 
nearly, and 


: 3 n 
manner, viz, “N = 2 + aie 


— ns ; . 
nearly ; where 7 is the nearest exact 


3 ad N 
VN ee Sey tah 5 
root of nN; which is Peletarius’s rule, and which differs 
from Tartalea’s rule, as this wants the 1 in the denominator. 
And in likemanner he goes on to the roots of higher powers. 
He then treats of equations, and their inventors, which 
ccording to him are thus: 


‘Mahomet, son of Moses, an Arabian, in- \ ® egale d ©, 
its derivatives, 


vented these, 6. je +e @egale d @, O 
a ? : 


And some unknown author, the derivatives of this. 
@ egale d O@, 
® egaled @@. 

But afterwards he mentions Ferreus, Tartalea, Cardan, 
8c, as being also concerned in the invention of them: 

Lewis Ferrari invented - @ egaled® @ © @. 

He says also that Diophantus once resolves the case @ 
egale 2 ® ©. In his reduction of equations, which is full 
and masterly, he always places the highest power on one 
side alone, equal to all the other terms, set in their order, 
dn the other side, whether they be + or —. And he de- 
monstrates all the rules both arithmetically and geometri- 
cally. In cubics, he gives up the irreducible case, as hope- 
less : but says that Bombelli resolves it by plus of minus, and 
minus of minus : 
thus, if 1 @ = 30@ + 36, thenl@ = -/\ Lier of — 26) 
+ 2418 — of — 26), that is, 1 O@ = (18 + 26 Y—1) 
4+ (18 — 26Y%—1). He resolves biquadratics by means 
of cubics and quadratics. In quadratics, he takes both ‘the 
two roots, but looks for no more than two in cubics or 
biguadratics. He gives also a general method of approach- 
ing indefinitely near, in decimals, to the root of any equa- 
tion whatever ; but it is very laborious, being little more _ 
than trying all numbers, one after another, finding thus the 
ist figure, then the 2d, then the 3d, &c, among these ten - 
characters 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. And finally he 


$2 


Some unknown author invented these | 
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applies the rules, in the resolution of a great many practical — 
) | questions, 
Though a general air of originality and improvement runs _ 
through the whole of Stevinus’s work, yet his more remark- 
able or peculiar inventions, may be reduced to these few fol-— 
lowing : viz, 
ist. He invented not only a new character for the un- 
‘known quantity, but greatly improved the notation of 
powers, by numeral indices, first given by Stifelius as” 
integral exponents; which Stevinus extended to fractio 
_and all other sorts of exponents, thereby denoting all sorts 
of roots the same way as powers, by numeral exponents. 
A circumstance hitherto thought to be of much later inven- 
tion. | 
2d. He improved and extended the use and notation. of 
coefficients, including m them fractions and radicals, and 
all sorts of numbers in general. 
$d. A quantity of several terms, he called generally a 
multinomial ; and he denoted all nomials whatever by 
particular names expressing the number of their terms, bi- 
~ nomial, trinomial, quadrinomial, &c. 
4th. A numeral solution of all equations whatever, by one 
general method. 
Besides which, he hints at some unknown author as the 
first inventor of the rules for cubic equations ; by whom 
may perhaps be intended the author of the Arabic manu- 
script treatise on cubic equations, given to the library at 
Leyden by the celebrated Warner. 


. VI ETA. 


Most of Vieta’s algebraical works were written about or 
before the year 1600, but some of them were not published 
till after his death, which happened in the year, 1603, in 

the 63d year ofhis age. And his whole mathematical works 
were collected together by. Francis Schooten, and elegantly 
printed in a folio volume in 1646. Of these, the aleebraical 
parts are as follow: © 
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1, Isagoge in Artem Analyticam. 

2. Ad Logisticen Speciosam Note priores. 

3. Zeteticorum libri quinque. 

4. De Aquationum Recognitione, & Emendatione. 

5, De Numerosd Potestatum ad Exegesin Resolutione. 

Of all these I shall give a ouriaeaies account, especially 
in such parts-as contain any discoveries, as we here. meet 
vith more improvements and inventions on- the nature of 
eee 7 ‘than in almost any former author, And first 

the Jsagoge, or Introduction to the Analytig Art. In this 
short introduction Vieta lays down certain precognita in 
this art; as definitions, axioms, notations, common precepts 
or operations of addition, subtraction, multiplication, and 
division, with rules for questions, &c. From which we find, 
ist, That the names of his powers are latus, quadratum, 
cubus, quadrato-quadratum, quadrato-ceubus, cubo-cubus, 
&c; in which he follows the method of Diophantus, and 
not that derived from the Arabians. 2d, That he calls powers 
‘pure or adfected, and first here uses the terms coefficient, 
affirmative, negative, specious logistics or calculations, ho- 
mogeneum comparationis, or the absolute known term of 
an equation, homogeneum adfectionis, or the 2d or other 
term which makes the equation adfected, &c. 3d, That he 
uses the capital letters to denote the known as well as 
unknown quantities, to render his rules and calculations 
general; namely, the vowels a, E, 1, 0, u, y for the un- 
known quantities, and the consonants B, C, Dy &e, for the 
known ones. 4th, That he uses the sign + WP orp two 
terms for addition; — for subtraction, placihg the greater 
before the less; and when it is not known which term is the 
greater, he places = between them for the difference, as 
we now use @m; thus A = B is the same as A m B; that he 
expresses division by placing the terms like a fraction, as at 
_present ; though he was not first in this, But that he uses 
no characters for multiplication or equality, but writes the 
words themselves, as well as the names of all the powers, 
as he uses no exponents, which causes much trouble and 


. 


ra 
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prolixity in the progress of his work; and the numeral 
coefficients set after the literal quantities, have a dis- 
- agreeable effect. % 

Il. Ad Logisticen Speciosam, Note Priores. These con- 
sist of various theorems concerning sums, differences, pro- 
ducts, powers, proportionals, &c, with the genesis of powers 
from binomial and residual roots, and certain properties of — 
rational right-angled triangles. ’ op 

INI. Seteticorum libri quinque. The zetetics or question 
in these 5 books, are chiefly from Diophantus, but resolved)» 
more generally by literal arithmetic. And in these questions 
are also investigated rules for the resolution of quadratic and 
cubic equations. In these also Vieta first uses a line drawn 
over compound quantities, as a vinculum. 

IV. De A quatwnum Recognitione, { Hmendatione. These 
two books, which contain Vieta’s chief improvements in 
Algebra, were not published till the year 1615, by Alexander 
Anderson, a learned and ingenious Scotchman, with various 
corrections and additions. The Ist of these two books con- 
sists of 20 chapters. In the first six chapters, rules are 
drawn from the zetetics for the resolution of quadratic and 
cubic equations. These rules are by means of certain 
quantities in continued proportion, but in the solution they 
come to the same thing as Cardan’s rules. In the cubics, 
Vieta sometimes changes the negative roots into affirmative, 
as Cardan had done, but he finds only the affirmative roots. 
And he here refers the irreducible case to angular sections 
for a solution, a method which had been mentioned by 
Bombelii. ig 

Chap. 7 treats of the general method of transforming 
equations, which is done either by changing the root in 
various ways, namely by substituting another instead of it 
which is either increased or diminished, or multiplied or 
divided, by’ some known number, or raised or depressed 
in some known proportion ; or by retaining the same root, 
and equally multiplying all the terms. Which -sorts of 


transformation, it is evident, are intended to make the 
& 


. 
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equation become simpler, or more convenient for solution. 
And all or most of these reductions and transformations 
were also practised by Cardan. 

Chap. 8 shows what purposes are answered by the fore- 
going transformations ; stith asgtaking away some of the 
terms out of an equation, and particularly the 2d term, 
which is done by increasiné or diminishing the root by the 


_ coefficient of the 2d term, divided by the index of the first : 
» by which means also the affected ‘quadratic is reduced to a 
simple one. And various other effects are produced. 


Chap. 9 shows how to deduce compound quadratic equa- 
tions from pure ones, which is done by increasing or dimi- 
nishing the root by a given geet: being one application 
of the foregoing reductions. | 

Chap. 10, the reduction of cubic equations affected with 
the Ist power, to such as are affected with the 2d power ; 
by the same means. 3 


In chap.il, by the same means also, the 2d term is restored - 


to such cubic equations as want it. 

In chap. 12, quadratic and cubic equations are raised to 
higher degrees, by substituting for the root, the square or 
cube of another root divided by a given quantity. 

In chap. 13, affected biquadratic equations are deduced 
from affected quadratics in this manner, when expressed in 
the modern notation: If a* + BA= z, 


then shall a+ + B3?-+2Bz . A= z+ BZ. 

For since A? + pA =z, therefore A? = Z— BA,. 

and its Pans is At = Z — 2BAZ + BA’: 

but Ba = = BZ — BiA, 

therefore at = z?— 2Baz ae BZ — BA, 

or A* + B+ 2Bz. A = Z* + Bz: 

And in like manner for the biquadratic affected with its 
other terms., And ina similar manner also, in chap. 14, 
atlected cubic equations are deduced from Ute affected qua- 
dratics. 


In chap. 15 it is shown, that the quadratic BA — a* = 2 


/ 


- e 7 


a 
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has two values of the root ‘A, or has ambiguous roots, as he 
calls them ; and also that the cubics, biquadratics, &c, which 
are raised or deduced from that quadratic, have also double 
roots. 

Having, in the foregoing chapters, shown how the coefh- 
cients of equations of the 3d and 4th degree are formed 
from those of the 2d degree, of the same root; and that 
certain quadratics, and others raised from them, have dou- 


ble roots ; then in the 16th chap, Vieta shows what relation . 
those two roots bear to the coefficients of the two lowest _ 


terms of an equation consisting of only three terms, Thus, 


h A? —E? 
then B= =AtTE 
If BA — a? = 2, +e male 
; lars NAA Ta Sf A?E— AE? 
and BE~ E = Z)3{ and ZL —=—— = AE. 
A—E 
AS —ES 
then B = ——— = A* + AE -+ &’ 
If BA— As = Z, i Ae ¥ Ae 
fanaa Sua ASE— AES 
and BE — E3 = Z; and z= eee mal We -\. AE3, 
If a™ 4 BA? = Z. | A Em ,m hes we AmE" + AMEM 
lpm A then B= ——_,, and Z = D4 qn 
andE™— pE"=7; ED +A oat. 


And so on for the same terms with their signs variously 
changed, 

Chap. 17 contains several theorems concerning quantities 
in continued geometrical progression. Which are prepa- 
ratory to what follows, concerning the double roots of equa-~ 
tions, the nature of which he expounds by means of such 
properties of proportional quantities. 

Chap. 18, Acquationum ancipitum constitutiva ; treating 


of the nature of the double rogts of equations. Thus, if. 


a, b, c,d, &c, be quantities in continual progression ; then, 
Ist, of equations affected with the first power, 

If sa—a* = Z; thenspm=a+), z= ab,anda=aor Bb, 
Ifpa— a =z; thenp=a*?+h + c*,z=a(b’+ cc’), and 
A== aore. 

And: in general, if Ba — a"+?; then Bea +0" 4 ct 
eee - M22 a(+o+4+d---- k),and a = aor 


e 
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k, the first or lasttterm. Where the number of terms a”, 
5", &c, inB, is m + 1, and the number of terms in z is 7. 

2d, For equations containing only the highest two powers. 
Ifpa*— a= z; thenB =a+ 6 +4 £212 ei 

or =c(a+6), anda =a+Qd, orb+c. 
Ifpae—ai—z;thensp=a+b+c4+4d,2= a(b-+e-+d) 

or =d(a+b-+c),anda =a+b4cor=b+c+d. 
And, in general, if pa"— a? +’ = Z;3_ 
thenBm=a+t+6+-c----it+h,. 


Z2=a(b+e----h)or=k(a+b+c---- 12), 


anda =a+tb+c---+--zor=b+c+d----h, the 

sum of all except the last, or sum of all except the first ; 

where the number of terms in B, ism+1, and the miele 

of terms in Z, is 7. , 
3d. Of equations affected by the rere ate powers. 

If pa*— a* = Zz; theneE =@?+6.2 2075, & a? = a or Or. 

If pa’—a° = 2; thenpa=@+h,22a be, & a> = asor 0%, 


» If pat—a° =z; thenp=a@’+ 0? 4+ ¢,z2=a (b+), 


oad = 5 =( 


and a*=a-+bord+e. 

4th. Of the remaining cases. 
If BA*— AS = 7; . 
then B= (a + 68 + (6+c)?+a(b+4 cy or +e (a + 4)’, 
andz—=B—(a+6)3. (a+ bP 

=(6+c)%*+c(a+ 6). (a+), 
anda=a+06 or b+¢. ’ 
If pas — aS = Z; 
then B = (a + b+ 0): SAN Rae tl ye 

or $5(b +6 +d), 
¢-+ d)*. rc +d) 
or =B—-(@+ 64 'e)s."(a + b+ cf; 
and a =a+ bac orb +ec+d, 

Chap.19. @qualitatum contradicentium constitutroa. Of 
the relation of equations of like ter ms, but the sign of one 
term different ; containing these 5 theorems, wiz. 


1. If a? + ee then B = b—4,.z = aby 
and E* ~BE = 2; and A = ay Beeb 
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e ihatch pieee, ae B= (6+ d)s — (a + c)s, 


and Et'— BE=Z; 


Zz = a(d — 63) or = d(c — a’); 
anda) = @, E = 
| ) then B = 65 + a5 +4 f5 — a —'c5 —e*, 
3. If ac + BA =Z, z= a(bs +d + fs — 5 — &); 
and Eo — BE=Z; or = f(a + cS + eS — b5 — d5); 
and A = dase =f. 


Nh [Pata pa: =e B=b+d—a- ce, 


and E* — BES = Z; 


z = a(d—6b)},or = d(c— a); 
and a =c—a,E£ side b} 
tien wha ae a eee 
3 / Z=ab+d+f—c-—e)', 
2k or =flateite—b—d}s; 
; Nieto titeh Goer 
E=b4d+f—c-e. 
Chap. 20. A qualitatum inversarum constitutwa. Contain- 
ing these six theorems, viz, 


a B= Ca’, 


5. If a& + Bas 
and E° — BES 


I fl 


1. Ifba —A° = 2, Z = a(c*- 6°), or = c(b* - a’) 5 


and B)—/8E = 23¢ and A= 4, = = \c. 


| then B = a+ 4 ct + e*— b+— d+, 
2 Ifsa—a> = Zz, zZ—alct + &— b*— a), 
and BS — BE= Z; or = e(b+ + d+—at—c'); 
Vag a sea yy ob 
te oe 
or = c(b—a)*; 
and BE’ — E? =Z; termes E=c— 6. 
\thenBom=a+c+te-—s—d, 
MERE RIBS ky 
des he a— cj; 
NNR Lars, Pag + 


5.1 Ba’ + alee, 


4. If BAs+ AS=Z, 
and BES RS =: 


a . Py 
) then » = (+p (mn), ”* 
5, If pae+a° =z, z= (d —aF B+ A — a)’, 
and BE} — EE? =Z;. or = (e — b)} Be (e — by’ 3 
: anda =d—a,ree—b. 


thenbB=(a+/).(c— a)’, 
Z=B+(c—a)?. (¢c— ay, 


“or =B—(d— b) . (d — bY, 
A=C—d,E=d—o?. 


6. If BA’ +f AS Zt 
and BE7— B= Z; 


: 
; 
} 
4 
; 
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Chap. 21. Alia rursus equalitatum inversarum constitutiva. 
In these two theorems: 
then B = a’? + 0° 4+ ¢, 
1. Ifp’a — 2? = 2, Z=(a+c)b* or = a(b* +c’), 
and E? — B’a = Z; or = c(a* + 0°); 
Jand Aa ore, E= ate. 
- ee es: 
2. A- A= 2 O° or = 
and a af ig — mn at AA Ae + 6)*;. 
anda =a+borb+c, E=8. 
Next follows the 2d of the pieces published by Alexander 
Anderson, namely, 
De Emendatione A-quatwonum, in 14 chapters. 
Chap. 1.. Of preparing equations for their resolution ‘| 
numbers, by taking away the 2d term; by which affecte 
quadratics are reduced to pure ones, and cubic equations 
affected with the 2d term are reduced to such as are affected 
With the 3d only. Several examples of both sorts of equa- 
tions are given. He here too remarks upon the method of 
taking away any other term out of an equation, when the 
highest power is combined with that other term only; and 
this Vieta effects by means of the coefficients, or, as he’ 
calls them, the uncie of the power of a binomial. All 
which was also performed by Cardan for the same purpose. 
Chap. 2. De transmutatione Ngwrov—enaroy, que remedium 
est adversus vitlum negations. Concerning the transforma- 
tions by changing the given root a for another root £, which 
is equal to the homogeneum comparationis divided by the 
first root A; by which means negative terms are changed to 
affirmative, and radicals are taken out of the equation when 
they are contained in the homogeneum comparationis. 
Chap. 3. De Anastrophe, showing the relation between 
the roots of correlate equations ; whence, having given the 
root of the one equation, that of the other becomes known; 
and it consists of these following 8 theorems, mostly deduced 
from the last 4 chapters of the foregoing 7egognitio equa~ 
tionum. : 
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4. If BA — A3 
and E? — BE 

2. If Ba? — a3 
and BE’ -++ £3 

3. If BA — a” 
and E} — BE 

4. If'pat — a” 
and BE*4+- F&° 

5. If a? — BA 
and BE — EB? 

6. If pa*-+ a3 
and BE’ — E3 

7, If Ba — a3 
and BE — E3 

* @ If pa? — a3 
and BE? — E3 


| Ul 


Zz | 
ng b then EA — A* = E* — B. 
b] 


Z 
aA then (E + B)A — A? = BD + p*. 
’ 


ll Ul 


Z 
4 b then E3A — E’A” -- EA? ~ At+= 4 — BL 
? 


z, then (BE’ + E°)A — (BE + B*)A’ 
Zs + (8+ £)4° — A*+= BES + Et, 


Z, 
% \ then A’ — EA =B — E’. 
3 


ll 


zy he 2 Teh Be tals b559 
a then a? + (B — E)A = BE — E”. 


ll 


ll 


Z 
by } then A’ -+ EA = B— BE’ 
> 
| 


Z , 
is h then A* +(E— B)A = BE — E. 
3 


{| I 


Chap. 4. De Isomeria, adversus vitium fractionis. To 


take away fractions out of an equation. ‘Thus, ¥ 


* B E 4 
if a? + —A=2Z Pata = —; then E3 + BDE = zp?.' 


Chap. 5. De Symmetrica Climactismo adversus vitium 
asymmeirig. ‘To take away radicals or surds out of equa- 
tions, by squaring &c the other side of the equation. 

Chap. 6. To reduce biquadratic equations by meatis of 
cubics and quadratics, by methods which are small variations 
from those of Ferrari and Cardan. 

Chap.1. The resolution of cubic equations by rules which 
are the same with Cardan’s, 

Chap. 8. De Canonica equationum transmutatione, ut coef- 
fictentes subgraduales sint que prescribuntur. 'To transmute 
the equation so that the coefficient of the lower term, or 
power, may be any given number, he changes the root in 

_the given proportion, thus: Let a be the root of the equa- 
tion given, E that of the transmuted equation, B the given 


; . E : 
coeflicient, and x the required one; then take a = —; which 


substitute in,the given equation, and it is done.—He com- 
monly changes it so, that x may be 1; which he does, that the 
numeral root of the equation may Be the easier found ; and 


* 


; 
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this he here performs by trials, by taking the nearest root 
of the highest power alone; and if that does not turn out to 


be the root of the whole equation, he concludes that it has 


no rational root, 

Chap. 9. To reduce certain peculiar forms of cubics to 
quadratics, or to simpler forms, much the same as Cardan 
had done. Thus, 

1. If a3—2n*a = 83; then is A*7=— BA — B* 

2. If 2R*a — a3 = B3; then is a*+ BA = B?. 

3. If A} — 3B*A = 283; then is A = 2B. 

4. If 3p*a — a? = 283; then is-A = RB. 

5. If A? — Ba? + pA = Bp; then is A =B. 

6. If a?-+ pa? — p’4 = Bp’; then is a = D. 

7 If BA* + D’a — A? = BD?; then is A=B Or =D. ¢ 
8. If p*A + BDA — a; = B’; then is (pD + B)A — A? = B’. 
9. If A? — pa* + Bpa = B3; then is(D — B)A — A? = B?. 


mo. li ao — 33a = B28; thenis a= /2B— WEB. 


1]. If 33a — as = B28; then is A = /2B — / 2B. 


Chap.10. Similium reductionwm continuatio. Being some. | 


more. similar theorems, when the equation is affected with all 
the powers of the unknown quantity a. 

Chap. 11, 12, 13 relate also to certain peculiar forms of 
equations, in which the root is one of the terms of a certain 
series of continued proportionals. 


Chap. 14, which is the last in this tract, contains, in four 


theorems, the general relation between the roots of an equa- 


tion and the coefficients of its terms, when all its roots are 


positive. Namely, ‘ 

1.Ifs+p.a—a?—=zp; thenis A = Bor D. 

AS — Bs Dp a a Ea BG! Hine’ a= BEDE 
then is A = RB or D orG. . 

3) If spG + BbH + BGH + DGH - A. BD — BG aaa 
DG — DH— GH «A? Senet ip. f-iG 1H). At — AS=DGHT; 
than Hees ORS or oor i, 

4.4f 45—b—p+—~G— Hu— rrp i uerpn 


DG + DH + DK +GH + GK + HK. A? — BDG — BDH - 


- 
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to 
I 
cS 


BDK — BGH — BGK — BHK— DGH— DGK — DHK— GHK. A” 


+ BDGH + BDGK + BDHK + BGHK + DGHK . A 
= BDGHK; then isA = B ur D OY GorH or K, 


And from these last 4 theorems it appears, that Vieta was 
acquainted with the composition of these equations, that 
is, when all their roots are positive, for he never adverts to 
negative roots ; and from other parts of the work it appears, 
that he was not aware that the same properties will obtain 
in all sorts of roots whatever. But it is not certain in what 
manner he obtained these theorems, as he has not given 
any account of the investigations, though that was usually 
his way on other occasions; but he-here contents himself 
ith barely announcing the theorems as above, and for this 
strange reason, that he might at length bring his work toa 
conclusion. 

To this piece is added, by Alexander Anderson, an Ap- 
pendix, containing the construction of cubic equations by 
the triscction of an angle, and a demonstration of the pro- 
perty referred to by Vieta for this purpose. 


De Numerosa Protestatum Purarum Resolutione. Vieta 


here gives some examples of extracting the roots of pure 
powers, in the way that had been long hefote practised, by 
ponte the number into periods of fe ures according to the 
index of the root to be extracted, and then tn Bs from 
one period to another, in the usual way. 

De Numerosa Potestatum adfectarum Resolutione. And 
here, in close imitation of the above method for the roots of 
pure powers, Vieta extracts those of adfected ones; or 
finding the roots of-affected equations, placing always the 
homer comparationis, or absolute term, on one side, 
and al! the terms affected with the unknown quantity, and 
their proper signs, on the other side. ‘The method is very 
laborious, and is but little more than what was before done 
by Stevinus on this subject, depending not a little upon 
trials. The examples he uses are such as have either one 
or two roots, and indeed such as are affected commonly 
with only two powers of the unknown quantity, and which 
therefore admit only of these two varieties as to the 


5 
: 
| 
: 
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number of roots, namely according as the higher of the 
two powers is affirmative or negative, the homogeneum com- 
parationis, on the other side of the equation, being always 
affirmative ; and he remarks this general rule, if the higher 
power be negative, the equation has two roots; otherwise, 
only one; that is, affirmative roots; for as to negative and 
imaginary ones, Vieta knew nothing about them, or at least 
he takes no notice of them. By the foregoing extraction, 
Vieta finds both the greater and less root of the two that are 
contained in the equation, and either of them that he pleases; 
having first, for this purpose, laid down some observations 
concerning the limits within which the two roots are con- 
tained. Also, having found one of the roots, he shows how 
the other root may be found by means of another equation, 
which is a degree lower than the given one; though not by 
depressing the given equation, by dividing it as is now 
done ; but from the nature of proportionals, and the theo- 
rems relating to equations, as given in the former tracts, he 
finds the terms of another equation, different from that last 
mentioned, from the root &c of which, the 2d root of the 
original equation may be obtained. 

In the course of this work, Vieta makes also some obser- 
vations on equations that are ambiguous, or have three 
‘roots; namely, that the equation Ic ~- 6e + 11N = 6, or 
as we write it 73 — 62* + Llv = 6, is ambiguous, when the. 
2d term is negative, and the 3d term afhrmative, and when 
+ of the square of 6, the coefficient of the 2d term, exceeds 
11, the coefficient of the 3d term, and has then three roots. 
Or in general, if 2? — az* + bx =c, and 4a’ > b, the equa- 
tion is ambiguous, and has three roots. He shows also, 
from the relation of the coefficients, how to find whether the 
roots are in arithmetical progression or not, and how far the 
middle root differs from the extremes, by means of a cubic 
equation of this form 23. — bx = c. In all or most of which 
remarks he was preceded by Cardan.—Vieta also remarks 
that the case 23 — 9x1? + 244% = 20, has three roots by the 
same rule, viz, 2, 2, 5, but that two of them are equal. 
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And further, that when 4a* is = 6, then all the three roots are 
equal, as in the case 73 — 627 + 127 = 8, the three roots of 
which are 2, 2, 2. But when 4a’ is Jess than 6, the case is 
not ambiguous, having but one root. And when ab =c, 
then a = 2@ is one root itself. 

Many curious notes are added at the end, with remarks 
on the method of finding the approximate roots, when they 
are not rational, which is done in two ways, in imitation of 
the same thing in the extraction of pure powers, viz, the 
one by forming a fraction of the remainder after all the figures 
of the homogeneum comparationis are exhausted ; the other 
by increasing the root of the equation in a 10 fold, or 100 
fold, &c, proportion, and then dividing the root which 
results by 10, or 100, &c: and this is a decimal approxima- 
tion. And Vieta observes that the roots will be increased 10 
or 100 fold, &c, by.adding the corresponding number of 


ciphers to the coefficient of the 2d term, double that number 


to the 3d, triple the same number to the 4th, and so on. So 


if the equation were 


lc+ 4e+6n=8, 
then 1 c + 40a + 600Nn = 8000 will have its root 10 fold, 
thef1 c+ 400e + 60000 n = 8000000 will have it 100 fold. 

Besides the foregoing algebraical works, Vieta gave vari- 
ous constructions of equations by. means of circles and right 
lines, and angular sections, which may be considered as an 
algebraical tract, or a method of exhibiting the roots of certain 
equations having all their roots affirmative, and by means of 
which he resolved the celebrated equation of 45 powers, pro- 
posed to all the world by Adrianus Romanus. 

Having now délivered a particular analysis of Vieta’s 
algebraical writings, it will be proper, as with other authors, 
to collect into one view the particulars of his more remarka- 
ble peculiarities, inventions, and improvements. 

And first it may be observed, that his writings show great 
originality of genius and invention, and that he made altera- 
tions and improvements in most parts of algebra ; though in 
other parts and respects his method is inferior to some of his | 
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predecessors ; as, for instance, where he neglects to avail 
himself of the negative roots of Cardan ; the numeral expo- 
nents of Stifelius, instead of which he uses the names of the 
powers themselves; or the fractional exponents of Stevinus; 
or the commodious way of prefixing the coefficient before 
the quantity or factor; and such like circumstances ; the 
want of which gives his Algebra the appearance of an age 
much earlier than its own. But his real inventions of 
things before not known, may be reduced to the following 
particulars, | 

Ist. Vieta introduced the general use of the letters of the 
alphabet, to denote indefinite given quantities; which had 
only been done on some particular occasions before his time, 
But the general use of letters, for the unknown quantities, 
was before pretty common with Stifelius and his successors, 
Vieta uses the vowels a, E, 1, 0, u, ¥ for the unknown quan- 
tities, and the consonants B, c, D, &c, for known ones. 

2d. He invented, and introduced many expressions or 
terms, several of which are in use to this day : suchas coefhi- 
cient, afirmative and negative, pure and adfected or affected, 
unciz, homogeneum adfectionis, homogeneum compara- 
tionis, the line or vinculum over compound quantities, thus 
A+. And his method of setting down his equations, is to 
place the homogeneum comparationis, or absolute known 
term, on the right-hand side alone, and on the other side 
all the terms which contain the unknown quantity, with 
their proper signs. | 

Sd. In most of the rules and reductions for cubic and 
other equations, he made some improvements, and varias 
tions in the modes. 

4th. He showed how to change the root of an equation in 
a given proportion. ? 

5. He derived or raised the cubic and biquadratic, &c 
equations, from quadratics ; not by composition in Harriot’s 
way, but by squaring and otherwise multiplying certain 
parts of the quadratic. And as some quadratic equations 
have two roots, therefore the cubics and others raised from 

WOR. 1 > T 
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them, have also the same two roots, and no more. And’ 
hence he comes to know what relation these two, roots bear 
to the coefficients of the two lowest terms of cubic and other 
equations, when they have only 3 terms, namely, by com- 
paring them With similar equations so raised from quadratics. 
And, on the contrary, what the roots are, in terms. of such 
coefiicients. | 

6. He made some observations on the limits of the two 
roots of certain equations. 

7. He stated the general relation between the roots of 
certain equations and the coeflicients of its terms, when the 
terms are alternately plus and minus, and none of them are 
wanting, or the roots all positive. 

8. tle extracted the roots of affected equations, by a me- 
thod of approximation similar to that for pure powers. 

9. He gave the construction of certain equations, and 
exhibited their roots by means, of angular sections ; before 
adverted to by Bombelli. 


OF ALBERT GIRARD. 


Albert Girard was an ingenious Dutch or Flemish mathe- 
matician, who died about the year 1633. He published an 
edition of Stevinus’s Arithmetic in 1625, augmented with 
many notes ; and the year after his death was published by 
his widow, an edition of the whole works of Stevinus, in 
the same manner, which Girard had left ready for the press, 
But the work which entitles him to a particular notice in 


this history, is his ‘* Invention Nouvelle en lt Algebre, tant 


pour la solution des equations, que pour recognoistre le nombre 
des solutions qu’elles regowvent, avec plusieurs choses qui sont 
necessatres a la perfection de ceste divine science; which was 
printed at Amsterdam 1629, in small quarto, in 63 pages, 
viz, 49 pages on Arithmetic and Algebra, and the rest on 


- the measure of the superficies of spherical triangles and, poly- 


gons, by him then lately discovered. 
In this work, Girard first premises a short tract on Arith- 
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metic ; in the notation of which he has something peculiar, 
viz, dividing the numbers into the ranks of millions, billions, 
trillions, &c. » 

He next delivers the common rules of Algebra, not only in 
itegers and fractions, but radicals also; with the notation 
of the quantities and signs. In this part he uses sometimes 
the letters a, B, c, &c, after the manner of Vieta, but more 
commonly the characters of Stevinus, viz, ©, ®, @, @, &c, 
for the powers of the unknown quantity, with their roots 
®, @, @, ®, ®, &c, used by Stevinus ; and sometimes 
thé more usual marks of the roots, as /. or 4, 37, 47, &c 5 
prefixing the coefficients, as 6@, or 37/37, or 2. In the 

signs he follows his predecessors so far as to have + for plus, 
_— or + for minus, = for general or indefinite difference, 
a+ s for the sum, A — Bor A = B for the difference, aB 


the product, and - for the quotient of aands. He uses 


the parentheses (__) for the vinculum or bond of compound 
quantities, as is now commonly practised ; as A(AB + 8g), 
or \/(a cub. — 3aqp); and he introduces the new characters 


ff for greater than, and § for less than; but he uses no cha- 


ra¢ter for equality, only the word itself. 

Girard gives a new rule for extracting the “- root of 
binomials, which however is’ in a’ good measure tentative, 
and which he explains thus: To extract the cube root of 
12 + «£5120. R a 
. ‘5184 
5120 

their difference 64, and its cube 
root 4. Which shows that the difference between the squares 
of the terms*required is 4 ; and the rational part 72 being the 


The squares of the terms / 


greater, the greater term. of the root will be rational also; - 


and further, that the greater terms of the power 

2+,/0 and root are commensurable, as also the two less' 

$+ /5 terms. Then having made a table as in the mar- 

4+ 712° gin, where the square of the rational term always 

5 -+—- /2- exceeds that of the other, by the number 4’ 
T 2 
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above mentioned, one of these binomials must be the cubic 
root sought, if the given quantity have such a root; and it 
must be one of these four forms; for it is known to be 
carried far enough by observing that the cube root of 72 is 
less than 5, and the cube root of 5120 less than 21 ; indeed, 
this being the case, the last binomial is excluded, as evi- 
dently too great ; and the first is excluded because one of its 
terms is 0; therefore the root must be either 3 + ./5 or 
4-+ 12. And to know whether of these two it must be, 
try which of them has its two terms exact divisors of the 
corresponding terms of the given quantity ; then it is found 


that 3 and 4 are both divisors of 72, but that only 5, and . - 


not 12, is a divisor of 5120; therefore 3+ 5 is the root 
sought, which upon trial is found to answer. It is remarka- 
ble here, that Girard uses 4 + ,/20 instead of 44 12, 
and 5 + \/29 instead of 5 + 20, contrary to his own 
rule. 

Girard then gives distinct and plain rules for bringing 
questions to equations, and for the reduction of those equa- 
tions to their simplest form, for solution, by the usual modes, 
and also by the way called by Vieta Zsomeria, multiplying 
the terms of the equation by the terms of a geometrical pro- 
gression, by which means the roots are altered in the pro- 
portion of 1 to the ratio of the progression. He then treats 
of the methods of finding the roots of the several sorts of 
equations, quadratic, cubic, &c; and adds remarks on the’ 
proper number of conditions or equations for limiting ques- 
tions. The quadratics are resolved by completing the square, 
and both the positive and negative roots are taken; and he 
observes that sometimes the equation is impossible, as ® 
equ. 6@ — 25, whose roots, he adds, are $ + “—16 and 
3 af lB | 

The cubic equations he resolves by Cardan’s rule, except 
the irreducible case, which he the first of any resolves 
by a table of sines; the other cases he also resolves by 
tables of sines and tangents; and adds geometrical construc- — 
tions by means of the hyperbola or the trisection of angles, © 
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He next adds a particular mode of resolving all sorts of 
‘equations, that have rational roots, on the principle of 
the roots being divisors of the last or absolute term, as before 
mentioned by Peletarius; and then gives the method of 
approximating to other roots that are not rational, much in 
the same way as Stevinus. 

Having found one root of an equation, by any of the 
former methods, by means of it he depresses the equation 
one degree lower, then finds another root, and so on till 
_ they are all found ; for he shows that every algebraic equa- 
tion, admits of as many solutions or roots, as there are units 
in the index of the highest power, which roots may be 
either positive or negative, or imaginary, or, as he calls 
them, greater than nothing,, or less than nothing, or in- 
volved; so the roots of the equation 14 equ. 7 — 6, are 


2, 1, and—3; and the roots of the equation 1) equ. 
42) — 3 are bp 


1, 
-l+v—2, 
-~-l~— f— 4. 


In depressing an equation to lower degrees, he does not 
use the method of resolution of Harriot, but that which 
is derived from the general relation of the roots and coeffi- 
cients of the terms, which he here fully and universally 
states, viz, that the coefficient of the 2d term is equal to the 
sum of all the roots; that of the 3d term equal to the sum of 
all the products of the roots, taken two by two; that of the 
4th.term, the sum of the products, taken three by three ; 
and so on, to the Jast or absolute term, which 1s the con 
tinual product of all the roots; a property which was before 
stated by Vieta, as to the equations that.have all their roots 
positive ; and here extended by Girard to all sorts of roots 
whatever : but how either Vieta or he came by this property, 
nowhere appears that I know of. From this general property, 
among other deductions, Girard shows how to find the 
sums of the powers of the roots of an equation; thus, let 
A, B, C, D, &c, be the Ist, 2d, 3d; 4th, &c, coefficient, 


re 
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after the first term, or the sums of the products taken one 
by one, two by two, three by three, &c; then, in all sorts 
of equations, 


A = y roots, 

Aq — 2B »~ J squares, 

A cub. — 34B + 3c x cubes, 

aqq — 4AqB + 4ac + 28q — 4D/ $5 \biquadrates. 


Girard next explains the use of negative roots in Geo- 
metry, showing that they represent lines only drawn in 
a direction contrary to those representing the positive roots ; 
and he remarks that this is a thing hitherto unknown. He 
then terminates the Algebra by some questions having two 
or more unknown quantities. And he subjoins to the whole 
a tract on the mensuration of the surfaces of spherical trian- 
gles and polygons, by him lately discovered. 

From the foregoing account it appears that, 

Ist, He was the first person who understood the general 
doctrine of the formation of the coefficients of the powers, 
- from the sums of their roots, and their products, &c. 

2d, He was the first who understood the use of negative 
roots in the solution of geometrical problems. 

8d, He was the first who spoke of the imaginary roots, 
and understood that every equation might have as many 
roots, real and imaginary, and no more, as there are units 
in the index of the highest power, And he was the first 
who gave the whimsical name of quantities less than nothing 
to the negative. 

4th, He was also the first who discovered the rules for 
forming the powers of the roots of any equation. 


OF HARRIOT. 


Thomas Harriot, an excellent astronomer, philosopher, 
and mathematician, was born at Oxford in 1560, After 
taking the degree of bachelor-of arts in 1579, he accompa- 
nied the famous Sir Walter Raleigh in an expedition to 
Virginia, where the first English establishment was made, 


tel 
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Hartiot here drew the map of the country, and in 1588 gave 
a relation of the voyage. Being returned to his country, it 
appears that he gave himself up entirely to the study of the 

mathematics, and especially to that of algebra. He re- 
mained not long unknown to the Karl of Northumberland, a 
great encourager of the sciences, who maintained several 
learned meh, hich as Rob. Hues, Walter Wartier, and Na~- 
thaniel Tarporley. This enlightened nobleman entertained 
Harriot in his house, with a salary of £300 sterling a year, 
_ a great sum in those times; and in this situation it was that 
Hatrict finished his days, in the year 1621, at 61 yeats of 
age. It appears by Kepler’s letters, that he held a corre- 
spondence with this astronomer, chiefly on the theory of the 
rainbow. Harriot’s manuscripts, lately discovered in the 
castle of the Earl of Egremont, inform us of many of his 
astronomical observations, and particularly of those of the 
spots in the sunas early as the beginning of December 1610, 
while the first of those of Galileo were not made before the 
preceding month. So that Harriot must then either have 
made himself a telescope, or procured one from Holland. 
He made in the same year also, observations on Jupiter’s 
satellites, and on the remarkable comets of the years 1607 
and 1618. 

His Algebra was left behind him unpublished, as well as 
those other papers, at his death, which happened in the year _ 
1621, as before mentioned, and but 6 years after the first 
publication of the principal parts of Vieta’s Algebra, by 
Alexander Anderson ; so that it is probable that Harriot’s 
Algebra was written long before this time, and indeed that he 
had never seen these pieces. 
~ Harriot’s Algebra was published by his friend Walter 
Warner, in the year 1631: and it would doubtless be highly 
grateful to the learned in these sciences, if his other curious 
algebraical and astronomical works were published, from his 
Kehna papers in the possession of the Earl of Egremont, to 
whom they have descended from Henry Percy, the Earl of 
Northumberland, that noble Mecenas of his day. The book 

ia 
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is in folio, and intitled Artis Analytice Praxis, ad Aequa- 
tiones Algebraicas nova, expedita, & generali methodo, resol- 
vendas; a work in all parts of it showing marks of great 
genius and originality, and is the first instance of the modern 
form of Algebra, in which it has ever since appeared. It 
is prefaced by 18 definitions, which are these: 1st, Logistica 
Speciosa; 2d, Equation; 3d, Synthesis; 4, Analysis; 5, 
Composition and Resolution; 6, Forming an Equation ; 7, 
Reduction of an Equation ; 8, Verification; 9, Numerosa 
& Speciosa; 10, Excogitata; 11, Resolution; 12, Roots; 
13 and 14, The kinds and generation of equations by multi- 
plication, from binomial roots or factors, called original 


equations. . 
asa + 6|=aa-+ ba 
a— Cc — ca — be, 
ord + 6 | =aaa+baa+bca 
ate -+caa—bda 
a—d —daa—cda—bced; 


when he puts a for the unknown quantity, and the small 
consonants, b, c, d, &c, for its literal values or roots; 15, 
The first form of canonical equations, which are derived 
from the above originals, by transposing the homogeneum, 
or absolute term, 
thus aa + ba 
— ca = + be, &e. 
16, The secondary canonicals, formed from the primary by 
expelling the 2d term, 
thus aa= + 6), 
or aaa — bba 
— bea 
~ cca = + bbe 
+ bcc. 

17. That these are called canonicals, because they are 
adapted to canons or rules for finding the numeral roots, &c, 
18, Reciprocal equations, in which the homogeneum is the 
product of the coefficients of the other terms, and ‘the first 
term, or highest power of the root, is equal to the product of 
the powers in the other terms, as daa ~ cua + bba = + bbe. 
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After these definitions, the work is divided into two prin- 
cipal parts; Ist, of various generations, reductions, and 
preparations of equations for their resolution in the 2d part. 
The former is divided into 6 sections as follows. 

Sect. 1. Logistices Speciose, exemplified in the 4 opera- 
tions of addition, subtraction, multiplication, and division ; 
as also the reduction of algebraic fractions, and the ordinary 
reduction of irregular equations to the form proper for the 
resolution of them, namely, so that all the unknown terms 
be on one side of the equation, and the known term.on the 
other, the powers in the terms ranged in order, the ereatest 
first, and the first or highest power made positive, and 
freed from its coefficient ; 

| as aa+ba=cd, 

or aaa + baa—cda = — cd. 

In this part he explains some unusual characters which he: 

introduces, namely, 
= for equality, asa = 6. 

@ > for majority, asa 5 3, 

< for minority, asa < 4; 

but the first had been before introduced by Robert Recorde. 

Sect, 2. The generation of original equations from bi- 
nomial factors or roots, and the deducing of canonicals 
from the originals. He supposes that every equation has as 
many roots as dimensions in its highest power ; then suppos- 
ing the values of the unknown letter a in any equation to be 
b,c, d,f, &c, that isa =b, anda = c, anda =d, &c; by 
transposition, or equal subtraction, these become a — b= 0, 
and a — ¢=0, and a — d= 0, &c, or the same letters with 
contrary,signs for negative values or roots; then two of 
these binomial factors, multiplied together, give a qua- 
dratic equation, three of them a cubic, four of them a biqua- 
dratic,"and*s0 on, with all the terms on one side of the 
equation, and O on the other side, since, every binomial 
factor being = 0, the continual product of all of them must 
alsobe = 0. Thus, . 


. op ‘ 
: oti 
“ “ 
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a+b|=aaat baa + bea 
a+ec + caa — bda | 
aad — daa — cda —bed = 0 
an original equation, 
and aaa + baa + bea 


+ caa — bdu 
— daa — cda= + bed 


its canonical, deduced from it. And these operations are 
carried through all the cases of the 2d, 3d and 4th powers, 
as to the varieties of the signs + and —, and the propor- 
tions of the roots as to equal and unequal, with the recipro- 


cals, &c. From which are made evident, at one glance . 
of the eye, all the relations and properties between the roots 


of equations, and the coefficients of the terms. 

Sect. 3. A-quationum canonicarum secundariarum @ pri- 
maris reductie per gradus alicujus parodici sublationem radice 
supposititia wnvariata manente. Containing a great many 
examples of preparing equations, by taking away the 2d, 3d, 
or any other of the intermediate terms, which is done by 


making the positive coefficients in that term, equal to the. 
negative ones, by which means the whole term vanishes, or 


penanes equal to nothing. 
They are extended as far as equations of the 5th degree ; 
and at the end are collected, and placed in regular order, 
ali the secondary canonicals, so reduced ; so that by the 
uniform law which is visible through them all, the series may 
be continued to the higher degrees as far as we please. 
Sect.4. A quationum canonicarum tam primariarum, quam 
secundariarum, radicum ‘designatio. A great many literal 
equations are here set down, and their roots assigned from 
the form of the equation, that is, all their positive roots ; 
for their negative roots are not noticed.here ; and it is every 
where proved that they cannot have any more positive roots 
than these, and consequently the rest are’ négatives.. That 
those are roots, he proves by substituting them instead of 
the unknown letter ain the equation, Metis they make all 
the terms on one side come to the same thing as the homo- 
geneum on the other sid@. ~~ 


a. 


“e 


, 
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Sect. 5. In qua egquationum communium per canonicarum 
equipollentiam, radicum numerus determinatur. On the 
number of the roots of common equations, that is the posi- 
tive roots. This Harriot determines by comparing them 
with the like cases found among his canonical forms, which 
two equations, having the same number of terms with the 
same signs, and the relations of the coefficients and homo- 
geneum correspondent, he calls equipollents. And what- 
ever was the number of positive roots used in the composi- 
tion of the canonical, the same, he infers, is the number in 
the proposed common equation. It is remarkable that, in 
all the examples here used, the number of positive roots is 
just equal to the number of the changes in the signs from + 
to — and from — to +, which is a circumstance, though 
not here expressly mentioned, that could not escape the 
observation, or the eye, of any one, much less of so clear 
and comprehensive a sight as that of Harriot. | 

In this section are contained many ingenious disquisitions, 
concerning the limits and magnitudes of quantities, with 
several curious lemmas, laid down to demonstrate'the propo- 
Sion: by, which lemmas are themselves demonstrated in a 
pure mathematical way, from the magnitudes themselves, 
independent of geometrical figures; such as, 1, If a quantity 
be divided into any two unequal parts, the square of half 
the quantity will be greater than the product of the two 
unequal parts. 2, In three continued proportionals, the 
sum of the extremes is greater than double the mean. 3, 
In four continued proportionals, the sum of the extremes is 
greater than the sum of the two means. 4, In any two 
quantities, one-fourth the square of the sum of the cubes, is 
greater than the cube of the product of the two quantities. 
5, Of any two quantities g andr, then 3, (qg4 gr + rr} 
>i (ygr + rr). 6, If any quantity be divided into three 
unequal “parts, the square of 4 of the whole quantity is 
greater than 4 of the sum of the three products made of the 
three unequal parts. 7, Also the cube of the 4 part of the 
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whole, is greater than the solid or continual product of the 
three unequal parts. 

Sect. 6. A’quationum communium reductio per gradus ali- 
cujus parodici exclustonem & radicis supposititie mutatiwonem. 
Here are a great many examples of reducing and transform- 
ing equations of the 2d, 3d, and 4th degrees ; chiefly either 
by multiplying the roots of equations in any proportion, as 
was done by Vieta, or increasing or diminishing the root by 
a given quantity, after the manner of Cardan. The former 
of these reductions is performed by multiplying the terms 
of the equation by the corresponding terms of a geometrical 
progression, the first term being 1, and the 2d term the 
quantity by which the root is to be multiplied. And the 
other reduction, or transforming to another root, which 
may be greater or less than the given root by a given quan- 
tity, is performed commonly by substituting e + or — 6 
for the given root a, by which the equation is reduced to a 
simpler form. Other modes of eile are also used ; 


ore + Bator 


one of which is this, viz, substituting = 


the root a in the given equation aaa = "3.bba ee 2.000) bg 
which it reduces to this quadratic form e° — gci & = — b 
from which Cardan’s forms are immediately deduced; 


bb 
namely e = /3) ci — c° + O°, and therefore a or e + = 


73) O+ /0+ Uo+/3)G— vc&+ 6°; where hedenotes 
the cubic or 3d root thus 4/3), but without any vinculum 
over the compound quantities. 

In this section, Harriot makes various remarks as they 
occur: thus, he remarks, and demonstrates, that eee — 
3.bbe = — ccc 

— 2.bb6 is an impossible equation, or has no affirma- 
tive root. He remarks also that the three cases of the 
equation aaa — 3.bba = +4 2.ccc are similar to the three 
conic sections ; namely to the hyperbola when c > 6, to the 
parabola when c =), or to the ellipsis when ¢<6, and 
for which reason this case is not generally resoluble in 
species. -. 


| 


Se ee ee 


‘ 
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Having thus shown how to simplify equations, and prepare 
them for solution, Harriot enters next upon the second part 
of his work, being the 


Exegetice Numerosa, 


or the numeral resolution of all sorts of equations by a gene- 
ral method, which is exemplified in a great number of 
equations, both simple and affected, as far as the 5th power 
inclusive ; and they are commonly prepared, by the fore- 
going parts, by freeing them from their 2d term, &c. These 
€xtractions are explained and performed in a way different 
from that of Vieta; and the examples are first in perfect or 
terminate roots, and afterwards for irrational or interminate 
ones, to which Harriot approximates, by adding always 
periods of ciphers to the given number or resoivend, as far 
as necessary in decimals, which are continued and set down 
as such, but with their proper denominator 10, or 100, or 
1000, &c. 
. He then concludes the work with 


Canones Directori, 


which form a collection of the cases or theorems for making 
the foregoing numeral extractions, ready arranged for use, 
under the various forms of equations, with the factors neces- 
sary to form the several resolvends and subtrahends. 

And from a review of the whole work, it appears that 
Harriot’s inventions, peculiarities, and improvements in alge- 
bra, may be comprized in the following particulars. 

ist. He introduced the uniform use of the small letters, 
a, b,c, d, &c, viz, the vowels a, e, &c, for unknown quan- 
tities, and the consonants b, c, d, f, &c, for the known 
ones; which he joins together like the letters of a word, to 
represent the muitiplication or product of any number of 
these literal quantities, and prefixing the numeral coefficient 
as we do at present, except only separated by a point, thus 
5.bbc. For a root, he set the index of the root after the mark 
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+ as 8) for the cube root. He also introduced the cha- 
racters > and <, for greater and less; and in the reduction 
of equations, he arranged the operations in separate steps 
or lines, setting the explanations in the margin on the left 
hand, for each line. By which, and other means, he may 
be considered as the introducer of the modern state of Alge- 


bra, which quite changed its form under his hands. : 
ad. He showed the universal generation of all the com- 
pound or atlected equations, by the continual multiplication 
j 


of so. many abel ones, or binomial roots ; thereby plainly 

exhibiting tothe eye the whole circumstances of the natures, | 
mystery and number of the roots of equations; with the 
composition and relations of the coefficients of the terms ; 
and from which many of the most important properties haye 
since been deduced. 

3d. He greatly improved the numeral exegesis, or extrac- 

tion of the roots of all equations, by clear and explicit rules: 
and syethods, drawn from the foregoing generation or com- 
position of atiected equations of all degrees. 


OF GUGHTRED S’ CLAVIS. 


Outred was:contemporary with Marriot, but lived a long 
time after him, as he died: only in 1660, at 87 years of age. 
His: Clavis was first aA pe in 1631, the same year in 
which Harriot’s Algebra-was published by his friend Warner. 
In this: work, Oughtred eeny follows Vieta, in the nota- 
tion by the capitals a, B, c, D, &c, in the designation of 
products, powers; and roots, though with some few varia- 
tions, His.work may be comprehended under the following 
particulars. 

1. Notetion. This extends to both Algebra and Arith- 
metic, vulgar and: decimal. The Algebra chiefly after the 
manner of Vieta, as:‘abovesaid. And he separates the deci- 
mals: from the integers:thus, 21(66, which is the first time I 
have observedisuchia'separation, and'the decimals*set down 
withont:their denominator. 
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- 2. The common rules or operations of Arithmetic and 
Algebra. In algebraic multiplication, he either joins the_ 
letters together like a word, or connects them by the mark 
x, which is the first introduction of this character of multi- 
plication: thus A x aor aa or ag. But omitting the vinca- 
lum over compound factors, used by Vieta. He intro- 
duces here many neat and“useful contractions in multiplica- 
tion and division of decimals: as that common one of inverting 
the multiplier, to have fewer decimals, and abridge the 
work ; that of omitting always one figure at a time, of the 
divisor, for the same purpose; dividing by the component 
factors of a number, instead of the number itself ; as 4 and 6 
for 24; and many othe er neat contractions. He states his 
renee non thus 7.9 :: 28.36, and denotes continued pro- 
portion thus ++ ; which isthe first time | have observed these 
characters, 

3. Invents and describes various. symbolical marks or ab- 
breviations, which are not now used. 

4. The genesis and analysis of powers. Denotes powers 
like Vieta, and also roots, thus /96, 4/¢20, ./9924, &c ; 
and much in his manner too performs the numeral extraction 
of roots. He here gives. a, table of the powers of the bino- 
mial A +-.£ as far as the 10th power, with all their terms and 
coefficients, or unciz as. he calls them, after Vieta, 

5. Hquations. He here gives express and particular di- 
rections for the several sorts.of reductions, according as the 
form of the equation, may require. He uses the letter xu 
after 4, for universal, instead of the vinculum of Vieta, 
And he observes. that the sigus of-all the terms of the powers 
of A+ are positive, but those of a — & are alternately po- 
sitive and negative. 

6. Next follow many properties of triangles and other 
geometrical figures.; and: the first instance of applying Al- 
gebra, to. Geometry, so, as to investigate new geometrical. 
properties; also, after the algebraical resolution of each 
problem, he commonly, deduces and; gives a geometrical 

= \ 
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construction adapted to it. He gives also a good tract on 
angular sections. 

7. The work concludes with the numeral solution of 
affected equations, in which he follows the manner of Vieta, 
though he is more explicit. 


OF DESCARTES. 


Descartes’s Geometry was first published in 1637, being 
six years after the publication of Harriot’s Algebra. That 
work was rather an application of Algebra to Geometry, 
than the science either of Algebra or Geometry itself, purely 
and properly so called. And yet he made improvements in 
both. We must observe, however, that all. the properties 
of equations, &c, which he sets down, are not to be con- 
sidered as even meant by himself for new inventions or dis- 
coveries; but as statements and enumerations of properties, 
before known and taught by other authors, which he is about . 
to make some use or application of, and for which reason it 
is that he mentions those properties. 

Descartes’s Geometry consists of three books, The first 
of these is, De Problematibus, que construt possunt, adhibendo 
tantum rectas lineas & circulos. He here accommodates or 
performs arithmetical operations by Geometry, supposing 
some line to represent unity, and then, by means of propor- 
tionals, showing how to multiply, divide, and extract roots, 
‘by lines. He next describes the notation he uses, but not 
_ because it is a new one, for it is the same as had been used by 
former authors, viz, a + 6 for the addition of a and 4, also 


a—b for their subtraction, ab multiplication, = division, aa 


or a* the square of a, a3 its cube, &c: also 4/a*-+ &* for the 
square root of a” -++ 6*, and ,/c.a* — 63 + abé for the cube root, 
&c, with a bar over the quantities. He then observes, after 
Stifelius, that there must be as many equations as there are. 
unknown lines or quantities; and that they mustbe reduced all 
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to one final equation, by exterminating all the unknownletters 
except one; when the final equation will appear’ a these, 
z » 6, or 
2» —az +b’, or 
2 x + az + bs —c, or 
z* x 4a + b'z*-— cz + d*, Ke. 

Where he uses » for = or equality, setting the highest 
term or power alone on one side of the equation, and all the 
other terms on the other side, with their proper signs. 

Descartes next defines plane problems, naiielt: such as 
ean be resolved by right lines and circles, described on a 
plane superficies ; and “théd the final equation rises only to 
the 2d power of the unknown letter. He then constructs 
guch equations, viz, quadratics, bythe circle, thus finding 
geometrically the root or roots, that is, the positive ones. 
But when the lines, by which the roots. are determined, 
neither cut nor touch, he observes that the equation has 
then no possible root, or that the problem is impossible. 
He then concludes this book with the algebraical solution of 
the celebrated problem, before treated of by the antients, 
namely, to find a point, or the locus of all the points, from 
which a line being drawn, to meet any number of given 
lines in given angles, the product of the segments of some 
of them shall have a given ratio to that of the rest. | 

Lib. 2. De Natura Linearum Curvarum. 'This is a good 
algebraical treatise on curve lines in general, and the first 
of the kind that has been ‘produced by the moderns, Here 
the nature of the curve is expressed by an equation contain- 
ing two unknown or variable lines, and others that are 
known or constant, as 4/* 2» cy — <2 + ay—ac. But, not 
relating to pure Algebra, the particulars will be most pro- 
perly placed under the article of curve lines, and other 
terms relating to them. Only one discovery, among many 
ingenious applications of Algebra to Geometry, may here 
be particularly noticed, as it may be considered as the first 
step towards the arithmetic of infinites; and that is the 
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method of tangents, here given, or, which comes to the 
same thing, of drawing a line perpendicular to a curve at 
any point; which is an ingenious application of the general 
form of an equation, generated in Harriot’s way, that has’ 
two equal roots, to the equation of the curve, Of which a 
particular account will be given at the article TANGENTS. 

Lib. 3.-. De Constructione Problematum Solidorum, eé 
Solida excedentium. - Descartes begins this book with remarks 
on the nature and roots of equations, observing, that, they 
have as many roots as dimensions, which he shows, after 
Harriot, by multiplying a certain number of simple 
binomial equations together, asa—2 »0, anda—S » 0, 
and x — 4 » O, producing v3 — 9rx + 26%, — 24 » 0. He 
here remarks that'equations may sometimes have their roots, 
false, or what we call negative, which he opposes to those _ 
that are positive, of as -he calls them true, as Cardan had 
done before. As a natural deduction from the generation 
or composition of equations, by multiplication, he infers 
their resolution, or depression, or decomposition, namely, 
dividing them by the binomial factors which were multiplied 
to produce the equation: and -he observes, that, by this 
operation it is known that this divisor is one of the binomial 
roots, and that there can be no more roots than dimensions, 
er than those which form with the unknown letter 2, bino- 
mials that will exactly divide the equation, as Harriot had 
shown before. 

Descartes adverts to several other properties, mostly 
known before, which he has occasion to make use of in the 
progress of his work; such as, that equations may have 
as many true roots as the terms have changes of the signs -+- 
and —, and as many false ones as successions of the same 
signs; which number and nature of the roots had before 
been partly shown by Cardan and Vieta; from the relation 
of the coeflicients, and their signs, and the same thing ap- 
pears more fully by Harriot’s 5th section. And hence Des- 
cartes infers the method of changing the true roots to false, 
and the false to true, namely, by changing the signs of the 
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even terms only, as Cardan had taught before. Descartes 
then adverts to other reductions and transmutations which 
had been taught by Cardan, Vieta, and Harriot, such as, 
To increase or diminish the roots by any quantity; To 
take away the 2d term: To alter the roots in any propor- 
tion, aud thence to free the equation from fractions and 
radicals, 

Descartes next remarks that the roots of equations, whe- 
ther true or false, may be either real or imaginary ; as in the 
equation 3 — 6xrx + 132% — 10» 0, which has only one real 
root, namely 2. The imaginary roots were first noticed by 
Albert Girard, as before mentioned. He then treats of the 
depression of a cubic equation to a quadratic, or plane pro- 
blem, that it may be constructed by the circle, by dividing 
it by some one of the binomial factors, which, in Harriot’s. 
way, compose the equation. Peletarius having shown that 
the simple root is one of the divisors of the known term 
of the equation, and Harriot that that term, is the conti- 
nual product of all the roots, Descartes therefore tries all 
the simple divisors of that term, till he finds one of them. 
which, connected with the unknown letter x, by + or —, 
will exactly divide the equation. And the process is the 
same for higher powers than the cube. But when a divisor 
cannot be thus found, for depressing a biquadratic equa- 
tion to a cubic, he gives another rule, which is a new one, 
for dissolving it into two quadratics, by means of a cubic 
equation, in this manner: 

Let the given biqu. be + 2%, . pre. gr .7r»0; 

“hich suppose 
ay iM) thef btr— yr + ayy. ap. +. att 

prodict oF Ce ar tye tay 4p hs 
where the sign of +p in the two quadratics must be the same 
as the sign of pin the given equation, and in the Ist gua- 
dratic the sign of must be the same as the sign of g, but 
in the 2d quadratic the contrary. ‘Then if there be found the 
root yy of this cubic equation y° . 2py* + es y- Yq x 9, 
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where the sign 2p is the same as of p in the given biqua- 
dratic, but the sign of 4r contrary to that of 7 in the same: 
Then the value of y, hence deduced, being substituted for 
it in the two quadratic equations, and their two pairs of 
roots taken, they will be the four roots of the proposed 
biquadratic. And thus also, he hints, may equations of the 
6th power be reduced to those of the 5th, and those of the 
8th power to those of the 7th, and so on. Descartes does 
not give the investigation of this rule ; but it has evidently 
been done, by assuming indeterminate quantities, after the 


manner of Ferrari and Cardan, as coefficients of the terms 


of the two quadratic equations, and after multiplying the 
two together, determining their values by comparing the 
resulting terms with those of the proposed biquadratic equa- 
tion. 

After these reductions, which are only mentioned for the 
sake of the geometrical constructions which follow, by sim- 
plifying and depressing the equations as much as they will 
admit, Descartes then gives the construction of solid and 
other higher problems, or of cubic and higher equations, 
by means of parabolas and circles; where he observes, that 
the false roots are denoted by the ordinates to the parabola 
lying on the contrary side of the axis to the true roots, 
as before mentioned by Girard. Finally, these constructions 
are-illustrated by various problems concerning the trisecting 
of an angle, and the finding of two or four mean propor- 
tionals ; which concludes this ingenious work. 

From the foregoing analysis may easily be collected the 
real inventions aad improvements made in algebra by Des- 
cartes. His work, as has been observed before, is not alge- 
bra itself, but the application of algebra to geometry, and 
the algebraical doctrine of curve lines, expressing and ex- 
plaining their nature by algebraical equations; and, on the 
contrary, constructing and explaining equations by means 
of the curve lines. What respects the geometrical parts of 
this tract we shall have occasion to advert to elsewhere ; and 
therefore shall here only enumerate the circumstances which 
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belong more peculiarly to the science of Algebra, which 
I shall distinguish into the two heads, of improvements, and 
inventions, And 

ist. Of his improvements.—That he might fit equations 
the better for their application in the construction of pros 
blems, Descartes mentions, as it were by-the-by, many 
things concerning the nature and reduction of equations, 
without troubling himself about the first inventors of them, 
stating them in his own terms and manner, which is com- 
monly more clear and explicit, and often with improvements 
of his own. And under this head we find that he chiefly 
followed Cardan, Vieta, and Harriot, but especially the 
Jast, and explains some of their rules and discoveries more 
distinctly, and varies but a little in the notation, putting 
the first letters of the alphabet for the known, and the latter 
letters for the unknown quantities ; also 23 for aaa, &c ;- and 
for =; But Herigone used the numeral exponents in 
the same manner some years before, as well as several older 
authors. Descartes explained or improved most parts of 
the reductions of equations, in their various transmutations, 
the number and nature of their roots, true and false, real 
and what he denominates imaginary, called involved by 
Girard ; and the depression of equations to lower degrees; 

2d. As to his inventions and discoveries in algebra, they 
may be comprized in these particulars: namely, the appli- 
cation of algebra to the geometry of curve lines, the con- 
structing equations of the higher orders, and a rule for 
resolving biquadratic equations by means of a cubic and 
two quadratics. 

Having now traced the science of Algebra from its origin 
and rude state, down to its modern and more polished form, 
in which it has ever since continued, with very little varia- 
tion ; having analysed all or most of the principal authors, 
in a chronological order, and deduced the inventions and 
improvements made by each of them ; from this time the 
authors both become too numerous, and their improvements 
too inconsiderable, to merit a detail in the same minute and 
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circumstantial way: and besides, these will be better ex- 
plained in a particular manner under the word or article to 
which each of them severally belongs. It may therefore 
now suffice to enumerate, or announce only in a cursory 
way, the chief improvements and authors on algebra down 
to the present time. 

After the publication of the Geometry of Descartes, a 
great many other ingenious men followed the same course, 
applying themselves to algebra and the new geometry, to 
the mutual improvement of them both; which was done 
chiefly by reasoning on the nature and forms of equations, 
as generated and composed by Harriot. Before proceeding 
upon these, however, it is but proper to take notice here 


of Fermat, a learned and ingenious mathematician, who 


was contemporary and a competitor of Descartes, for his 
brightest discoveries, which he was in possession of before 
the geometry of Descartes appeared. Namely, the apphi- 
cation of algebra to curve lines, which he expressed by an 
algebraical equation, and by them constructed equations 
of the 3d and 4th orders ; also a method of tangents, and a 
method de maximis et minimis, which approach very near 


to he method of Fluxions or Increments, which they strik~ | 


ingly resemble, both in the manner of treating the problems, 
and in the algebraic notation and process. ‘The particulars 
of which, see under the proper heads. Besides these, Fer- 
mat was deeb learned in the Diophantine problems, and 
the best edition of Diophantus’s Arithmetic, is that which 
contains the notes of Fermat on that ingenious work. 

But to return to the successors of Deecateaw His geo- 
metry having been published in Holland, several learned 
and ingenious mathematicians, of that country, presently 
applied themselves to cuitivate and improve it ; as Schoo- 
ten, Hudde, Van-Heuraect, De Witte, Slusius, Huygens, 
&c ; besides M. de Beaune, and perhaps some others in 
France, 

Francis Schooten, professor of mathematics in the univer- 
sity of Leyden, was one of the first cultivators of the new 


TRACT 35. HISTORY OF ALGEBRA, 295 


geometry. He translated Descartes’s Geometry out: of 
¥rench into Latin, and published it in 1649, with his commen- 
tary on it, as also Brief Notes of M. de Beaune; both of 
them containing many ingenious and useful things. And in 
1659 he gave a new edition of the same, in two volumes, 
with the addition of several other ingenious pieces: as, two 
posthumous tracts of de Beaune, the one on the nature and 
constitution, the other on the limits of equations) showing 
how to assign the limits between which are contained the 
greatest and least roots of equations, extended and com- 
pleted by Erasmus Bartholine: two letters of M. Hudde ou 
the reduction of equations, and on the maxima and minima of 
quantities, containing many ingenious rules; among which 
are some concerning the drawing of tangents, and on the 
equal roots of equations, which he determines by multiply+ 
ing the terms of the equation by the terms of any arithme- 
tical progression, 0 being one of the terms, the equation is 
commonly depressed one degree lower ; also a tract of Van 
Heuraet on the rectification of curve lines; the elements of 
curves by De Witte ; Schooten’s principles of universal ma- 
thematics, or introduction to Descartes’s geometry, which 
had before been published by itself in 1651 ; and to the end 
of the work is added a posthumous piece of Schooten’s (for 
he died while the 2d vol. was printing) intitled Tractatus 
de concinnandis demonstrationibus geometricis ex caleulo alge- 
braico. Schooten also published, in 1657, Lxerecitationes 
Mathematice, in which are contained many curious alge- 
braical and analytical pieces) among others of a geometrical 
nature. 

An elaborate commentary on Descartes’s Geometry was- 
also published by F. Rabuel, a Jesuit ; and James Bernoulli, 
enriched with notes, an edition of the same, printed at Basil 
in 169—. 

The celebrated Huygens also, among his great disco- 
veries, very much cultivated the algebraical analysis: and 

he is often cited by Schooten, who relates divers inventions 
of his, while be was his pupil. 
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Slustus, a canon of Liege, published 1 in 1659 , Mesolabum, 
seu due medie propor. per circulum & ellips. vel hyperb. 
infinitis modis exhibite ; by which, any solid problem may 
be constructed by infinite different ways. And in 1668, he 
gave a second edition of the same, with the addition of the 
analysis, and a miscellaneous collection of curious and im- 
portant problems, relating to spirals, centres of gravity, 
maxima @nd minima, points of inflexion, and some Dio- 
phantine problems ; all showing him deeply skilled in Alge- 
bra and Geometry. 

There have been a great number of other writers and im- 
provers of Algebra, of which it may suflice slightly to mention 
the chief part, asin the following catalogue. 

In 1619 several pieces of Van Collen, or Ceulen, were 

translated out of Dutch into Latin, and published at Leyden 
by W. Snell ; among which are contained a particular trea- 
tise on dtd and his proportion of the circumference of a 
circle, to its diameter. 

In 1621 Bachet published, in Greek and Latin, an edi- 
tion of Diophantus, with many notes. And another edition 
of the same was published in 1670, with additions by Fer- 
mat. | 

In 1624 Bachet’s Problemes Plaisans et Delectables, being 
curious problems in mathematical recreations. 

- In 1634 Herigone published, at Paris, the first course of 
mathematics, in 5 vols. 8vo; in the 2d of which is contained 
a good treatise on Algebra; in which he uses the notation 
~by small letters, introduced by the Algebra of Harriot, 
which was published three years before, though the rest of 
it does not resemble that work, and one would suspect that 
Herigone had not seen it. The whole of this piece bears 
evident marks of originality and ingenuity. Besides + for 
plus, he uses w for minus, and | for equality, with several 
other useful abbreviations and marks of his own. In the 
notation of powers, he does not repeat the letters like Har- 
riot, but subjoins the numeral exponents, to the letter, 
as Descartes did two years afterwards, And Herigone uses 


- 
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- the same numeral exponents for roots, as ./3 for the cube 


root. 

In1635 Cavalerius published his Zndivisibles; which proved 
a new era in analytics, and gave rise to other new modes of 
computation in analytics. 

About 1640, et seq. Roberval made several notable im- 
provements in analytics, which are published in the early 
volumes of the Memoirs of the Academy of Sciences; as, 1. 
A tract on the composition of motion, and a method of 
tangents. 2, De recognitione equationum. 3, De geome- 
trica planarum & cubicarum eyuationum resolutione. 4, A 
treatise on indivisibles, &c. 

In 1643 De Billy published Nova Geometrie Clavis Alge- 
bra. And in 1670 Diophantus Redivivus. He was an author 
particularly well skilled in Diophantine problems. 

In 1644 Renaldine published, in 4to, Opus Algebraicum, 
both ancient and modern, with  dhitrieiiog} resolution and ° 
composition. And in 1665, in folio, the same, greatly en- 
larged, or rather a new work, which is very heavy and 
tedious. Inthis work Renaldine uses the parentheses (a*+-b*) 
as a vinculum, instead of the line over, as a? + 6°. 

In 1655 was published Wallis’s drithmetica Infinitorum, 
being a new met hod of reasoning on quantities, or a great 
improvement on the Indivisibles of Cavalerius, and which in 
a great measure led the way to infinite series, the binomial 
theorem, and the method of fluxions, Wallis here treats 
ingeniously of quadratures and many other problems, and 
gives the first expression for the quadrature of the circle by 
an infinite series. Another series is here added for the same 
purpose, by the Lord Brouncker, the first president of the 
Royal Society. 

In 1659 was published Algebra Rhonit Germanice ; which 
was in 1668; translated into English by Mr. Thomas Brancker, 
with additions and alterations ay Dr. John Pell. 

In 1661 was published in Dutch, a neat piece of Algebra 
by Mr. Kinckhuysen ; which Sir I. Newton, while he was 


professor of mathematics at Cambridge, made use of and 
* 
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improved, and he meant to republish it, with the addition 
of his method of fluxions and infinite series ; but was pre- 
vented by the accidental burning of some of his papers. 

In 1665 or 1666 Sir Isaac Newton made several of his 
brightest discoveries, though they were not published tilt 
afterwards: such as the binomial theorem; the method of 
fluxions and infinite series ; the quadrature, rectification, 
&c of eurves ; to find the roots of all sorts of equations, both 
numeral and literal, in infmite converging series; the rever- 
sion of series, &c. Of each of which a particular account 
may be seen in their proper articles. 

In 1666 M. Frenicle gave several curious tracts concerns 
ing combinations, magic squares, triangular numbers, &e > 
with were printed im the early volutes a the Memoirs of 
the Academy of Sciences. 

In 1668 Thomas Brancker published a translation of Rho- 
nius’s Algebra, with many additions by Dr. John Pell, whe 
used a peculiar method of registering the steps in any alge~ 
braical process, by means of marks, and abbreviations 1 in a 
srnall column drawn down the margin, by which each line, 
or step, is clearly explained, as was + before done by Harriot 
in words at length. 

In 1668 Maitidtlon published his Lapieiunenceie or 
method of constructing logarithms ; in which he gives the 
quadrature of the hyperbola, by means of an infinite series 
of algebraical terms, found by dividing a simple algebraie 
quantity by a compound one, and for the first time that this 
operation was given to the publie} though Newton had be- 
fore that expanded all sorts of compound algebraical quan- 
tities into infinite series. : 


In the same year was published James Gregory’s Everci- 


tationes Geomeirice, containing, among other ‘things, a 
demonstration of Mercator’s quadrature of the hyperbola, 
by the same series. 

And in the same year was published, in the Philosophical 
Transactions, Lord Brouncker’s quadrature of the hyper. 


bola, by another infinite series of simple rational, terms, 
. 


TRACT 'S3. HISTORY OF ALGEBRA. “* 299 


which he had been in possession of since the year 1657, 
when it was announced to the public by Dr. Wallis. Lord 
Brouncker’s series for the quadrature of the circle, had 
been published by Wallis in his Arithmetic of Infinites, as 
before mentioned. . 

In 1669 Dr. Isaac Barrow published his Optical and Geo- 
metrical Lectures, abounding with profound researches on 
the dimensions and properties of ‘curve lines; but particu- 
larly to be noticed here for his method of tangents, by a 
mode of calculation similar to that of Fluxions, or Incre- 
ments, from which these differ but little, except in the nota- . 
tion. Of these lectures, the 13th merits the most special 
notice, being entirely employed on equations, and delivered 
in a very curious way. He there treats of the nature and 
number of their roots, and the limits of their magnitudes, 
from the description of lines accommodated to each, viz, 
treating the subject as a branch of the doctrine of maxima 
and minima, which in the opinion of some persons, is the 
right way of considering them, and as far preferable to the 
so much boasted invention of the generation of equations 
from each other, explained by Harriot and Descartes. 

In 1673 was published, in 2 vols. folio, Hlements of Alge- 
bra, by John Kersey ; a very ample and complete work,, in 
which Diophantus’s problems are fully explained. 

In 1675 were published Nouveaux Elemens des Mathe- 
matiques, par J. Prestet, prétre: a prolix and tedious work, 
which he presumptuously dedicated to God Almighty. 

About 1677 Leibnitz disgovered his Aethodus Differ- 
rentialts, or else made a variation in Newton’s Fluxions, or 
an extension of Barrow’s method, for it is not certain which. 
He gave the first instance of it in the Leipsic Acts for the 
year 1684. He also improved: infinite series, and gave a 
simple one for the quadrature of the circle, in the same 
acts for 1682. 

In 1682 Ismael Bulliald published, in folio, his Opus No- 
wum ad Arithmeticam Infimtorum, being a large amplifica- 
tion of Wallis’s Arithmetic of Infinites. 


& 
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In 1683 Tschirnausen gave a memoir, in the Leipsic Acts, 
concerning the extraction of the roots of all equations in a 
general way; in which he promised too much, as the method 
did not succeed. 


In 1684 came out, in English and Latin, 4to, Thomas. — 


> 2 
Baker’s Geometrical Key, or Gate of Equations Unlock’d; 
being an improvement of Descartes’s construction of all 
equations under the 5th degree, by means of a circle and 


only one and the same parabola for all equations, using any 


diameter instead of the axis of the parabola. 

In 1685 was published, in folio, Wallis’s Tveatise of Alge- 
bra, both [Historical and Practical, with the addition of soye- 
ral other pieces; exhibiting the origin, progress, and  ad- 
vancement of that science, from time to time, It cannot be 
denied that, in this work, Wallis has shown too much par- 
tiality to the Algebra of Harriot. Yet, on the other hand, 
it is as true, that M. de Gua, in his account of it, in the 
Memoirs of the Academy of Sciences for 1741, has run at 
least as far into the like extreme on the contrary side, with 
respect to the discoveries of Vieta ; and both these I b 
from the same cause, namely, the want of examining Nie 
works of all former writers on Algebra, and specifying 
their several discoveries; as has been done in the course 
of this tract, 

In 1687 Dr. Halley gave, in the Philos. Trans? the con- 
struction of cubic and biquadratic equations, by a parabola 
_ and circle; with improvements on what had been done by 


Descartes, Baker, &c. © Aisoysin the same Transactions, a — 


memoir on the number of the roots of equations, with their 
limits and-signs. 

In 1690 was published, in 4to, by M. Rolle, Trazté d’ Al- 
gébre; in 1699 Une Methode pour lu Resolution des Problemes 
indeterminés ; and in 1704 Memoires sur inverse des tangents ; 
and other pieces. 

Tn 1690 Joseph Raphson published Analysis A quationum 
Universalis; being a general method of approximating to 
the roots of equations innumbers. And in 1715 he published 
the History of Fluxions, both in English and Latin, 
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In 1690 was also published, in 4 vols 4to, Dechale’s 
Cursus seu mundus mathematicus; in which is a piece of al- 
gebra, of a very old- fashioned sort, considering the time 
when it was written. 

About 1692, and at different times afterwards, De Lagny 
published many pieces on the resolution of equations in num- 
bers, with many theorems and rules for that purpose. 

In 1693 was published, in a neat little volume, Synopszs 
Algebraica, opus posthumum Johannis Alexandrt. 

In 1694, Dr. Halley gave, in the Philos. Trans, an inge- 
nious tract on the numeral extraction of all roots, without 
any previous reduction. And this tract is also eae’ to 
some editions of Newton’s Universal Arithmetic. ; 

In 1695 Mr. John Ward, of Chester, published, in 8vo, 
A Compendium of Algebra, containing plain, easy, and con- 
cise rules, with examples in an easy ind clear way. And in 
1706 he published the first edition of his Foung Mathema- 
fician’s Guide, or a plain and easy introduction to the ma- 
thematics: a book whith is still in great request, especially 
with beginners, and which has been ever since the ordinary 
introduction of the greatest part of the mathematicians of 
this country. 

In 1696 the Marquis de l’Hépital published his dnalyse 
des infiniment petits. And gave several papers to the Leipsic 
Acts and the Memoirs of the Academy of Sciences. He 
left behind him also an ingenious treatise, which was pub- 
lished in 1707, intitled Traité analytique des Sections Coniques, 
et de la construction des lieux geometriques. 

In 1697, and several other years, Mr. Ab. Demoivre gave 
various papers in the Philos, Trans. containing improvements 
in Algebra: viz, in 1697, a method of raising an infinite 
multinomial to any'power, or extracting any root of the 
same. In 1698, The extraction of the root of an infinite 
equation. In 1707, Analytical solution of certain equations 
of the 3d, 5th, 7th, &c degree. In 4722, Of algebraic 
fractions and recurring series. In 1738, The reduction of 
radicals into more simple forms. Also in 1730, he published 


va 


302 HISTORY OF ALGEBRA. TRACT 33. 


Miscellanea analytica de seriebus K quadraturis, containing 
great improvements in series, Xc. 

In 1698, Mr. Richard Sault published, in 4to, 4 New 
Treatise of Algebra, apply’ d to numeral questions and geometry. 
With a converging series for all manner of Adfected Equations. 
The series here alluded to, is Mr. Raphson’s method of 
approximation, which had been lately published. 

In 1699 Hyac. Christopher published at Naples, in 4to, 
De constructione equationum. 

In 1702 was published Ozanam’s Algebra ; which is chiefly 
remarkable for the Diophantine analysis. He had published 
his mathematical dictionary in 1691, and in 169% his course 
of mathematics, in 5 vols. Svo, containing also a piece on 
algebra. 

In 1704, Dr. John Harris published his Lewicon Techni- 
cum, the first dictionary of arts and sciences: a very plain 
and useful book, especially in the mathematical articles. 
And in 1705 a neat little piece on algebra and fluxions. 

In 1705 M. Guisnée published, in 4to, his Application de 

Valgebre ala geometrie: a useful book. 
In 1706 Mr. William Jones published his Synopsis Palma- 
riorum Mathescos, or a new introduction to the mathema- 
tics: a very useful compendium in the mathematical sciences. 
And in 1711 he published, in 4to, a collection of Sir Isaac 
Newton’s papers, intitled. dnalysis per quantitatum series, 
fluxiones, ac differentias: cum enumeratione linearum tertt: 
ordinis. ! 

In 1707 was published, by Mr. Whiston, the first edition 
of Sirlsaac Newton’s Arithmetica Universalis: stve de composi- 
tione et resolutione artthmetica liber: and many editions have 
been published since. This work it-seems was the text book 
used by our great author in his lectures, while he was pro- 
fessor of mathematics in the university of Cambridge. And 
though it was never intended for publication, it contains 
many and great improvements in analytics; particularly in 


the nature and transmutation of equations ; the limits of the. 


roots of equations; the number of impossible roots; the 
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invention of divisors, both surd and rational ; the resolution 
of problems, arithmetical and geometrical ; the linear con- 
struction of equations ; approximating to the roots of all 
equations, &e. To the later editions of the book is com- 
monly subjoined Dr. Halley’s method of finding the roots of 
equations. “"—_; the principal parts of this work are not adapted 
to the circumstance of beginners, there have been published 
commentaries upon it ie peeps, persons, as s’Gravesande, 
Castilion, Wilder, &c. 

Ing1708 M. Reyneau published his Analyse Demontrée, in 
2 vols. 4to. And in 1714 La Science du Calcul, Kc. | 

In 1709 was published an English translation of Alexander's | 
gebra, With an ingenious appendix by Humphry Ditton. 

In 1715 Dr. Brooke Taylor published his Methodus Incre- 
menéorun.: an ingenious and learned work. And in the 
Philos. Trans. for 1718, An improvement of the method of 
approximating to the roots of equations in numbers. 

In 1717 M. Nicole gave, in the memoirs of the academy 
of sciences, a tract on the calculation of finite differences. 
And in several following years, he gave various other-tracts 
on the same subject, and on the resolution of equations of 
the 3d degree, and particularly on the irr educible case in 
cubic equations. 

Also in 1717 was published a treatise on Algebra by Philip 
Ronayne. 

Also in 1717 Mr. James Sterling published Linee tertit . 
Ordinis; an ingenious work, containing good improvements 
in analytics. And in 1730 Methodus, Differentzalis: stve 
tractatius de summatione et interpolatione serterum infimtarum : 
with great improvements on infinite series, 

In 1726 and 1729 Maclaurin gaye, in the Philos. Trans. 
tracts on the imaginary roots of equations, And afterwards 
was published, from his posthumous papers, his treatise on 
Algebra, with its application to curve lines. 

a 1727 came out s’Gravesand’s Algebra, with a specimen 
of a commentary on Newton’s universal arithmetic. 
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In 1728 Mr. Campbell gave, in the Philos, Trans. an 
ingenious paper on the number of impossible roots of equa- 
tions. 


In 1732 was published Wolfius’s Algebra, inghis course of © 


mathematics, in 5 vols. 4to. ie: 

Jn 1735 Mr. John Kirby published his arithmetic and al- 
gebra. And in 1748 his doctrine of ultimators. 

In 1740 were published Mr. Thomas Simpson’s Essays ; in 
1743 his Dissertations, and in 1757 his Tracts ; in all which 
are contained several improvements in series and other parts 
of Algebra. As also ‘in his algebra, first printed ih 1745; 

and in his Select Exercises, in 1752. : 
Also in 1740 was oe Ne professor Saunderson’s Ele- 
ments of Algebra, in 2 vols. 4to- 

In 1741 M. de la Caille published lecons de “one ; 
ou elemens d’ algebre & de geometrie. 

Also in 1741, in the memoirs of the academy of sciences, 
were given two articles by M. de Gua, on the number of 
positive, negative, and imaginary roots of equations. With 
an historical account of the improvements in Algebra; in 
which he severely censures Wallis for his partiality ; a cir- 
cumstance in which he himself is not Jess faulty. 

In 1746 M. Clairaut published his Elemens d’algebre, in 
which are contained several improvements, especially on 
the ir reducible case in cubic equations. He has also several 
good papers on different parts of analytics, in the memoirs 
of the academy of sciences.: 

In 1747 M. Fontaine gave, in the memoirs of the academy 
of sciences, a paper on the resolution of equations. Besides 
some analytical papers in the memoirs of other years. 


In 1761 M. Castillion published, in 2 vols 4to, Newton’s - 


universal arithmetic, with a large commentary. 
In 1763 Mr. Emerson published his Increments. In 1764 
his Algebra, &c. 


In 1764 Mr. Landen published his Residual Analysis. In — 


1765 his Mathematical Lucubrations, And in 1780 his Ma- 
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thematical Memoirs. All containing good improvements in 
infinite series, &c. 

In 1770 was published, in the German language, Ele- 
ments of Algebra by M. Euler. And in 1774 a French 
translation of the same. The memoirs of Berlin and Pe- 
tersburg academies also abound with various improvements 
in series and other branches of analysis by this great man. 

In 1775 was published at Bologna, in 2 vols, 4to, Com- 
pendio d@ Analist di Girolamo Saladini. | 

In 1797 was published, by Signor Cossali, in the Italian 
language, in 2 vols. 4to, a very elaborate history of the 
origin of the first introduction of algebra into Italy, and 
of its progress and more early improvements among his 
countrymen. In this work, the author clearly shows, what 
however was well known long before, that the science was 
imported into Italy from the Arabians ; but he seems errone- 
ously to ascribe the very invention of algebra to these latter 
people, from his ignorance of the late discoveries lately 
made of the writings on this science among the Hindus. 

Besides the foregoing, there have been many other au- 
thors who have given treatises on Algebra, or who have: 
made improvements on series and other parts of Algebra ; 
as Schonerus, Coignet, Salignat, Laloubere, Hemischius, 
Degraave, Mescher, Henischius, Roberval, the Bernoullis, 
Malbranche, Agnesi,; Wells, Dodson, Manfredi, Begnault, 
Bezout, Bossut, Rowning, Maseres, Waring, Lorgna, de 
la Grange, de la Place, Bertrand, Kuhnius, Hales, and 
many other authors. Dr. Waring and the Rev. M. Vince, 
of Cambridge, have both given many improvements and 
discoveries in series; and in other branches of analysis. 
Those of Mr. Vince are chiefly contained in the latter vo-« 
lumes of the Philos. Trans.; where also are several of Dr. 
Waring’s ; but the buik of this gentleman’s improvements 
are contained in his separate publications, particularly the 
 Meditationes Algebraice published in 1770; the Proprie- 
tates Algebraicarum Curvarum, in 1772; and the Medita- 
tiones Analytuw@, in 1776. 

VOL. It. ¥ 
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TRACT XXXIV. 


% 


NEW EXPERIMENTS IN GUNNERY; FOR DETERMINING THE 
FORCE OF FIRED GUNPOWDER, THE INITIAL VELOCITY OF 
CANNON BALLS, THE RANGES OF PROJECTILES AT DIFFER- 
ENT ELEVATIONS, THE RESISTANCE OF THE AIR TO PRO- 
JECTILES, THE EFFECT OF DIFFERENT LENGTHS OF GUNS, 
AND OF DIFFERENT QUANTITIES OF POWDER, &c, &c. 


Sect. 1. 


Ar Woolwich, in the year 1775, in conjunction with some 
able officers of the Royal Regiment of Artillery, and other 
ingenious gentlemen, was first instituted a course of experia 
ments on fired gunpowder and.cannon balls, similar to the 
present course. My account of them was presented to the 
Royal Society, who honoured it with the gift of the annual 
gold medal, and printed it in the Philosophical Transactions 
for the year 1778.* The object of those experiments, was, 
¥ determination of the actual velocities with which balls 
are impelled from given pieces of cannon, when fired with 
given charges of powder. They were made according to 


* The public delivery of the medal to Dr. H. and the pronouncing of an 
excellent appropriate oration on that occasion, on the SOth of November 1778, 
to the largest and most respectable audience that ever attended such a meeting 
of the Royal Society, by their excellent president Sir John Pringle, was the last 
act of that gentleman in his official capacity: his delivery of the medal, and 
stepping out of the chair for the last time, occurring in the same moment.———~ 
He was immediately succeeded by Sir Joseph Banks. 

The paper itself contained the first part of a series of military experiments, 
then projected, and conducted through many succeeding years. An account of 
some more of these annual experiments was given in my 4to. volume of Tracts, 
published in 1786. ‘The substance of those publications is now delivered in a 
more condensed form, and connected with the continuation and conclusion of the 
experiments, being the more important part of the same, accompanied with de- 
ductivous from the whole, tending to render them useful to the purposes of natue 
sal philosophy in general, and of the aitillery practice in particular, 
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the method invented by the very ingenious Mr. Robins, and 
described in his treatise on the New Principles of Gunnery, 
of which an account was printed in the Philosophical Trans- 
actions for the year 1743. Before the discoveries and in- 
ventions of that gentleman, very little progress had been 
made in the true theory of military projectiles. His book 
however contained such important discoveries, that it was 
soon translated into several of the languages on the con- 
tinent, and the late famous Mr. L. Euler honoured it with 
a very learned and extensive commentary, in his translation 
of it into the German language. That part of Mr. Robins’s 
book has always been much admired, which relates to the 
experimental method of ascertaining the actual velocities of 
shot, and in imitation of which, but on a large scale, those 
experiments were made which were described in my paper. 
Experiments in the manner of Mr. Robins were generally 
repeated by his commentators, and others, with universal 
satisfaction; the method being so just in theory, so simple 
in practice, and altogether so ingenious, that it immediately 
gave the fullest conviction of its excellence, and the emi- 
nent abilities of the inventor. The use which our author 
made of his invention, was to obtain the real velocities of 
bullets experimentally, that he might compare them with 
those which he had computed a priort from a new theory of 
gunnery, which he had invented, in order to verify the 
principles on which it was founded. The success was fully 
answerable to his expectations, and left no doubt of the 
truth of his theory, at least when applied to such pieces | 
and bullets as he bad used. These however were but small, 
being only musket balls of about an ounce weight: for, on 
account of the great size of the machinery necessary for 
such experiments, Mr. Robins, and other ingenious gene 
tlemen, have not ventured to extend their practice beyond 
bullets of that kind, but contented themselves with ardently 
wishing for experiments to be made in a similar manner 
with balls of a langer size. By the experiments described 
in my paper therefore I endeavoured, in some degree, te 
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supply that defect, having used cannon balls of above twenty 
times the size, or from 3 pound to near 3 pounds weight. 
These are the only experiments, that I know of, which 
have been made in that way with cannon balls, though the 
conclusions to be deduced from such a course, are of the 
greatest importance, in those parts of natural philosophy 
which are connected with the effects of fired gunpowder : nor 
do I know of any other practical method besides that above, 
of ascertaining the initial velocities of military projectiles, 
within any tolerable degree of the truth ; except that of the 
reco of the gun, hung on an axis in the same manner as the 
pendulum ; which was also first pointed out and used by Mr. 
Robins, and which has lately been practised also by Ben- 
jamin Thompson, Esq. (now Count Rumford) in his very 
ingenious - set of experiments with musket balls, described 


in his paper in the Philosophieal Transactions for the year — 


1781. The knowledge of this velocity is of the utmost 
consequence in gunnery: by means of it, together with 
the law of the resistance of the medium, every thing is deter- 
minable which relates to that business ; for, as remarked in 
the paper above-mentioned on the first experiments, it gives 
us the law relative to the different quantities of powder, 
to the different weights of balls, and to the different lengths 
and sizes of guns; and it is also an excellent method of 
trying the strength of different sorts of powder. Besides 
these, there does not seem to be any thing wanting to 
answer every inquiry that. can be made concerning the 
flight and ranges of shot, except the effects arising from 
the resistance of the medium. 

2. In that course of experiments were compared, the 


- effects of different quantities of powder, from 2 to.8 ounces ; 


the effects of different weights of shot ; and the effects of 
different sizes of ball, or various degrees of windage, 
being the difference between the diameter of the shot 


and the diameter of the bore : all of which were found to 
observe certain regular and constant laws, as far as the’ 


experiments were carried. And at the end of each day’s 
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experiments, the deductions and conclusions were made, 
and the reasons clearly pointed out, why some cases of 
velocity differ from others, as they properly and regularly 
ought to do. So that it is surprizing how they could be 
misunderstood by Mr. Templehof, captain in the Prussian 
artillery, when speaking of the irregularities of such experi- 
ments, he says, (page 126 of Le Bombardier Prussien, 
printed at Berlin, 1781) ‘‘ La meme cliose arriva a Mr. 
Hutton, il la trouva de 626 pieds, & le jour. suivant de — 
973 pieds, tout les ctrconstances tiant dailleurs égales :? which 
Jast words show that Mr. T. had either misunderstood, or 
had not read the reason, which is a very sufficient one, for 
this remarkable difference: it is expressiy remarked in 
page 171 of my paper in the Philosophical Transactions, 
that aH the circumstances were net the same, “but that the 
one ball was much smailer than the other, and that it had 
the less degree of velocity, 626 feet, because of the greater 
loss of the elastic fluid by the windage in the case of the 
smaller ball. On the contrary, the velocities in those ex~- 
periments were even more uniform and similar than could 
be expected in such large machinery, and in a first at- 
tempt of the kind tog. And from the whole, the fol- 
lowing important conclusions were fairly drawn and 
stated. | 

*¢ (1.) And first, it is made evident by these experiments, 
that powder fires almost znstantaneously, seeing that nearly 
the whole of the charge fires, though the time be much 
diminished. 

‘* (2.) The velocities communicated to shot of the same 
weight, with different quantities of powder, are nearly in 
-the subduplicate ratio of those quantities. A very small 
variation, in defect, taking place when the quantities of 
powder become great. - 

~**(3.) And when shot of different weights are fired with 
_ the same quantity of powder, the velocities communicated 
__ to them, are nearly in the reciprocal subduplicate ratio of 


their weights, 


~e* 
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‘¢(4.) So that, universally, shot which are of different 
weights, and impelled by the firing of different quantities 
of powder, acquire velocities which are directly as the square 
roots of the quantities of powder, and inversely as the square 
roots of the weights of the shot, nearly. 

“<(5.) It would therefore be a great improvement in ar- 
tillery, to make use of shot of a long form, or of heavier 
matter ; for thus the momentum of a shot, when fired with 
the same weight of powder, would be increased in the ratio 
of the square root of the weight of the shot. 

‘<(6.) It would also be an improvement, to diminish the 
‘windage ; for, by so doing, one third or more of the quantity 
of powder might be saved. 

“© (7.) When the improvements mentioned in the last two 
articles are considered as both taking place, it is evident 
that about half the quantity of powder might be saved ; 
which is a very considerable object. But, important as this 
saving may be, it seems to be still exceeded by that of the 
guns: for thus a small gun may be made to have the effect and 
execution of one of two or three times its size, 1 the pre- 
sent way, by discharging a long shot of two or three times 
the weight of its natural bail, or round shot: and thus a 
small ship might discharge shot as heavy as those of the 
greatest now made use of. 

“Finally, as the above experiments exhibit the regu- 
lations with regard to the weight of powder and balls, when 
fired from the same piece of ordnance; so, by making 
similar experiments with a gun, varied in its length, by 
cutting off from it a certain part before each course of expe- 
riments, the effects and general rules for the _ different 
lengths of guns, may with certainty be’determined by them, 
In short, the principles on which these experiments were 
made, are so fruitful in consequences, that, in conjunction 
with the effects of the resistance of the medium, they appear 
to be sufficient for answering all the inquiries of the spe. 
eulative philosopher, as well as those of the practical 
artillerist.”’ s 


, 


*, 
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3. Such then was the state of the first set of experiments 
with cannon balls, made in the year 1775: and such were 
the probable advantages to be derived from them. Ido not 
however know that any use has hitherto been made of them 
by authority for the public service; unless perhaps we are 
to except the instance of Carronades, a species of ordnance 
which hath since been invented, and in some degree adopted 
in the public service; for, in this instance, the proprietors 
of those pieces, by availing themselves of the circumstances 
of large balls, and very small windage, with small charges 
of powder, have been able to produce very considerable 
and useful effects with those light pieces, at a comparatively 
small expence. Or perhaps those experiments were too 
much limited, and of too private a nature, to merit a more 
general notice. Be that however as it may, the: present 
additional course, which is to make the subject of this tract, 
will have great advantages over the former, both im point 
of extent, variety, improvements in machinery, and in au- 
thority. His Grace the Duke of Richmond, the master- 
general of the ordnance, in his indefatigable endeavours for 
the good of the public service, was pleased to order this 
extensive course of experiments, and to give directions for 
providing guns, and machinery, and every thing complete 
and fitting for the proper execution of them. 

4, This course of experiments has been carried on under 
the direction of Major Bloomfield, (now General Sir Tho- 
mas B.) inspector of artillery, an officer of great professional 
merit, and whose ingenious contrivances in the machinery 
do him the utmost credit. It has been our employment for 
several successive summers, namely, those of the years 
17 1784, 1785, 1787, 1788, 1789, 1791, &c;. and in- 
deed it might be continued much longer, either by extend- 
ing it to more objects, or to more repetitions of experiments 
for the same object. 

5. The objects of this course have been various. But the 


_ principal articles of it are as follow; 


» (1.) The velocities with which balls are projected by 
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equal charges of powder, from pieces of the same weight 
and calibre, but of different lengths. 

(2.) The velocities with different charges of powder, the 
weight and length of the gun being the same. 

(3.) The greatest velocity due to the different lengths of 
guns ; to be obtained by increasing the charge as far as the 
resistance of the piece is capable of sustaining. 

(4.) The effect of varying the weight of the piece ; every 
thing else being the same. 

(5.) The penetration of balls into blocks of weod. 

(6.) The ranges and times of flight of balls, with the 
velocities by striking the pendulum at various distances; to 
compare them with their initial velocities, for determining 
the resistance of the medium, : 

(7.) The effect of wads ; 

of different degrees of ramming, or compressing the 
charge ; 

of different degrees of windage ; 

of different positions of the vent ; 

of chambers, and trunnions, and every other circum- 
stance necessary to be known for the improvement of artil- 
lery. 

On the Nature of the Experiment, and on the Machinery 
used tn tt. 

6. The effects of most of the circumstanceslast mentioned, 
are determined by the actual velocity, with which the bail is 
projected from the mouth of the piece, ‘Therefore the 
primary object of the experiments is, to discover that velo- 
city in all cases, and especially in such as usuaily’occur in 
the common practice of artillery. This velocity is very 
great ; from 1000 to 2000 feet, or more, in a second of 
time. For conveniently estimating so great a velocity, the 
first thing necessary is, to reduce it, in some known propor- 
tion, to a small one, Which we may conceive to be effected 
in this manner: suppose the ball, projected with a great ve- 
locity, to strike some very heavy body, such as a large 
block of wood, from which it will not rebound, so that, 


TRACT 34, iN GUNNERY. 313 


after the stroke, they may both proceed forward together 
with a common velocity. By this means, it is obvious that 
the original velocity of the ball may be reduced in any pro- 
portion, or to any slow motion which may conveniently be 
measured, by making the body struck to be sufficiently 
large: for it is well known that the common velocity, with 
which the ball and the block of wood would move on toge- 
ther, after the stroke, bears to the original velocity of the 
ball before the stroke, the same ratio which the weight of 
the ball has to that of the ball and block together. Thus 
then the velocities of 1000 feet in a second, are easily reduced 
to those of 2 or 3 feet only: which small velocity being 
measured by any convenient means, and the number denot- 
ing it increased in the ratio of the weight of the ball, to the 
weight of the ball and block together, the original velocity 
of the ball itself will thereby be obtained. 

7. Now this reduced velocity is rendered easy to be mea- 
sured by a very simple and curious contrivance, of Mr. 
Robins, which is this: the block of wood, which is struck 
by the ball, instead of being left at liberty to move straight 
forward in the direction of the ball’s motion, is sus- 
pended, like the weight of the vibrating pendulum of a. 
clock, by a strong iron stem, having a horizontal axis at 
the top, on the ends of which it vibrates freely when struck 
by the ball, The consequence of this simple contrivance is 
evident: this large ballistic pendulum, after being struck. 
bythe ball, is penetrated by it to a small depth, and it then 
swings round its axis, describing an arch, which is greater 
or less according to the force of the blow struck; and from 
the magnitude of the arch described by the vibrating pen- 
dulum, the yelocity of any point of the pendulum can be 
easily computed: for, a body acquiring the same velocity by 
falling from the same height, whether it descend perpendi- 
cularly down, or otherwise: thercfore, having . given the 
length of the are described by the centre of oscillation, or 
any other point, and its radius, the versed sine becomes 
known, which is the height perpendicularly descended by 
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that point of the pendulum, The height descended being 
thus known, the velocity acquired in falling through that 
height becomes known also, from the common rules for the 
descent of bodies by the force of gravity. And the velocity 
of this centre, thus obtained, is to be esteemed the velocity 
of the whole pendulum itself ; which being now given, that 
of the ball before the stroke becomes known, from the given 
weights of the ball and pendulum. Thus then, the deter- 
mination of the very great velocity of the ball, is reduced 
to the simple mensuration of the magnitude of the arch de- 
scribed by the pendulum, in consequence of the blow struck. 

8. Now this arch may be determined in various ways: in 
the following experiments it was ascertained by measuring 
the length of its chord, which is the most useful line about 
it for making the calculations by ; and this chord was mea- 
sured sometimes by means of a piece of tape or narrow rib- 
bon, the one end of which was fastened to the bottom of 
the pendulum, and the rest of it made to slide through 
a small machine contrived for the purpose ; and sometimes 
it was measured by the trace of the fine point of a stylette 
in the bottom of the pendulum, made inan arch just below 
it, concentric with the axis, and covered with a composi- 
tion of a proper consistence; which will be particularly 
described hereafter. 

9. Another similar method of measuring the great velocity 
of the ball is, by observing the arch of recoil of the gun, 
when it is hung also after the manner of a pendulum: for, 
by Joading the gun with adyentitious weight, it may be 
made so heavy, as to swing any convenient extent of arch 
we please; which arch it is evident will be greater or less 
according to the velocity of the ball, or force ofithe inflamed 
powder, since action and reaction are equal and contrary 5 
that is, the velocity of the ball will be greater than the 
velocity of the centre of oscillation of the gun, in the same 
proportion as the weight of the gun exceeds the weight 
of the ball. And therefore, if the velocity of the centre of 
oscillation of the gun be computed, from the chord ef the 
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arc described by it in the recoil, the velocity of the ball 
will be found by this proportion; namely, as the weight of 
the ball is to the weight of the gun, so is the velocity of the 
gun, to the velocity of the ball: that is, if the weight of 
powder had no etiect on the recoil. 

10. This description may suffice to convey a general idea 
of the nature and principles of the experiment, for deter- 
mining the velocity with which a bail is projected, by any 
charge of powdew, from a piece of ordnance. But it 1s to 
be observed that, besides the centre of oscillation, and the 
weights of the ball and pendulum, or gun, the effect of the 
blow depends also on the place of the centre of gravity 
in the pendulum or gun, and that of the point struck, or 
the place where the force is exerted ; for it is evident that 
the arch of vibration will be greater or less, according to 
the situation of these two points also. It will tierefore 
be necessary now to give a more particular description of the 
machinery, and of the methods of finding the aforesaid 
requisites ; and then we shall investigate our general rules 
for determining the velocity of the ball, in all cases, from » 
them and the chord of the arc of vibration, either of the, 
pendulum or gun, 


Of the Guns, Powder, Balls, and Machinery employed am 
7 these L.xperiments. | 


11. Five very fine brass ofe-pounder guns were cast and 
prepared, in Woolwich Warren, for these experiments, and 
bored as true as possible; the common diameter of their bore 
being 2°02, or 2 inches and ,2, parts of an inch. ‘Three 
of these, hiitlyy nes.1,2,3, were nearly of the same weight, 
but of the respective lengths of 15, 20, and 30 calibers3 in 
order to ascertain the effect of different lengths of bore, 
with the same weight of gun, powder, and ball. The 
other two, n°. 4 and 5, were heavier, and of 40 calibers in 
Jength; in order to obtain the effects of the longest pieces. 
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N°. 5 was more expressly to show the. effect of different 
lengths of the same gun: and for this purpose, it was to be 
fired a sufficient number. of rounds with its whole length ; 
and then to be successively diminished, by sawing off it 6 
or 12 inches at a time, till it should be all cut away: firing 
a number of rounds with it at each length. And for the 
convenience of suspending this gun near its centre of gras 
vity, for all the different lengths of it, a long thin slip was 
cast with it, extending along the under sige of it, from the 
breech to almost the middle of its length. By perforating 
this slip through with holes immediately under the centre 
of gravity for ak length, after being cut, a bolt was to 
pass through the hole, on which chia gun might be sus- 
pended. The other guns were slung by chtir trunnions. 
The exact weight and dimensions of all these guns are 
exhibited in the following table. 


Length ot the Diameteratthe| Diam. 


No. of | —————————---_—_ J —— | of the] weight 
: Piece, in Bore, in oveech |muzzie Lore 
the gun a 
catib. inch | calib. inch | inch | inch | inch | Ib. 

I 15 30°3 | 14°12 | 28°53 | 7°85 | 6°88 | 2°02 | 290 
2° |19°98 |40°35|19°02 | 38°43 | 7°43 | 5°92 | 2°02 | 289 
2 29°2 |60 28°56 | 57°70 | 6°73 | 4°68 | 2°02 | 295 
4. 41°04 )82°9 | 39°70 |80°23/6°1 | 4°31} 2°02 | 378 
5 40°34 {82°5 |40°00] 80°80} 6°47 | 4 2°02 | 502° 


12. As these guns were to be slung by their trunnions, to 
observe the relation between the velocity of the ball and the 
arch of recoil described by the»gun, vibrating on an axis, 
certain leaden weights were cast, to fit on very exactly 
about the trunnions of the gun, to render it so heavy, as 
that the arch of recoil might not be inconveniently great. 
These consisted, first of central picces to fit the trunnions, 
and then over them cylindrical rings of different sizes, both 
turned to fit exactly ; the whole being held firmly together 
by iron bolts put into holes bored divough all the pieces. 
These were also of different sizes, so as to bring all the 
guns exactly up to the same weight ; the whole weight of 
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each, together with 188lb weight of iron, about the stem 
and machine, by which the gun was slung, was 9171b; 
with which weight most of the experiments were made: 
notice being always taken when any alteration was made in 
the weights, as well as in the other circumstances. The 
common weight of 917 1b is made up of the different gung 
with leads, and the common weight of iron, as below: 


No. Guns Leads Tron Total. 
PD) Lee Segoe ep 4890 P8sre = ITT 
Q- - - - 289 + 440 4+ 188 = Q17 
a Sa ae eG yy a Pasa so a ee 
m- - -- $78 4+° 351 “+ 188 =" 917 
Pe AF a a OG ERE OE OR nit ED 


These were the weights at first; but soon after, the braces, 
or strengthening rods of the gun frame, were made longer 
and thicker, which added 11 |b to their weights, and then 
the whole weight of each was 928 Ib. 

13. In these experiments, the velocity of the ball, iis 
which the force of the powder is determined, was to be 
measured both by the ballistic pendulum inte which the 
ball was fired, and by the arch of recoil of the gun, which 
_ was hung on an axis by an iron stem, after the same manner 
as the pendulum itself, and the arcs vibrated in both cases 
measured in the same way. Plates v and vi contain 
general representations of the machinery of both; namely, 
a side view and a front view of each, as they SO by their 
stem and axis on the wooden supports. In pints v, figs 1 
is the side-view of the pendulum, and fig. 2 the Ele siti 
of the gun, as slungin their frames. And in plate’v1, fig. 
1 and 2 are the front-views of the same. 

‘14. In fig. 1, of both plates, « is the pendulous block of 
wood, into which the balls are fired, strongly bound with 
thick bars of iron, and hung bya strong iron stem, which 
is connected by an axis at top; the whole being firmly 
braced together by crossing diagonal rods of iron. The 
cylindrical ends of the axis, both in the gun and pendulum, 
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were at first placed to turn upon smooth flat plate-iron 


surfaces, having perpendicular pins put in before and be- 


hind the sides of the axis, to keep it in its place, and pre- 
vent it from slipping backwards and forwards. But, this 
method being attended withtoo much friction, the@nds of the 
axis were afterwards supported and made to roll upon curved 
pieces, having the convexity upwards, and the pins, before 
and behind the axis, set so as not quite to touch it; which 
Jeft a small degree of play to-the axis, and made the friction 
less than before. But, still farther to diminish the friction, 
the lower side of the ends of the axis was narrowed off 
hittle, something like the axis of a scale beam, and made t 
turn in hollow grooves, which were rounded down at both 
ends, and standing higher in the middle, like the curvature 
of a bent cylinder; by which means the edge of the axis 
touched the grooves, not ina line, but in one point only ; 
and then it vibrated with very great freedom, having only 
an almost imperceptible degree of friction. The several 
times and occasions when these, and déther improvements, 
were introduced and used, are more particularly noticed in 
the journal of the experinients. | 

15. At first, the chord of the arc, of vibration and recoil, 
was measured by means of a prepared narrow tape, divided 
ito inches and tenths,.as before. A new contrivance of 
machinery was however made for it. . From the bottom 
of the pendulum, or gun-frame, proceeded a tongue of 
iron, which was raised or lowered by means of a screw at B; 
this was cloven at the bottom c, to receive the end of the 
tape, and the lips then pinched together by a screw, which 
beld thé tape fast. Immediately below this the tape was 
passed between two slips of iron, which could be brought 
to any degree of approach by two screws ; these pieces were 
made to slide vertically up and down a groove in a heavy 
block of wood, and fixed at any height by a screw p. One 
of these latter pieces was extended out a considerable length, 
to prevent the tape from getting over its ends, and en- 
tangling in the returns of the vibrations. The extent of 


EE 
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tape drawn out in a vibration, it is evident, is the chord of 
the arc described, and counted in inches and tenths, to the 
radius measured from the middle of the axis to the bottom of 
the tongue. 

16. ‘This method however was still found to be attended 
with some trouble, and many inconveniences, as well as 
doubts and uncertainty sometimes. For which reasons. we 
afterwards changed this way of measuring the chord of 
vibration, for another, which answered much better in 
every respect. This consisted in a block of wood, having 
its upper surface EF formed into a circular arc, whose 
centre was in the middle of the axis, and consequently 
its radius equal to the length from the axis to the upper 
surface of the block. In the middle of this arch was made 
a shallow groove of 3 or 4 inches broad, running along the 
middle, through the whole length of the arch. This groove 
was filled wita a composition of soft-soap and wax, of about 
the consistence of honey, ora little firmer, the upper side 
being smoothed off, even with the general surface of the 
broad arch, A sharp spear or stylette then proceeded from 
the bottom of the pendulum or gun-frame, and so low as 
just to enter and scratch along the surface of the compo- 
sition in the groove, without having any sensible effect in 
retarding the motion of the body. The trace remaining, 
the extent of it could easily be measured. ‘This measure- 
ment was effected in the following manner :—A line of 
chords was jaid down. upon the upper surface of the wooden 
arch, on each side of the groove, and the divisions marked 
with lines on a ground of white paint: the edge ofa straight 
ruler being then laid across by the corresponding divisions, 
yust to touch the farthest extent of the trace in the com- 
position, gave the length of the chord as marked on the 
arch. ‘To make the computations by the rule for the velo- 
city easier, the divisions on the chords were made exact 
thousandth parts of the radius, which saved the trouble 
of dividing by the radius at every operation. The manner 
in which this line of chords was constructed on the face 
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of the arch, was this: The radius was made just 10 feet: I 
therefore prepared a smooth and straight deal rod, upon 
which was set off a length of 10 feet; EF then divided each 
foot into 10 equal parts, and each of these into 10 parts 
again; by which means the whole rod or radius was divided 
into 1000 equal parts, being 100th parts of a foot. I 
then transferred the divisions of the rod to the face of the 
_ arch in this manner, namely ; the first division of the rod 
was applied to the side of the arch at the beginning of it, 
and made to turn round there asa centre; then, in that 
position, the rod, when turned vertically round that point, 
always touched the side of the arch, and the divisions of it 
were marked on the edge of the arch, successively as they 
came into coincidence with it. 

17. In fig. 2, plate v, G shows the leader weights placed 
about the trunnions; mH, a screw for raising or depressing 
the breech of the gun, by means of the piece r embracing 
the cascable, and moveable along the perpendicular arm 
KL, to suit the different lengths of guns, and held to it by 
a screw passing through the slit made along it. ‘The ma- 
chines and operations for finding the ranges will be de- 
seribed hereafter. 


On the Centres of Gravity aud Oseillation. 


18. It being necessary to know the position of the centres 
of gravity and oscillation, without which, the velocity can- 
not be computed ; these were commonly determined every 
day as follows: 

The centre of gravity was found by one or both of these 
two methods. First, a trian- 
gular prism of iron A B, being 
placed on the ground with one 
edge upwards, the pendulum 
or gun-frame was laid across it, 
and moved backward or for- 
ward, on the stem or block, as | 
the case required, till the two parts exactly balanced each 
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other in a horizontal position. Then, as it lay, the distance 
was measured from the middle of the axis to the part which 
rested on the edge of the prism, or the place of the centre 
of gravity, which is the distance g of that centre below 
the axis. 

19% The other method is this: The ends of the axis being 
supported on fixed up- 
rights, and a chord fas- 
tened to the lower end 
of the block, or of the 
gun-frame, and passed 
over a pulley at p, dif- 
ferent weights w were 
fastened to the other end 
of it, till the body was 
br ont to a horizontal 
position, Then, taking also the whole w weight of the body, and 
its length from the axis to the potion, where the chord. 
was fixed, the place of the centre of gravity is found by this 
proportion : 

As p the weight of the pendulum : 

is tow the testa weight: : 

so is d the whole length from the axis to the chord: 


to = the distance from the axis to the centre of gravity. 


Either of these two methods gave the place of the centre 
of gravity sufficiently exact; but the agreement of the 
results of both of them was still more satisfactory. 

20. To find the centre of oscillation, the ballistic pen- 
dulum, or the gun, was hung up by its axis in its place, 
and then made to vibrate in small arcs, for | minute, or 2, 
or 5, or 10 minutes; the more the better ; as determined 
either by a half seconds pendulum, or a stop watch, ora 
peculiar time-piece, measuring the time to 40th parts of 
asecond ; and the number of vibrations performed in that 
time carefully counted. Having thus obtained the time 
answering to a certain number of vibrations, the centre of 
oscillation is easily found: for, if m denote the number of 

VOL. Il. Y . 
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vibrations made in s seconds, and 7 the length of the se- 
conds pendulum, then it is well known that n*:s*:: 0: — 


the distance from the axis of motion to the centre of oscil- 
Jation. And here if s be 60 seconds, or one minute, and 2 
the number of vibrations performed in 1 minute, as found by 


dividing the whole number of vibrations, actually performed, 


; ; 36008 
by the whole number of minutes ; then is 2” ; 60°; : ¢: —— 


: AS 

the distance to the centre of oscillation. But, by the best 
observations on the vibration of pendulums, it is found that ) 
Z = 39: inches, is the length of the seconds pendulum 


for the latitude of London, or of Woolwich ; and therefore 
3600 x 39% 140850 
me ge es 


nn 


11737-5 . asad 
a in feet, of the centre of oscillation below the axis. 


And by this rule the place of that centre was found for each 
day of the experiments, 


=o, will be the distance, in inches, or 


Of the Rule for Computing the Velocity of the Ball, 


21. Having described the methods of obtaining the neces- 
sary dimensions and weights, proceed we now to the inves- 
tigation of the theorem by which the velocity of the ball is 
to be computed : and first by means of the pendulum. 

The several weights and measures being found, let 

b denote the weight of the ball, 

p the weight of the pendulum, 

g the distance to its centre of gravity, 

o the distance to its centre of oscillation, 

2 the distance to the point of impact, or point struck, 

¢ the chord of the arch described by the pendulum, 

7v its radius, or distance to the tape or arch, 

v the initial or original velocity of the ball, at the impact. 

Then, from the nature of oscillatory motion, 677 will 
express the sum of the forces of the ball acting at the 
distance 2 from the axis, and pgo the sum of the forces of 
the pendulum, and consequently pgo-+b7¢ the sum for 
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both the ball and pendulum together ; and if each be multi- 
plied by its velocity, 6¢¢v will be the quantity of motion of 
the ball, and (pgo + 6) x 2 the quantity for the pendulum 
and ball together ; where z is the velocity of the point of 
impact. But these quantities of motion, before and after 
the blow, must be equal to each other, therefore (pgo + 672) 
x = b7iv, and consequently z = oh is the velocity 
of the point of impact. Now, because of the accession of 
the ball to the pendulum, the place of the centre of oscilla- 
tion will ,be changed ; and the distance 2 y, of the new or 
compound centre of oscillation, will be found by dividing 


§° + 677 the sum of the forces, by pg + bi the sum of 

peo + bir. 
y+ bi 

or compound centre of oscillation below the axis. ‘Then, 


the momenta, that is, y = is the distance of the new 


bi : 
because ae is the velocity of the point whose distance 
PUL 


Pso 
is 7, by Rise figures we shall have this proportion, as 
“pod bis biiv Bid ft 
: ———— (or y) :: ——— -, the velocity of this com- 
pg + bt Pgo + bu pg + bi 
pound centre of oscillation. 
. cc 
Again, by the property of the circle, 2r:c::c: 3 


which will be the versed sine of the described arc, to the 


chord ¢ and radius r; and PERE, by similar figures, r :Y 
PN xh chs RR cc. oe 
pet bi "Qr Q@rr pet 

to the radius y, or the aia sine of the are described: by 


the compound centre of oscillation; whieh call vy. Then, 
because the velocity lost in ascending through the circular 
arc, or gained in descending through the same, is equal to 
the velocity acquired in descending freely by gravity through 
its versed sine, or perpendicular height, therefore the velo- 
city of this centre of oscillation will also be equal to the 
velocity Ropereied by gravity in descending through the 


b 
peo * =. But the space described by Ora 
yr rr pg t+ 


vity in one second of time, in the latitude of London, is 
16°09 feet, and the velocity generated in that time 32°18 ; 


therefore, by the nature of free descents, 4/16°09 : /v : 


56727 c pgo + bit 
32°18 : Ve 


~ the corresponding versed sine 


Space ¥-0OF == 


the velocity of the same centre af 
¥ 2 


: * 
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oscillation, as deduced from the chord.of the arc which is 
actually described: 

Having thus obtained two different expressions for the 
velocity of this centre, independent of each other, Jet an 
equation be made of them, and it will express the relation 


of the several quantities in the question: thus then we have 
biv 56727 ¢ pa) i soe bi 


tn, lr Pee 

i vo —4/ [(pgo + bi) x (pg + b)1, the true expression 
for ee ‘original velocity of the ball the moment before it 
strikes the pendulum. And this theorem agrees with those 
of Messrs. Euler and Antoni, and also with that of Mr. Robins 
nearly, for the same purpose, when his rule is corrected by 
the parapraph which was by mistake omitted in his book 
when first published ; which correction he himself gave ina 
paper in the Philosophical Transactions for April 1743, and 
where he informs us that all the velocities of the balls, 
mentioned in his book, except the first only, were computed 

‘by the corrected rule. Though the editor of his works, 
published in 1761, has inadvertently neglected this correc- 
tion, and printed his book without taking any notice of it. 
And that remark, had M. Euler observed it, might have 
saved him the trouble of many of his animadversions on Mr. 
poi work, 

2. But this theorem may be reduced to a form much 
more simple and fit for use, and yet be sufliciently near the 
truth. Thus, let the root of the compound factor (pgo + bz) 
x (pg + br) be extracted, and it will be equal to (pg + 6. 


23 ft) x 0, within the 100000th part of the true value, 


And from this equation we obtain 


in ‘such cases as commonly occur in practice. But, since 
bv. “*, in our experiments, is usually but about the 500th, 
or 600th, or 800th part of pg; and since b2 differs from 
bi. only by about the 100th part of itself; therefore 


bg + bis within the oan: part of pg + 61. Con- 


sequently v = 5°6727c. pe ho very nearly. Or, further, 
# g be written for z in 0 last term 62, then finally v= 


. id 
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S67127 gc. — ’ 4/0; which is an easy theorem to be used 


on all occasions ; and being within the 5000th part of the 
true quantity, it will always give the velocity true within 
less than half a foot, even in the cases of the greatest velo- 
cities. Where it must be observed, that c, g, 7, 7, may be 
taken in any measures, either feet or inches, &c, provided 
they be but all of the same kind; but 0 must be in feet, 
because the theorem is adapted to feet. 

23. As the balls remain in the pendulum during the time 
of making one whole set of experiments, both its weight, 
and the position of the centres of gravity and oscillation, 
will be changed by the addition of each ball which is lodged 
in the wood ; and therefore p, g, o must be corrected after 
every shot, in the theorem for determining the velocity ». 
Now the succeeding value of p is always p+ 6; or p is 
to be corrected by ‘the sieiga addition of 5: and the 


succeeding value of g is g “ip aa org + $6, nearly ; 


or g is corrected by adding ai ays ‘=} to the next preced- 


ing value of g: and lastly, o is to be corrected by taking 
o + bit - 


+ bi 3 
— bt, or "5 nearly, to the if cali value of 0: so that 


for its new values successively “ or by adding always 


i—o 


pet bi 
the three corrections are made by adding always, 


b to the value of p, 


‘~8 y b to the value of g; 


rye: 


° x b to the value of o. 


That is, when 6 is very small in respect of p. - 

24. But as the distance of the centre of oscillation 0, whose 
square root is concerned in the theorem for the velocity v, 
is found from the number of vibrations n performed by the 
pendulum ; it will be better to substitute, in that theorem, 


the value of o in terms of nm. Now by Art. 20, the value of 


117375 108-3398 . 
S feet, and consequently 4/0 = ——— ; which 


value of / 0 yea: substituted for it, in the ei bie 
S61278¢ x >— hes it becomes v = 614" 58 g¢ es a, or 
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59000 pth 
“96 birn 
velocity of the ball in feet: where c, g, 7, r may be taken 


in any one and the same measure, either all inches, or all 
feet, or any other measure. 
25. It will be necessary here to add a correction for 7, 
instead of that for o in Art. 23. Now, the correction for 
15°3. 
inches, the cor- 
O 


gc, the simplest and easiest formula for the 


= 


i ‘— 4 37 
o being ——*-4 7, and the value of x = 
© gt hi 


rection for n will be 375°3 x 


- 1 14% 
+ lege Mi lsh Me Al ) 
“SARA «Cte Salant aD - fox ft —— aa 
+ pet bi mall “ 
=n ——_———.-.—-- =n — —_———— nearly — 
Lo 4g . a a pe ee ame os 
vi pg + bi O° ‘ "pet be 20 


bin x (inn — 140850) 
281700pg + bi x (inn + 140850) 
instead of it: Which correction is negative, or to be sub- 


tracted from the former value of . The corrections for p 
pf in i— ge . : 
and g being 0 and as as in Art. 23; whicd are both ad- 


by substituting the value of @ 


ditive. But the signs of these quantities niust be changed 


when 0 is negative. 

26. Before cen this rule, it may be necessary here to 
adyert to three or four circumstances which may seem to 
cause some small error in the initial velocity, as determined 
by the formula in Art. 24.. These are the friction on the 
axis, the resistance of the air to the back of the pendulum, 
the time which the ball employs in penetrating the wood of 
the pendulum, and the resistance of the air to the ball in its 
passage between the gun and the pendulum. 

As to the first of ey namely, the friction on the axis, by 
which the extent of its Abeuuony is somewhat diminished ; 
it may be observed, that the effect of this cause can neyer 
amount to a quantity considerable enough to be brought 
into account in our experiments: for, besides that care 
was taken to render this friction as small as possible, the 
effect of the small part which does remain, is nearly ba- 
lanced by the effect it has on the number 2 of vibrations 
performed in a minute; for the friction on the axis will 
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a little retard its motion, and cause its vibrations to be 
slower, and fewer ; so that ¢ the length of a vibration, and 
m the seine) of vibrations, being both diminished by this 
cause, nearly in an equal degree, and c being a multiplier, 
and 7 a divisor, in our formula, it is evident that the effect 
of the friction in the one case, operates against that in the 
other, and that the difference of the two is the real disturb- 
ing cause, and which therefore is either equal to nothing, 
or very nearly so. 

27. The second cause of error, is the resistance of the 
air against the back ofthe pendulum, by which its motion is 
aoindehat impeded. This resistance hinders the pendulum 
from vibrating so far, and describing so large an arch, 
as it would do, if there was no such Yesistance ; therefore - 
the chord of the arc, which is actually described and mea~ 
sured, is less than it really ought to be; and tote. 
the velocity of the ball, which is proportional to that chor 
will be less than the real velocity of the ball at the moment 
it strikes the pendulum. And though the pendulum be very 
heavy, and its motion but slow, and consequently the resist- 
ance of the air against it very small, it will yet be proper to 
investigate the real effect of it, that we may ascertain whe- 
ther it may safely be neglected or not. 

In order to this, let the annexed figure re- r 
present the back of the pendulum, moving on 
its axis; and put 
= weight of the pendulum, 
= DE its breadth, 
= aB the distance to the bottom, 
= AC the distance to the top, 
= AF any variable distance, D 1 
Se distance of the centre of gravity, 

o = distance of the centre of oscillation, 

» = velocity of the centre of oscillation, in any 
part of the vibration, 

h = 16:09 feet, the descent of gravity in 1 second, 

¢ = the chord of the arc actually described by the centre of 
oscillation, 


we wwsa ks 
| 
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= the chord which would be described by it if the air 


- made no resistance. 
Then 0: x:70: ~~ the velocity of the point F of the pen- 


vy? ax 
. 52 J ,; 


dulum ; and 4/? a the height descended by 


gravity to generate the velocity =, Now the resistarice of 


the air to rie line DFE, Is nearly equal to the pressure of 


a column of air upon it, whose height i is the same 
4 


therefore that pressure or weight is “ where 7 is. the 


a 
ve Bis 
specific gravity % weight of ih, Ae measure of air, 


or - = ; “ sure on 
n= > -Ib ° Ib. Hence then ——— —— —~is the pres 


peed, and — the motive force on the same pe, or the 


fluxion of the force on the block of the pendulum; and the 


‘Correct fluent gives na x see, for the force of the air on 
the whole pendulum, supposing that on the stem a c to be 
nothing, as it is nearly, both on account of its narrowness, 
and the diminution of the momentum of the particles by 


their nearness to the axis. Put now a = the compound 


h 
of the air on the back of the pendulum. 


But the motion of the pendulum is also obstructed by its 
own weight, as well as by the resistance of the air; and 
that weight acts as if it were all concentred in the centre of 
gravity, whose distance below the axis is g; therefore pg 


¢.\c 4 — e4 | ; 
coefficient nax ———- so shall av? denote the motive force 


is its momentum in its natural or vertical direction, and 
pgs its momentum perpen cular to the motion of the pen- 


dulum, where s is the sine of the angle which it makes 
at any time with the vertical position, to the radius 1. 
Hence pgs + Av? is the momentum of both the resista 


together, namely that of the pressure of the air, and of he 
pgs + Av? 


weight of the pendulum. Consequently ga ieee 9 
is the real retarding force to the motion of the pendulum, 
at the centre of oscillation ; which force call fA 

Now if z denote the arc described by the centre of oscil- 

Jation, when its velocity is¥, or - the are whose sine is s; 

we shall have ) 


v2 x? \ 
ja? anc 


Rd 
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ae 


? and, by the doctrine of forces, 


ES H-8) ion ab ¥. 
Vu- — 2h oo_- LES 2, Beata Pts oY) 
f PER por = lag EEE 


But ‘ Ke “is the versed sine or height of the whole arc whose 
chord is c, and o x (l-— ¥(l—ss))=0-0,/(1—Ss) is 
the versed Kas or height of the part whose sine is-os; 
therefore <* ~ 0 +o0V(1 — $s) is their difference, or the 


height of ‘he remaining part, and which is nearly equal 
to the height due to the Pralocita v; therefore h: 4Ahh:; 


5p 9 FO/(1—ss): 0? = 4hx (= set, uN oV (1 — ss)) 
nearly. Then, by substituting this for v* ‘in the value of vv, 


we have 5 
will SS pili i be: c? — Qo? 


WPL aye Ps Son, ‘Fined 
and the fluents give : 

v= tho (1—s s) et (Ae —os) +a; ® 
where a is a constant granites by which the fluent is to 
be corrected. Now, substituting v* for v’, and 0 for s, their 
corresponding values at the commencement of motion, the 
above fluents become 


v’ =4ho0+ a; from which the former sith acted, gives 
16k4hoa , 202 — c2 
v—v=4ho—4hoVv(l—ss) — anon eck Fuel os). 


+ +03); 


And when v = 0, or the pendulum is at the fall extent 


of its ascent, then 
=4ho—4hoy(l —ss)— 
at ae st point os is the sine of the whole Aas Ak. chord is 


c,and consequently s.= EAC! o* — ¢*), 


But the value of s being commonly small in respect of 


1Ghhoa ROA —— 2 


= * (=z — 08), 


. ~, these following values will be nearly true, namely, 
he 4c202—cy4 ct cn, oo 

WE ahah es Ratha cay son ABE Rey 
4ho— 4ho/(l—ss)=4ho. 


z2=05+ 4083, and 
207—c2 . c?7s 2 02—c? 


262? 


. 
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which values, by substitution, give 
Dher 16 h8 ok) c%e Zot aee 
ek ae ial RRB is 
. PE 


Cr, 7 ; 
But =, is the versed sine or height to the chord c, and 


2 


| Qh 
yi = 4 = the square of the velocity due to that 


height ; therefore 


Shier. -2hic® . 16h0a ,7%79 > 2eA— 
See . Ce 3 
o 2 oe fg (3, 120 s*), and 
a 8hoa ,c?s 20%?—¢? 
eee igs yy Ser andy PI or 
Sia : 3 
n% — ¢% soe ee (oe ee 
Cc + =. (3 ==) and. 
2h : ; 
c= c+ nearly; or, substituting for a, 
na a res. nac itary 
me 6 1 _—— 
f i 12p o? a + 3 0? 


Bie 
So that the chord of the arc which is cay described, is 
to that which would be described if the air had no resistance, 


Nac Meee 
as 1 1s to BES 


o2 


Mae 7 — EF. 
2 fete PS the 


12 pe o2 
part of the tithi, ae consequently of the weloeity, lost by 
means of the resistance of the air. And the proportion is 
the same for the chords described by the lowest point, or 
any other point, of the pendulum. 

Now, to give an example, in numbers, of this effect 
of the resistance of the air ; the ordinary mean values of the 


literal quantities are as here below : 


—; and therefore —— 


namely, therefore 
di iota nae = 2 
a= 2 102 
Poe Ss. 12pg = 56000 
¢ =' 6; TEE ETE Sea 
g = 6% Pain <tAWUEVES 
om Tz re—e+ = 3435 

5 aut ier 484 

2) a Cie eee se a, 

©. Pham 12ipg es oth - 1)  BBTF 


So that the part of the chord, or velocity, lost by this 
cause, namely, the Fapptance of the air on the eck of the 


pendulurn, is but about the =—, or about the -— 


part of the 


3577 sm 


————— 


TRACT 34. IN GUNNERY. 331 


whole ; and therefore this effect scarcely ever amounts to 
so much as half a foot: being indeed about 
< of a foot when the velocity of the ball is 2000 feet, 
- when - - it is 1000 
z when “ a it 1s 1500 
and so on in proportion to the whole velocity of the ball. 

And even this small effect may be supposed to be balanced 
by the method of determining the centre of oscillation, or 
the number of vibrations made in a second. So that the 
number of oscillations, and the chord of the are described, 
being both diminished by the resistance of the air; and the 
one of these quantities being a multiplier, and the other 
a divisor, in the formula for the velocity ; the one of those 
small effects will neariy balance the other; much in the 
same way as the effects of the first cause, or the friction on 
the axis. So that these effects may both of them be safely 
neglected, asin no case amounting to any sensible quantity, 

In the beginning of this investigation, it is supposed that 
the resistance of the medium is equal to the weight ofa 
column of it, whose base is the moving surface, and its 
altitude equal to that from which a heavy body must fall 
to acquire the velocity of that surface. But some philoso- 
phers think the altitude should be only one half of that, and 
consequently the pressure only one half: which would ren- 
der the resistance still less considerable. But if the altitude 
and resistance were even double of that above found, it 
might still be safely neglected. 

28. The third seeming cause of error in our rule, is the 
time in which the ball communicates its motion to the pen- 
dulum, or the time employed in the penetration. The 
principle on which the rule is founded, supposes the momen-~ 
tum of the ball to be communicated in an instant : but this 
is not accurately the case, because this force is commu- 
nicated during the time in which the ball makes the pene- 
tration. And though that time be evidently very small, 
scarcely amounting to the 500th part of a second, it will 
be proper to enquire what effect that circumstance may 


cola A] 
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have on the truth of our theorem, or on eathe velocity of the 
ball, as computed from it. 

In order to this, let the notation em- A 
ployed in Art. 21° be supposed here; and 
Jet aBc be a side-view of the pendulum, 
moved out of the-vertical position ap, by 
the perpendicular blow of the ball against 
the point por c. Also 
let ¢ = pc the space moved by the point 

of impact ©, 
= cB the depth penetrated by the ball, 
= velocity of the ball at B, ) 
velocity of the point c of the pendulum, and 
=the akira resisting force of the wood. 

Then is = = the retarding force of the ball, which is con- 
stant. eas as the motion of the pendulum arises from 
the resisting force # of the wood, #27 will be its momentum ; 
and as the sum of the forces in the pendulum was found to 
be = pgo, the accelerating force of the point c will be 


es § 
{| 


a, which force is constant also. But, in the action of 
forces that are constant, the time ¢ is equal to the velocity 
divided by the force, and by 2’ or 2 x 16°09 feet, and the 
space is equal to the square of the velocity feted by the 


force and by 4h; consequently 


AA o) Sid BN i Sa 
ae QhiiR? + Fg ane? 
—byv —bvv 
Heelies Waa yet FRR? 
b 
nee ots y = s; — vy" 
or by correc. ¢ = FERX —v), e+%2= aT v’). 


The two values of the time ¢ being equated, we obtain 
pgou = bri(v—v), orpgout briv = biry. 
And when y = 12, or the action of the ball on the pendulum 
ceases, this equation becomes pgou = bru 4- bitv, and hence 
hitwyv 


bla ere oe is the greatest velocity of the point c, at the 


Pp 
instant when the ball has penetrated to the greatest depth, 
and ceases to urge the pendulum farther. So that this 
velocity is the same, whatever the resisting force of the 


» . *» i 
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wood is, and therefore to whatever depth the ball pene- 
trates, and the same as if the wood were perfectly hard, or 
the ball made no penetration at all. And this velocity of the 
point of impact also agrees with that which was found in 
Art. 21. So that the velocity communicated to the point of 
impact is the same, whether the impulse is made in an 
instant, or in some small portion of time. And hence, in 
the usual case of a penetration, because the block will have 
moved some small distance before it has attained its greatest 
velocity, it might at first view seem as if it would swing or 
rise higher than when that velocity is communicated in 
an instant, or when the pendulum is yet in its vertical posi- 
tion, and so might deseribe a longer chord, and show a 
greater velocity of the ball than it ought. But, on the 
other hand, it must be considered, that in the small part of 
its swing, which the pendulum has made before the pene- 
tration is completed, or has attained its greatest velocity, 
just as much velocity will be lost by the opposing gravity 
or weight of the pendulum, as if it had set out from the 
vertical position with the said greatest velocity ; and there- 
fore the real velocity at that height will be the same in both 
cases, Hence then it may safely be concluded, that the 
circumstance of the bali’s penetration causes no alteration in 
the velocity of it, as computed by our formula. And as it 
was before found that no sensible error 1s incurred by the 
two first circumstances, namely, the friction on the axis, 
and the resistance of the air to the back of the pendulum, 
we may be well assured that our formula brings out the true 
velocity with which the ball strikes the pendulum, without 
any sensible error. 
biiv 


29. Since ————— denotes the greatest velocity which 
peor bre 


the point c of the pendulum acquires by the stroke, divid- 


wv 


ing by z, we shall have for the angular velocity 


| + bit 
of the pendulum, or that of a radius 1. From which it 
appears, that the vibration will be very small when 2 or the 


distance A D is small, and also when 71s very greats And if 
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we take this expression a maximum, and make its fluxion 
+ Oj vito being variable, we shall obtain p go = 6 zz, and 


t= ffs =“ for the distance of the centre of percussion, or 


the mk where the ball must strike, so as to cause the’ 
greatest vibration in the pendulum; which point, in this 
ease, is neither the centre of gravity nor the centre of oscil- 
Jation.; but will be at a great distance below the axis when 
pis great in respect of 4, as in the case of our experiments, 
in Ww hich p is 600 or SOO times as much as 6. 

30. It may not be improper here, by the way, to enquire 
2 little into the time of the penetration, its extent or depth, 
and the measure of the resisting force of the wood. It was 
found above, Art. 28, that iE 


be _ peown . ms b 2 ‘ 
= thi? and a +z = a x (0 y’). 
a biti 
Now, substituting in these ‘** the oreatest value of 
> pgo + bi? © 
dy for wu and v, we have 
/ Dg oO 242 xy 2 £ ra) 1 v2 
Sate and z =~ —_——.. 
4hkR (pgo + biiy 4hR pgo + biti 


The latter of these being the greatest depth penetrated by 
the ball into the woed, has the former the distance moved 
by the point c of the pendulum at the instant when the 
penetration 1s completed. Both of which, it ‘ evident, are 
directly as the square of the original velocity of the ball, 
and inversely as the resisting force of the wood ; the other 
quantities remaining constant, 

Hence also it appears that, other things remaining, the 
penetration will be less, as 7 is greater, or as the point of 
impact is farther below the axis. It is further evident, that 
the penetration will diminish as the sum of the forces p 20 
diminishes. 

Now, for an.example in numbers, a ball fired with a 
velocity of 1500 feet per second, has been found .to pene-+ 
trate about 14 inches into a block of sound dry elm, when 
the dimensions of the pendulum were as below: 


* 
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v 
p = 660lb the ball being cast iron, 
g = 78 inches or 63 feet, its diameter 1-96 inches, 
0 = 84 inches or 7 feet, and its weight 1,4, or $2lb. 
2 = 90 inches or 72 feet, also the value of z is 14 inch. 
or 2 feet: | 
Here the value of v is 1500, and z = 14 inches or 2 feet. 
b v2 660.13.7.6.67 1500.1500 
4hs peor biti 24.16.7.64  660.65.7 + ede ie 


= 32000 nearly, which is the value of # for a ball of that 


size and weight. Or the resistance in this instance. is, 32000 
times the force of gravity. 


pgo U2 72 y2 1 1 
-—._—,-_ =+ -—- art, of, a. f0@k., One 
44R ~~ (pgo+ bii) jog P rhe 2 


part of an inch, is the space moved by the point c of the 
pendulum when the penetration is completed. 
Oo» ° 

Also tr = a === = = a5 part of a second, is 
the time of completing the penetration of 14 inches deep. 

31. Upon the whole then it appears, that our rule will 
give, without sensible error, the true velocity with which the 
ball strikes the pendulum, But this is not, however, the 
same velocity with which the ball issues from the mouth of the 
gun, which will be indeed something greater than the former, 
on account of the resistance of the air which the ball passes 
through in its way from the gun to the pendulum. And 
though this space of air be but small, and though the elas- 
tic fluid of the powder pursue and urge the ball for some 
distance without the mouth of the piece, and so in some 
degree counteracts the resistance of the air, yet it will be 
proper to enquire into the effect: of this resistance, as it 
will probably cause a difference between ‘the velocity of 
the ball, as computed from the vibration of the pendulum 
and the vibration of the gun; which difference will, by-the- 
by, be no bad way of measuring the resistance of the air, 
especially if the gun be placed at a good distance from the 
pendulum ; for the vibration of the gun will measure the 
velocity with which the ball issues from the mouth of it ; 
and the vibration of the pendulum, the velocity with which. 
itis struck by the ball. 


Hence also x = 
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32. To find therefore the resistance of the air against the 
ball in any case: it is first to be considered, that the resist- 
ance to a plane moving perpendicularly through a fluid at 
rest, 1s nearly equal to the weight or pressure of a column 
of the fluid, whose altitude is the height through which the 
body must fall, by the force of gravity, to acquire the 
velocity with which it moves through the fluid, the base of 
the column being equal to the plane. So that, if a denote 
the area of the plane, v the velocity, » the specific gravity 
of the fluid, PS te = 16:09 feet; the altitude due to the 


welacita v being ? _— ;, the whole resistance, or motive force 72, 


vv Aanvy 


dll beta i nx 22 = wae . 
Now, if d denote the diameter of the ball, and 4 = -7854, 
then shall a= & d* be a great circle of the ball; and conse- 
uently m = 20" | 
gq - ) ro ah , 
circle equal to a great cirele of the ball. 
But the resistance on the hemispherical surface of the 
ball is only one half nearly of that on the flat circle of 


= the motive force onthe surface of a 


; kn d? 0. ; 
the same diameter ; therefore m = ——— is re motive force 


nd2y 
on the ball; and if w denote its weight, we as 


“Sh, Wilk De 
equal to f the retarding force. 

Since 2 £ d3 is the magnitude of the sphere, if w denote its 
density or specific gravity, its weight w will be = 24d3N; 
. SE 4 e ] 7 > + 7 ; od ‘ o = 
consequently the retarding force f or — 


kn d? 2 3 3nv0 


wijl be = REL P yg (meted inte GS 
it Bh *~ 2kd3n  16dhNn° . 
; : —S3nvdv, 
But by the laws of forces vv = 2h fx = — 7 -~*, ° and 
pe —3n. a : 
= o7y* = — ¢%, where wx is the space passed over, 
v Go 


putting ¢ = —, and making the value negative, because 
the velocity vis decreasing, And the correct fluent of this, 
is log. v — log. v or log. = = ex, where v is the first or 
greatest velocity of projection. Or if a be = 2°718281828 
roe the number whose hyperbolic logarithm is-1, then is 


7 y V roe B 
— = a™, and hence the velocity v=, =va~“™. So that 
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the first velocity is to the last velocity, as a to i. And 


the velocity lost by the resistance of the medium i is nearly 


ex hea I 
{ac — 1)vor - ay 


83. Now to aa this to the case of our balls, which 
weighed on a medium 162 ounces, when the diameter was 
1°96 inches ; we shall have 1-963 x *5236 = the magnitude 


of the ball; and as 1 cubic foot, or 1728 cubic fest s, of 


1728 x 163 


wate Io s ee a ee eee" Sees 
ter, weighs 1000 ounces, théreford ee Piece 


71'344 =w is the specific gravity of the iron ball 5 which is 
very justly something less than the usual specific gravity of 
solid cast iron, on account of the small air bubble which is 
within side of all cast metal balls. Also the mean specific 
gravity of air is ‘0012, which is the value of m. Hence 


ie Sng x 0012 X 12 ——s—l 
Sdn 8x196 x 7344 26665 


Now the common distance of the face of the pendulum 
from the trunnions of all the guns, was. 35} feet; and the 


distance of the muzzles of the tour guns, was nearly 344 for 
the ist or shortest gun, $4 for the 2d,.33 for the.3d, and | 
314 for the 4th. But as the elastic Auid pursues and urges 
the ball for a few feet after it is out of the gun, it may be 
supposed to counter-balance the resistance of the air for a few 
feet, the number of which cannot be certainly known, and 
therefore we shall suppose 32 feet to be the common dis- 
tance, for each of the guns, which the ball passes through, 
before it reach the pendulum. Hence then the distance 


d PE Pa 
z= 32; and consequently ev = TE >= i333” 
Then a — 1 =-:01207 = — = nearly, That is, the ball 


léses nearly the 83d part oe i last velocity, or the 84th 
part of its first velocity, in passing from the gun to the pen- 
dulum, by the resistance of the air. Or the velocity at the 
mouth of the gun, is to the velocity at the pendulum, as 84 
to 83; so that the greater diminished by its 84th part gives 
-the less, and the less increased by its 83d part gives the 
greater. But if the resistance to such swift velocities as ours 
VOL. Il. a 


a 
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be about three times as great as that above, computed fromthe 
nature of perfect and infinitely compressed fluids, as Mr. Ro- 
bins thinks he has found it to be, then shall the velocity at 
the gun lose its 28th part, and the greater velocity will be 
to the less, as 28 to27. This however is a circumstance to 
be discovered from our experiments, the result from which 
we shall hereafter hayeyan opportunity of comparing with 
the conclusion in this article, when it may either be confirmed 


or ghar Rw 
= « i, 3 


a 


On the Velocity of the Ball, as found from the Recoil of the 
Gun. 
% 

34. It has been said, by more than one writer on this 
subject, that the effect of the inflamed power on the recoil 
of the gun, is the same, whether it be charged with a ball, or 
fired by itself alone; that is, that the excess of the seciyil 
when charged with a ball, over the recoil when fired with- 
out a ball, is exactly that which is due to the motion and 
resistanée of the ball. And this it is said they have found 
from repeated experiments. Now supposing those experi- 
ments to be accurate, and the deductions from them justly 
drawn ; yet as they have been made only with small balls, 
and small charges of powder, it may still be doubted whether 
the same law will hold good when applied to such cannon 
balls, and large charges of powder, as those used in our 
praesent experiments. Whichis a circumstance that remains 


to Phe determined from the results of them. And this deter- 


mination will be easily made, by comparing the velocity of 
the ball as computed from this law, with that which is com- 
puted from the vibration of the ballistic pendulum. For if 
the law hold good in such cases as these, then the velocity 
of the ball, as deduced from the vibration of the gun, will 
exceed that which is deduced from the vibration of the pen- 
dulum, by as much as ‘the velocity is diminished by the resist- 
ance of the air between the gun and the pendulum. 
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35. Taking this for granted then in the mean. time, 
namely, that the effect of the charge of powder on the 
recoil of the gun, is the same either with or without a 
ball, it will be proper here to investigate a formula for 
computing the velocity of the ball from that recoil. Now, 
on the foregoing principle, if the chord of vibration be 
found for any charge without a ball, and then for the same 
charge with a ball, the difference of those ‘chords will be 
eoual to the chord whit is due to the motion of the ball. 
This follows from the property of a circle and a body de- 
scending along it, namely, that the velocity is always as the 
chord of the are described in a semivibration. 

Let then c denote this difference of the two chords, that is 
: ¢ = the chord of arc due to the ball’s velocity, 

G = weight of the gun and iron stem, &c. 

b = weight of the ball, 

& = distance of the centre of gravity of c, 

0 = distance of its centre of oscillation, 

nm = its n’. of oscillations per minute, 

2 = distance of the gun’s axis, or poit of impact, 

ry = radius of arc or-chord c, 

v = velocity of the ball, 

v = velocity of the gun, or of the axis of its bane 
Then, because 677” is the sum of the momenta of the 

ball, and Gc gov the sum of the momenta of the gun; and 

because action and re-action are equal, these two must 
be equal to each other, that is beziv=cGgov. But, be- 
cause V is the velocity of the distance 2, therefore by similar ; 
figures 2:0::Vv: “—- the velocity of the centre of oscillation, 

And because the velocity of this centre, is equal to the 

velocity generated by gravity, in descending perpendicu. 
larly through the height or versed sine of the arc described 
: byit, 


cc . . 
and because 27 :¢ ::¢: r= versed sine to radius 7, 
& 


and r:0:: — ? <°*=verssine toradiuso. 
> 02: > * 5 = vers.sine to radiuso, 
cco 


‘therefore Vh : VE shind hiv 2ho, theyelocity 


"79 
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of the centre of oscillation as deduced from the chord ¢ of 
the arc described, where A = 16°09 feet; which velocity 


was before found = —. 


Therefore - == 72 ho, oroy = 1/2 ho. 
Then this value of ov being ‘substituted in the first equa- 
aE o/ 2ho, and hence 


tion bitv = ee have bti0= 


the velocity v = <S-/ 2ho A Feat on), being the for- 


mula by which i melueiey of the ball will be found in terms 


of the distance of the centre of oscillation and other quanti-. 


ties. Which is exactly similar to the formula for. the same 


‘velocity, by means of the pendulum in Art. 22, using only 


G, or the weight of the gun, for p + 5 or the sum of the 
weights of the ball and pendulum. 


117375 
And if, instead of /obe substituted its value 4/ — wer 
108-3398 
Wa ae from Art. 20, it becomes v == 614°58 x ose ,or = = 
59000 | Ggc 


sor aSal ware ls formula for the velocity of the ball, in 


terms of the number of vibrations which the gun will make 

in one minute, and the other quantities, ; 
36. Further, as the quantities G, g, 6, 2, r, m commonly 

remain the same, the velocity will be directly as the chord 

¢. So that, if we assume a case in which the chord shall be 

1, and call its corresponding velocity w; then shall v = cu; 

or the velocity corresponding to any other chord ¢, will be 

found by multiplying that chord ¢ by the first velocity « 

,answering to the chord 1. 
Now, by the following experiments, the usual values of 

those literal quantities were as follows : 

viz. G = 917 

g = 80°47, 

b = 1°047, sometimes a little more or less. 

2 = 89°15 

r = 1000 

% 


» 2 = 40°0, for the gun n° 2, (but the 400th part more 


for n° 1, and the 400th part less for n° 3, and — 


¥ the 200th part less for n° 4.) 


bi 
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Then, writing these values in the theorem, instead of the 
letters, it becomes v = 12° I5c. So that the number 12°15 
multiplied by the ditteeetion between two chords described 
with any charge, the one with and the other without a ball, 
will give the velocity of the ball when the dimensions are as 
stated above. And when the values of any of the letters 
vary from these, it is but increasing or diminishing that pro- 
duct in the same proportion, according as the letter belongs 


to the numerator or denominator in the general formula + 
59000 Ggc 

96 birn 
mentioned in each day’s experiments. And further, when 
only the values of G, g, 2, n are = before specified, the. 
same formula will become 12718 ® — 

But note that these rules are A HOR to the gun n° ry 
only ; therefore for n° | we must subtract the 400th part, 


and add the 400th part for n° 3, and add the 200th part 
for n° 4, 


. When such variations happen, they will be 


OF THE EXPERIMENTS. 


317. We shall now proceed to state the circumstances of 
the experiments, for each day separately, as they happened ; 
by this means showing all the processes for each set of expe- 
riments, with the failure or success of every trial and mode of 
operation ; and from which also any person may recompute 5 
all the results, and otherwise combine and draw conelusions 
from them as occasion may require. . Making but a very 
few cursory remarks on each day’s experiments, to explain 
them when necessary ; and reserving the chief philosophical 
deductions, to be drawn and stated together, after the close 
of the experiments, in a more connected and methedical 
way. , 

The machinery having been made as perfect as the cir- 
cumstances would permit, 20 barrels of government powder 
were procured, all by the best maker, and numbered from 
1 to 20. A great number of iron balls were also cast on 
purpose, very round, and their accidental asperities ground | ? 
off: they were a little varied in their size and weight, but 


r ‘ ' : 
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most of them almost equal to the diameter of the bore, so as 
to have very little windage. The powder was uniformly 
mixed, and every day exactly weighed off by the same care- 
ful man, and put up in very thin flannel bags, of a size just 
to fit the bore of the gun ; a thread was tied round close by 
the powder, after béing shaken down, and the flannel cut 


‘off close by the thread, so as to leave as short a neck as pos- 


sibie to the bag. The charge of powder was pushed gently 
down to the lower or breech end of the bore, and the same 
quantity of powder always made to occupy nearly the same 
extent, by means of the divisions of inches and tenths 
marked on the ramrod. The ball was then put in, without 
using any wads, and set - to the charge of powder, and 
a in its place by a fine thread crossed two or three times 
about it, which by its friction gave it a hold of the sides 
of the bore, as the windage was very small. The gun was 
directed point blank, or horizontal, and perpendicular to 
the face of the pendulum block, 352 feet distant from the 
trunnions, and was well wiped and cleaned out after each 
discharge, which was made by piercing the bottom of the 
charge through the vent, and firing it by means of a small 
eubes An account was kept of the barometer and thermo- 
meter, placed within a house adjoining, and shaded from 
the sun. 

The machinery having been all prepared and set up in a 
canyons place in Woolwich Warren, the experimenters 
went out on the 6th of June 1783, to try the effects of them 
for the first time, which were as follow. 


ma 
38. Friday, June 6, 1783 ; from 10 1112 4. M. 
The weather was warm, dry, and clear. 
The barometer at \$0°17, and thermometer at 60°. 


The intention of this day’s experiments, was to try and 
adjust the apparatus ; to ascertain the proper distance of the 


pendulum ; as also the comparative strength of the different’ 


barrels of powder, by firing: several charges of it, without 


j 


eS! ee ee ee 


: 
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balls or wads. Out of the 20 barrels of powder, were 
selected the 6 which had been found to be most uniform, and 
nearest alike, by the different eprouvettes at Purfleet, which 
were n® 2, 5, 13, 15, 18, 193 of which the first two only 
were tried this day, as below. The gun was the short one, 
n® |, and weighed this day, with the leaden weights and 
iron stem, 906lb: the distance. of the tape, by which the 
chord of its recoil was measured, was not taken, and it was 
probably a little more than the usual length, 110 inches, © 
employed in most of the experiments of this year. 
Here it appears that the quantity of recoil increased in a 
higher ratio than thé quantity of powder. 
The pendulum was not moved by the blast of the powder 
in these experiments. | . 


Ld 


Powder 


No. of Chord of Medinn of 
Experim.} sort weight | recoil recoil 
02 inches } 

1 Md Sle 2°25 

29, nog 2 2°35 2°30 
3 4\+ 2 2°30 

4 #9 2°55 

§ n°? 5 Z 2°40 2°50 
6 2 2°55 

% 5 8 13:00 . 

g fn 5 ; 3 12°15 12°88 ; 
9 4 8 12°50 : 
gOe Pre } 8 | 12°50 slap 


* | 
39. Saturday, June 7, 1783 ; from 94 A. M. till 12. 


The weather cloudy or hazy, but it did not rain. 

Barometer 30°25, Thermometer 60°. | 

To try all the 6 sorts of powder, and the effeet of the 
blast on the pendulum, when high charges are used. 

The first 14 rounds were with the same apparatus and gun 
n°? 1, as the former day. The other four rounds were with 
the gun n° 4, but without the leaden weights; ; it weighed 
“with the iron 561]b. | 
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Thesé recoils are very uniform, and there appears to be 
but little difference in the quality of the powder among the 
several sorts. 


- Powder 


No. Mediums 
sort weight 
l 8 7 
id ik 3 : } 13°38 
3 : 8 AM Ses 
i 5 ; 3 b 13 28 
5 8 Ps 
6 13 } 8 \} 13°23 
7 8 
a bye ; , i} 13°35 
* 9 8 Fi! ) ; 
Ba aE: js 251% 13-38 
eet 8 ang 
ig | 19 { ; } 12°95 
13 2 
Ea ape ey | 
, vibs. of 
pendulum 
15 2 0 
16 4 ike) 
as Mo "8 0:25 
18 16 1:10 : 


All the charges were in flannel bags, except n® 14 and 18; 
of 16 0z each, for want of bags large enough provided to 
putitin. Each charge was rammed with two or three slight 
strokes. A considerable quantity of the powder of n° 14 
was blown out unfired : many of the grains were fotind on 


the ground; and on the top of the pendulum block, and_ 


many were found sticking in the face of it. By the force of 
these striking it, and by the blast of the powder, or motion 
of the air, the pendulum was observed visibly to vibrate a 
little: but the measuring tape had not been put to it. ‘This 


“was therefore now added, to measure the vibration by. And, 


to try to what degree the pendulum would be affected by the 
explosion of the powder, the 7 feet amusette was suspended, 


: 
~ * 
———L————— 


‘ 
i es 
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and pointed opposite the centre of the pendulum fot the 
last 4 rounds. The pendulum was accordingly observed to 
move a little with the 8 ounces, but more with the 16 
ounces, as appears at the bottom of the last column of the 
table above. The pendulum being thus much affected, we 
were convinced of the necessity of making a paper screen 
to place between the gun and the pendulum; which we ac- 
cordingly did, and used it in the whole course of experi- 
ments, at least in the larger charges. At the last charge, 
which was 16 ounces of loose powder, much fewer grains 
were blown out than with the like charge at n° 14 with the 
short gun. The recoil at n° 14 is evidently less than it ought 
to be; owingto the quantity of unfired powder that was blown 
out. It is remarkable that the recoil of the two guns, with 
the same charge, both for 2 ounces and 8 ounces, are nearly 
in the reciprocal ratio of the weights of the guns; a small 
excess only, ovet that proportion, taking piace in favour of 
the long gun, as due to its superior length. The recoils 
are, all of them, visibly in a higher proportion than the 
charges of powder: for, in the last four experiments, the 
charges of 2, 45 8, 16 ounces, are in the continued propor- 
tion of 1 to 2; while their récoil§4°5, 10°8, 24°7, 53°3, are 
allin a higher ratio than that of 1 to 2; for, dividing the 2d 
by the 1st, the 3d by the 2d, and the 4th by the 3d, the 
three successive quotients are 2°40, 2°29, 2°16, which’are 
all above the double ratio, but approximating, however, 
towards it, as the charge is increased. And further, if we 
divide these’ quotients successively one by another,. the two 
new ratios or quotients willbe nearly equal. So that, rang- 
ing those recoils in a column under each other, and their 
two successive orders of ratios in the adjacent columns, we 
shall have in one view the law which they observe, as here 
below, where they always tend to equality, 


45 t 


: 10°8 | Foot 954 1 3g 0 “ 
ae7 | OTe | 944 


53°3 |. P 


/ 
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Again, if we take successive differences between the same 
recoils, and between, these differences, and then between 
the second differences, and so on, thus 

A" 5 


! 


6-3 
1B cok fe G hoe a . 
24°7 189 | et ue 
53:3'| * | 


the columns, as well as the lines, descending obliquely from 
Jeft to right, have their numbers approaching, and at 
length ending, in the ratio of 2 to 1, the same as the quan- 
tities of powder. 

40... Friday, June 1%, 1783 ; from 11 till.1 o'clock. 

The air moist, with small rain at intervals. 

The gun n° 2 was mounted, and loaded with all the leaden 
weights: it was charged with the following quantities of 
powder ; sometimes with a bal], and sometimes without one, 
as denoted by the cipher 0, in the columns of weight and _ 
diameter of ball. The radius to the tape was 110°2, As ~ 
these experiments were made only to discover if the leaden 
weights would render the gun sufficiently heavy, that the 
recoil might not be too large with the high ¢eharges of pow- 
der and ball, the pendulum block was removed, to let the 
balls enter and lodge in the bank which was behind it. 


Powder Ball’s 


———___-._—__—_——} Reeoil 
sort wt /diameter wt 
Oz inches |oz dr] inches 
me) 2 O O 25 
in| @1 o 0 | 25 
19 4 O O ba? 
19 8 0 O. iy 13°58 
' ‘— 16 O O 28°] 
] 16 0 O 28:0 
19 2{1°9 15 41 89 
19 4 | 1:9 15 4/16°15 
iste 19 oy ro 15 4/26°5 
aby 19} 16} 19 |15 4] 41°75 
18 | 16 | 1°9 15 41343 
18 | 16 | 1°9 15 4)35°15 


19 | 16 | 19975116 13; 36:0 © 
194 1:965| 16 131 33°5 
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Here again it appears that the recoils, without balls, are 
always in a greater ratio than the charges of powder. It 
also appears that the recoils, when balls are employed, are 
nearly in the ratio of the quantities of powder, when the 
charges are small ; but gradually decreasing more and more 
below that ratio, as the charge of powder is increased. And 
if we subtract each recoil without a ball, from the corre- 
sponding recoil with a ball, for the same charge of powder, 


taking the differences as here below, \ 
Weight of powder oz 2 4 8 16 
Recoils with a ball 8:9 16°2 96°5 FAT 
Recoils without - 25° 52 1895 . 2D 
Differences Jays 8 Grd EVO ARG et 


it will appear that Mose differences increase as far as to the 
charge of 8 ounces, and then decrease again. 

There must have been some mistake in the 10th round, as 
the recoil, which is 41°75 inches, is greater than can well be 
expected with that charge of powder. Probably the tape . 
had entangled, and been drawn farther out in the return of 
the gun from me recoil, 


41. Monday, Jtine 23, 1183. 


We went with the workmen, and took the weight and 
dimensions of the several parts of the machinery, both of 
the pendulum with its stem, and of the guns with their 


frame or iron stem, and the leaden weights to fit on about 
the trunnions. 
oo 


OF THE PENDULUM. 


Total weight with all the iron work ; a Tt)" S69 ibe 

Distance from its axis to the centre of gravity 75'2 inch, 

Ditto - - - tothe tape or lowest point 115°] inch, - 

Ditto - - - _ tothe top of the block 76°3 inch. 

Dimensions of the wooden block - 18, 22, and 24 inch. 
that is, breadth of the face 18, height of the face 24, 
and length from front to back 22. 
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THE GUN FRAME OR STEM. 


aye Me é 

Total weight of all the iron work Oe ih 5: 188 lb, 
Dist. from its axis to the cen: of grav.(without gun)44-25 inch. 
Ditto - = ~ tothe tape or lowest point , 110 inch. 
Ditto - - to centre of the trunnions * 90°3 inch. 
Ditto - - tothe perpendicular arm 75°75 inch, 


The following figure is a side-view of the gun-frame or 
stem, as it hung on its axis with the gun ; 

4 being the point through which 
thé axis passes, 

c \ the point in the stem where it 
rests in equilibrio, showing 
the distance acof the centre 
of gravity below the axis, 

Gc gc perpendicular to ac, 

A pa plumb-line cutting Gc in g, 

g the centre of gravity of the 
iron work, 

BD a fixed perpendicular arm, 

EF a sliding piece to support the 
gun, 

7 the centre of the trunnions, 

¢ the place of the tape or lowest 
point. 

And the dimensions or measures to these points are as follow: 


inches, inches, 

AG - - 44°25 At’ - = 110°0 

se iis sts ‘ee Bie eis 4 B'S 

AT = .-)/-9@ 4 . G g - = S338 
‘Breadth of stem av - - 3:5, and from the middle of this 


breadth the distances B e and Gg are measured. 
42. The following are also the measurements taken to 
settle the position of the compound me gravity of 


the gun, with its leaden weights and iron stem, all together, 


# 
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- 

Diameter Centre of gravity or axis of gun alonelagntre of 

No, {Diameter} of the | sind th gravity of 
of the} of the gun at -behind the above below the whole 


- Oe . 

gun |trunnions/centre of ‘entre of | C&Dtof | axis of | below 
ions muzzle| . trunnionsjvibrati : 

trunnions trunnions: funa! bration! axis 


1 2°2 TOO |} 18°5 1°*4 | 1°24 | 89°06 | 80°47 
2 2°2 5°89 | 24°5 1°8 1:24 | 89°06 | 80°47 
3 2°25 | 5°06 | 37°4| 4°2 1-11 | 89°19 | 80°50 
4. 


272 4°84 | 51°3 3°O | 1°02 | 89°28 | 80°44 


The numbers in the last column of this table, are the 
values of the letter g, in the formula for the velocity by 
means of the recoil of the gun. This letter may always be 
supposed to have the value 80°47 inches, as the two last 
numbers of the eolumn differ from it but 03 only, or about 
the 2700 part of the whole, inducing an error of-only about 
half a foot in the velocity of the ball. The values of g, in 
this last column of the table, were computed in the follow- 


ing manner. 3 


ae 


Suppose the centres of gravity of the 
stem, gun, and leads, to be ail reduced to 
the line ‘of the stem aT, connecting the 
axis and centre of the trunnions T,in which 188 @|- 44:95 
they are situated very nearly; — 
so that G be the centre of grav. of the stem, 

ci) B-) +) + =, of the gun, 917 ek 80°47 
fits) met. aia a0 Ole, gin Se, =e 1h the leads > 
also the numbers on the right-hand side of 290 c!- 89-06 
these points, namely, 44°25 and 89°06 and 729 D|- 89°81 
90°3, are the measured distances below the 
axis at A; and the numbers on the left-hand 439 90:3 
side, namely, 188, 290, and 439, are the Tf 
weights of the bodies belonging to those . 
centres of gravity. Then, from the property of the centre 
of gravity, we shall have these operations ; 


os 


- 


‘g ~ 
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4.39 90°30 
290 © 89°06 
729 : 290 Sm 1:24: 049 - - TD 
90°30 at AT 
8981 - "= a® 
44°95 == AG 
729 
188 45°66 ..=..° /aGD 
917. : F729 ':: 45:56 :,3Gj22 <- - GE 
i 4495 - - AG 


SSR Anya sy Ona tae 


where D is the centre of gravity of the bodies at the points 
cand T, or of the gun and leads; and & the centre of gra- 
vity of the two bodies placed at the points G and p, or of © 
all the three bodies at the points G, c, T; that is, E is the 
compound centre of gravity for both gun, iron, and leads, 
' in one mass. And the same operation is to be repeated for 
the other guns. 

43. It may here be also remarked, that the mean num- 
ber of vibrations per minute, for every gun, weighing in all 
917lb, taken among the actual vibrations of each day, is 
for | 

n° 1 n° 2 nevis n° 4 

40°1 40°0 39°9 39°8 
which number must be used as the true value of », in the 
formula for the velocity of the ball by means of the recoil 
of the gun. The number of the gun’s vibrations was com- 
monly tried every day, and they were found to vary but 
little, and among them all the numbers above-mentioned, 
are the arithmetical mediums. 
‘44.  “Moréover, the mean numbers for the pendulum, 
among all the daily measurements of its weight, centre of 
gravity, and oscillations per minute, are thus : 
+ weight g n 

660 Ib 173 40°2 

Of the great numbex of these measures that were taken, 

the variations among them were sometimes ‘in excess 
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and sometimes in defect ; and therefore the above numbers, 
which are the means among the wholé, as long as the iron 
work remains the same, will probably be very near the 
truth. And by using always these, with proportional altera- 
tions in g and , for any alteration in the weight p, the 
computations of the velocity of the ball will be made by a rule 
that is uniform, and not subject at least to accidental single 
errors. When the weight of the pendulum varies by the 

wood alone of the block, ‘or the straps aboutit, the altera- 
tion is to be made.at the centre of the block, which is 
exactly 88°3 inches below the axis; that is, in that case 


the value of 7 is 88°3 in the formula — 


pt 

Lin (inn — 140850) 
140g50(2pg + bi) + biinn 
when the alteration of the weight p arises from the balls and 
_ plugs lodged in the same block, then the value of 2 in those 
corrections is the medium among the distances of the point 
struck. And when the iron work is altefed, the middle of 
the place altered gives the value of 2 in the. same theorems. 

In these corrections too, p denotes 660, g'717°3, n 402, 
and 6 the difference between 660 and any other given 
weight of the pendulum ; which value of 6 will be negative 
when this weight is below 660, otherwise positive ; so that 
p+ is always equal to this weight ‘of pendulum. 

And if these values. of p, g, ” be substituted for themin 
those corrections, they will become 

ae '— 17%), the correction for g, and 


40°2bi(i — 87-1) 
8887336+ lili +°87-1) 
And further, when z = 88:3, the samé become 


11b 7260 " 
soe OF 11 — —~ thecorrection for g, and & 


=b, or the correction 


for g; and in , the correction of x. But 


the correction for 7. 


b ae 160 . | 
Hee tap OF 74645 puab the correction for 7, | 
as adapted to an alteration at the centre of the pendulum. 
And, in that ease, . 


eo = 883 ~— is the new value of g, and 


a 
ae Hgeo°. 
N = 39°923 ++ a0 8 the new value of n. 
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But these corrections will have contrary signs when 6 is 
negative, as well asthe second term in each of the denomi- 
nators. eo 


& = 
45. Monday, June 30, 1783 | 91 A+M. to 2% P, M. 


The air clear, dry, and hot. 
- Barometer 30°34, and Thermometer 74, : 
We began this day, for the first time, to fire with ball 


against the pendulumblock. The powder of the six barrels , 
before-mentioned, had been all well mixed together for the 
use of the experiments, that they might be as’ uniform as 
possible, in that, as well as in other respects. 

The Gun was n° 1, with the leaden weights. 

Its weight and the distance of its centre of gravity, were 
as before-mentioned ; the distance of the tape it was for- 
gotten this day to measure, but from circumstances judged 
to be 106i. 

PENDULUM. Its weight - - - 559= 9p, 
Distance to the tape 115° = r. 


4 
: 
| 
| 


5 | Pow- Ball’s Vibiation oi eae @ Values of velog 
is der, _ wt diam] gur{pend] axis = p g n "ba 
oz |oz drjinchesjinches}inches|inches | in Ib {inches fe ee 
1} 2 
One 
3| 8 
4) 16 
5116 116 13) 1:95 23 187-9] 1559°0| 75°30} 40°3011392 
6}16 |16 13} 1°95} 5 25 |86°8 §60°1175°32| 40°30/1534 
7416 |16 .13} 1°95 23°71) 88°8 561°1| 75°35) 40°29) 1426 
F 8/16 416 13) 1°95 25 | 87°6415]562°2) 75°37| 40°29) 1530 
9116116 13) 1°95 23°7| 88°2 10) 5646] 75°39 140°28) 1445 
10} 16 {16 13 1°95 23°1) 88°3 566°5| 75°42140°28/1412 


ae ee 


medium 35°0 medium 1456 
Een Ss a ee 
The first 4 rounds were with powder only; the other 

6 with pally of the same size and weight 
» oe 


TRACT 34. IN GUNNERY. 353 
4 . 


s 


‘The diameter of the gun bore being 2:02, and 


the diameter of the ball - = - 1°95, consequently 
the windage was . witeipar OO 


Mean length of the Shares of powder 10°6 


The two oaken plugs which were driven in, to fill up the’ 
holes, after the 8th and 9th rounds, weighed about 14 oz. 
to each inch of their length. The whole weights of these 
plugs, and the weights of the balls lodged in the block, 
were continually added to the weight of the pendulum, 
to complete the numbers for the values of p in the 9th 
column; and from these numbers the correspondent values 
of g and n, in the next two columns, are computed by their 
proper corrections in Arts. 23 and 25. After which, the 
velocities contained in the last column are computed by the 
formula in Art. 24. And the medium among all these velo- 


- cities, as well as that of the recoils of the gun, are placed at 


the bottom of their respective columns, 


From the mean recoil with ball 35:0 
take the recoil withouta ball « 23°4 


there remains - - -. - €=11°6 


Then, having 6 = 1:051, and r = 106°5, by the rule 
12718 x — in Art. 36, we have only 1315 feet, for the 


velocity of the ball as deduced from the recoil of the gun ; 
which is 141 less than the velocity found by the vibration of 
the pendulum, or about ,4,th of the whole velocity. 

The powder blown out unfired was not much. The 
apparatus performed all very well, except only that the — 
wood of the pendulum seemed not to be very sound, as it 
was pierced quite through by the end of this day’s experi- 
ments ; thourh the sheet Jead with which the back was 
covered, as well as the face, just prevented the balls and 
pieces of the wood, from falling out at the back of the 
pendulum, mat 7 

SOis 3i. AA 
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46. Suturday, July 5,1783; from 9 till 2 o'clock. 


The weather clear, dry, and hot. 


Barometer 30:27, and Thermometer 74. 


GUN, n° 3. | PENDULUM. ' 
Weight - - - = 917 Weight -,- - - 846 
Tocentre of gravity 80°47 To centre of gravity 723°6 
Tothetape - + = 109°7 To the tape - - 9 -.1173 


s 


’ Bait’s Chord of vib.f_ , ma Values of Velve.| 

(2) i Point on of the 
der} wt | diam gun { pend |Struck)= p g n ball 
oz |oz dr jincheslinches{incheslinches Ibs jinches 

] 2 23 

ei oes ao 

5 8 1300 

4} -8 14°] 

Sh ee 13°6 

6| 16 26'S 

TT} 16 28°71 O'S 

8| 16 Zp sie Wo 

9116 {16 13] 1°95} 39°O| 24-2 89°O| |846°0 79°3141°48 


A large piece had been cut out of the middle part of the 
pendulum, from the face almost to the back, to clear away 
the damaged part of the wood ; and the vacuity was run 
full of lead, from an idea that the pendulum would not so 
soon be spoiled, and consequently that, it would need less 
repairs. _ But this did not succeed at all; for the only shot 
we discharged, namely, n° 9, would not lodge in the lead, 
but broke into a thousand small pieces, many of which 
stuck in the lead, and formed a curious appearance ; but 
the greater number rebounded back again, to the great 
danger of the bystanders. ‘The ball made a large round 
excavation in the face of the lead, of 5 inches diameter in 
the front, and 34 inches deep in the centre of the hole. 

Leneth of the charge of 160z was 11 inches. 


_ TRACT 34. By Guynery. 355 


47. Friday, July 11, 1783; from 9 A.M. till - - - 


Fine, clear, hot weather. 


GUN, n° 3. PENDULUM. | 

Weight - -.- - 917 Weight - -°- - 610 
To centre of gravity 80°47 To centre of gravity 76°4 
Tothe tape - - - 110 |, Tothetape - - © Ws 
4 » ed 

Ball’s Chord of vib. io Values of Veloc, 

N° otal Point | %, efithie 

er 


wt |diam| gun | pend | struck E p g n | ball 


Ee queer 


1 “a 

2 

3 

4, 

5 

6 | 16 16 13}1°95 | 446} 34-0} 89°1 

Length of the charge of 16 oz was 11°2 inches: ¢ 


The pendulum had been altered since the former day. 
The core of lead being taken out, some layers of rope were 
laid at the bottom of the hole, then the remainder up to the 
front filled with a piece of sound elm, and the face covered 


4 


with sheet lead. em ¢ 


At the last round, or that with ball, the iron tongue 
which held the tape of the pendulum, having slipped down 
by the loosening of a screw, was strained and bent. Which 
stopped the experiments till it could be repaired. 


‘ 


AA 
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48. Saturday, July 12,1783; from9 4. M.till - ie 
Fine, clear, hot weather. 


The pendulum, gun n° 3, and apparatus, were in every 
respect the same as in the last day’s experiments, excepting 
that the radius ef the tape, in the gun, was 11@°2 inches 
instead of 110. 


Be te en | Poked Peat cee eee ee 
diam} gun | pend struck) a p g n |, ball 
oz dy linchesjinches|inches|inches ib {inches feet 
25 4 
moOy | 
28°0 A 
29°0 
28°0 


16 13] 1°96) 441) 33°7| 89°6 607°0/76°34/40°25/215) 
16 13} 1°96) 42°6| 30°9)| 90°3 608°1)76°36/40°2511960 
16 13} 1°96) 46°8) 32°3) 89°3 609°1}76°38/40°24/2076 
16 13) 1°96) 44-4) 30°5| 89°6 610°2)76°39)/40°2411958 
{6 13) 1°96) 43-9) 31°4) 89:2) |611°2)76°41/40°24/2028 
16 13) 1°96} 42°3] 31°5|.90°7|  {612°3)76°43/40°23|2005 


medium 44:0 medium 2030 


The mean length of the charge of 16 oz was 11°7 inches, 
But this height was always taken when the cartridge was 
uncompressed : so that the powder Jay looser than in former 
experiments. By a small pressure it occupied about + of 
an inch less space. 

The value of p at beginning this day is made a . little less 
than the pendulum weighed at first, for reasons to be men- 
tioned hereafter. 

The mean recoil with a ball is 44°0, and without a ball. 
28°5, the difference of which is 15°5 =c. Also, in the 
formula for the oe by means of the Yaa we have 


6= 1:051, and r =110°2. Consequentlyv = > — Xx 12718 x= 
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= 1706 for the veloc nay that method. But the mean 
velocity by the pendulum is 2030, which exceeds’ the 
former by 324, or almost 4 of the whole velocity. 


49. , Thursday, July 17, 1783 ; from 12 tul3 P. M. 


Fine, clear, hot weather. 


Barometer 30°23, Thermometer 72° at 9 o’clock. 


GuN n°’ l. 
Weight - - - - 917 
To centre of gravity 80°47 
Tothetape- - - 1102 
It swung very freely, and 
would have continued its Vi- 
brations a long time; owing 


€ the ends of the axis being | 


ade to turn or roll upona 
convex iron support, and 
kept from going backward 
and forward, with the vibra- 
tions, by two upright iron 
pins, placed so as not quite 
to touch the axis, but at a 
very small or hair-breadth 


distance from it. 


PENDULUM. 
Weight .- - - - 657 
To centre of gravity 17°26 


 Tothe tape - - - 118 


The pendulum would not 
vibrate longer than 1 minute 
before the arcs became im- 
perceptible, owing to the 


friction of the upright pins, 


which touchedand bore hard 
against the sides of the axis, 
unlike these of the gun, 
though they had the same 
kind of round support to 
rollon. The pendulum had 
been well repaired, and 
strengthened with iron bars, 
and straps going round it 
ini several places, except 
over the face. Also thick 
iron plates were let into, 
and across it, near the back 
part, then over them was 
Jaid a firm covering of rope, 
after which the rest of the 
hole was filled up.with a 
block of elm, and finally 
the face covered over with 
sheet lead. 
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* 


be vow | 2 Ball’s ‘Vibration of | Poinil Bo eluce of ak 
der | wt Jaq am | gun | pend |struck]a |p g mn | ball 
thie tot lined — | | —|——.- at | 
oz | oz dr linches/inchesjincheslinches}| in| 1b inches feet 
ae. B°3 
2. 2 2°4: 
3} § 12°3 
a 38 13°3 
Shoo 11°9 
6} $8 is 0 
7| 8 Low 
8| 8/16 13] 1°96) 26°3| 20°5 88°6)10 657°0, 77°26 40°20}1450} » 
9} 8 {16 13] 1°96) 27-2) 21°9| 89-7 9 658°5/77'28 40°20)1534 
10} 8416-13 1°96) 25°9| 20°3| 89°91 9 BON TAO R AG 1423 
Ll 116 2311s 96| 26°8| 20°5| 88°6} 8|661°6\77°33)40°30)1462 
12} 8 |16 13] 1°96! 26°3) 20°4| 88°5| 8|663°2|/77°35'40°20/1460 
13| $416 L3| 1°96) 26°8} 20°9 bs 8\664°1|77°37|40°20\1 497) 


7 mean 1471 


The mean length of the charge of 8 oz was 5:9. 

The pendulum, having been so well secured, suffered 
but little by this day’s firing, only bulging or swelling outa 
little at the back part. Al! the balis were left in it, and all 
the holes were successively plugged up with oaken pins of 
near 2 inches diameter, which weighed 11 oz to every 10 
inches in length.—The arcs described, both by the gun and 
pendulum, are pretty regular. And the whole forms a good’ 
set of experiments. 7 

The mean recoil of the gun with ball 26°55 
without ball 12°84 
difference c = 13°71 


i 
£389 13°71 
Thenv=—— x 12718 x — = 00 x 12718 x T051 x 110" 1102 — 


1501, the velocity of the ball as deduced from the recoil of 
the gun; which exceeds that deduced from the pendulum 
by 30, or nearly 25 Fa th part of this latter. 
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50. Friday, July 18, 11383; from 9 A. M. till 12. 
Fine and warm weather. 
Barometer 30°28, and Thermometer 68 at 9 A. M. 


Ball’s Vibration of 


Apne Point th Valuesof ¢ Yeloc: 
der | wt | diam gun | pend |strack| 4) Pp g n ball 
oz | 0Z dr jinches| inches | inches |inches| in| ‘lb | inches feet 

lj} 2 2°5 

2le.2 2°55 

3) 4 6°45 

4) 4 6°05 

io ado 13°8 

6| 8 13°9 

7 8 13°55 

8} 8 |16 13} 1°96/28°35| 24°35 87°3) 9 1664°7)77'37 40°19] 1764 

9}. 8 |L6 13) 1°96128°7 |24°35) 88-0) 8 1666°3|77°40/40°1911 765 

10} 8 |L6 13) 1-96/28°3 |24°3 | 87-9] 7 |667-8|77-42\40°19]1768 

11} 4 |16 13] 1-96/18°3 118-9 | 87-8) 6 |669°4177°4.4|40" 19] 1380 

12} 4 |16 13) 1°96/18°0 |18°4 | 87°3| 6 |670°9)77°47140° 19}1352 

13) 4 |16 13} 1°96)16°% {16°38 | 87°8| 5 1672°5|77'49)40°19 : 

14, 4 {16 13) 1°96|18°4 {18°04 87-7) 4 674°0|77°5 1/40°19 1327 


A fresh barrel of the mixed powder was opened for use 
this morning ; and in the first 7 rounds, which were with . 
powder only, that of the old and new barrel were used 
alternately, but no difference was observed.—The length of 
the charge of 4.0z was 3°2, and that of 8 oz was 5:9 inches, 

The Gun was n° 3. Its weight 917 
To centre of gravity 80°47 
To the tape - - - 110° 

It swung so freely, that after many hundred vibrations 
the arcs were scarce sensibly diminished. » This gun heated 
more at the muzzle than n° 1 did, being much thinner in 
metal there: but it was never very hot to the hand in that 
part, and very little indeed about.the place of the charge ; 
for the heat was gradually less and less all the way from ~ 


the muzzle to the breech, where it was not sensible to the 
hand. : 


is 
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The Penputum. Its weight at first round 664°7 
To the tape - - - - 1178 


It had remained hanging since the last day’s experiments, 
with all the balls and plugs in it, which increased its weight 
by 10 lb, except an allowance for evaporation, and increased 
the distance of the centre of gravity by little more than j¥th 
of an inch. It vibrated with great freedom ; for it had this 
day been made to turn very freely on its axis, by placing 
the upright pins, which confine it sideways, so as not quite 
to touch the axis, like those of the gun yesterday; and the 
effect was very greatindeed, for itappearedas if it would have 
vibrated for a great length of time ; whereas on the former 
days it stopped motion in about 1 minute, or at least after 
that the arcs soon became too small to be counted.—By this 
day’s firing the pendulum seemed not to be much injured, 
the back part not appearing to be altered, and the fore part 
only a little swelled out, the piece of wood which had been 
fitted in there, starting a little forward, and bulging out the 


facing of lead. 


Of the plugs every 10 inches in length weighed 11 az. 


402 8 oz 
The mean recoil of gun with ball 18°23 - = 28:45 
without 625 - - 13°75 
the difference or ¢ = 11°98 - - 1470 
Hence the velocity by the recoilis 1321 - - 1620 
Mean ditto by the pendulum - - 1353 - - 1766 
Which exceeds that by recoil by 32 - - 146 


Orthe  42d- -12thpart. 


This appears to be a good set, being very uniform, ex- 
cept the 13th round, which has been omitted, as evidently 
defective in the arc described both by the gun and pen- 
dulum, from some undiscovered and unaccountable cause. 
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51. Saturday, July 19, 1783; fromg tll 3. 
A fine and warm day. 


Barometer 30°12, Thermometer 70° at 9 o’clock. 


Ball’s Vibration of y Values of 
xe Pow- Point 


L ruck} = 
dex wt |{diam}| gun | pend struck) — P & - 


ee | ee | eet — 


oz |oz dr finches] inches|incheslinches/in.| Ib  |inches . | feet 


1°96)15°9 | 14°8| 89°38} 5|674°0/77°51/40°19|1065 
1°96/16°3 | 15°4 89°38} 5 |675°3|77°54)40°19]1111 
1°96|16°4 | 15°8| 90°2) 5|676°6/77°56)40°1911137 
1°96)16°3 | 15°4| 89°3) 5 |677°9177°58|40°19|1192 
9 8 | 10°7} 89°1| 3 |679°2|77°6 1140°19| 783 
9°9 | 11°0} 89°5| 2 |680°5|77°63|40°18] 803 
10°1 | 11°1! 90:3) 3 |681°8/77°66|40°18} 805 


1:96 
1°96 


bam mek peel 
node OM CAO AH CWO = 
+p 
~_ 
QD 
ae 
Ss) 


3 


2°55 

2-716 ,133 Lee EY 1 | 12°6} 88°8| 3 |683°1177°68|40°18) 930 

12°0) 89°4| 3 |684°4)77°71/40°18) 881 
2 {16 12: I ‘96 11°O | 12°3| 89°8| 3 |685°7/77°73/40°18} 901 
2 116 124| 1°96 10°8 | 11+9| 89°0| |687°0|77-76|40°18] 881 


— 
iss) 
bt 


ee 
Cad Do 

to 

— 

aD 

—" 
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bn 
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ley 

— 

oO 
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Of the plugs every 10 inches weighed 11 ounces. 

Length of the charge of 20z was 1:7; and that of 4 oz 
was 3°2. 

The Gun was n° 1 for the first 12 n°, and ne 3 for the 
rest; in order to complete the comparison between these 
two guns-with 2, 4, 8, and 16 oz of powder. The radius 
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to the tape 1/0 inches, and the other circumstances as 
before. | 


The PENDULUM had been left hanging since yesterday, 
and the radius to the tape was 117°8 as before. It became 
however so full of balls and plugs to-day, that no more 
plugs could be driven in, all the iron straps being bent and 
forced out to their utmost stretch. It was therefore ordered 
to be gutted and repaired. 

This is a good set of experiments; all the apparatus 
having performed wel! ; and the arcs described, both by the 
gun and pendulum, being very uniform. 


Gun 1 Gun 3 

20z 4 OZ Q-0z 

Mean recoil with ball - 9°93 16°23 10°90 
Ditto without - - - 2°35 5°80 O55 
The difference or ¢ = 7°58 10°43 8°35 
Hence velocity by recoil 832 1145 921 
Mean ditto by pendulum 797 1109 898 
Which are below recoil” 135 36 23. 
Or nearly the part - - <5 st “sy 
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52. - Wednesday, July 23, 1783 ; from 10 till 3. 
Fine weather. 


Barometer 29'85, Thermometer 70° at 4 P. M. 


Ball’s Vibration of}, Values of 
N° Pow- ges) Pa a 
der wt {diam} gun | pend struck} =| g n 
oz }oz dr jiaches\inches\|inches|inche |in.| Ib inches 

lj} 2 2°5 
j 4 2°35 

3] 4 Or 

4) 4 Set 

5] 8 Ia:0 

6; 8 12°9 

716 25°9 

3/16 26°6 

9) 16 24°9 

10) 16 26°5 

11} 16 |16 932) 1.96) 39°9| 22°4187°7| 12|690°0!77°78) 40°18|1693 
PZ Tto "16 Pye pes 39°0| 21°3}88°3) 12169 1°6| 77°80) 40°18)/1610 
$3) 46- (16 132p1°96) 41°2) 23°T) 8857) 9 693°2|17 82)40°18 
14,16 |16 122) 1°96) 38+3) 21°2|88°7| 9}694°9/77°85| 40° 18)1603 
15} 8 {16 132} 1°96] 27-9] 21°4/89°2| 81696°5| 77°88) 40°18 

16} 8 |16 124) 1°96) 27-1] 20°2|88°6} 7}698°1)/77°90)40°17)1538 
17) 8 |16 1324) 1°96) 27°3] 20°5|88°9| 8)699°38/77°92)40°17)1553 
18} 4 {16 132) 1°96] 16°8}] 15°1}88°0) 7|701°4)77°94)40°17)1159 
19} 4 {16 134) 1°96) 16°7) 14°7)88°3| 6)703°0)77°96|4.0°17|1127 
20) 4 |16 134} 1°96] 16°6} 14°6|88°5| 5)|704°7)77°99|40°17)1120 
21} 2 |16 13211:96} 9°5} 9°4)88°6) 4)706°3|78°01/40°16} 722 
22) 2 116 134} 1°96} 10°7} 10°9187°8}. 6|707°9| 78°03) 40°16) 847 
25) 2 |16 134) 1°96] 9°6| 9°4}88°5!| 5|709°6)78°05|40°16! 727 
24,2 |16 132) 1°96) 10°8) 11°2 


87-7} |711:2/78°08|40"16} 878 


Length of charge of 2 oz was 2°1 inches “ 
4A = = 33 1d 
S--. = .6°l 
16 = -.10'°9 
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Of the plugs every 10 inches weighed 12 ounces. 


The Gun was ne 2. Its weight - - - 917 
. Tocentre ofgravity 80°47 
Tothe tape - - 110 


Oscillation per min. 40°6,as before 
It heated very little by firing. 


Itsweight - €90 
To the tape 117°8 


The PENDULUM. 


It had been gutted, and repaired, by placing a stratum 
of lead, of two inches thick, before the iron plate, then 
the lead was covered with a block of wood, and the whole 
faced with sheet lead. 


7 


¢ 


w 2oz 4 OZ 8 oz 16 oz 
Mean recoil with ball - 10°15 16°7 27°43 39°60 
Ditto without - - - 2°50 5:7 12°95 95°98 
The difference or ¢ = 7°65 11°0 14°48 13°62 
Hence velocity by recoil 840 1207 . 1592 1499 
Mean ditto by pendulum 793 1135 1566 1660 
Difference - - - - +47 712, Yee) sae 
Orthe part - - - fl Ee EE. 


So that the recoil gives the velocity with 2, 4, and 8 
ounces of powder greater, but with 16 ounces much less, 
than the velocity shown by the pendulum. 
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53. Monday, July 28, 1783; from 10 till 2. 


& 


A very hot day. 


> 
Barometer 29°74; Thermometer 77° at 10 A. M. 


Ball’s Vibration of : Values of 
N° igs A) ada es. EF Point i Veloc 
der wt |diam| gun | pend struck a Pp | g | n ball 
oz | inches 

1, 2 2°6 ; 

2} 2 2°45 

3) 2 2°4, 

4| 2 2°45 

a 2 grt 

6| 2 2°65 

q) 2 2°6 

8; +b 6°3 

9| 4 6°35 

10} 4: 6°35 

ll; 8 13°8 

12} 8 14°0 

13,3 141 

14/16 28°1 

15) 16 279 

2 0z 4 OZ 8 oz 16 0z 


Mean length of charge 1:9 3°3 6°2 11-0 
Mean recoil of gun - 2°65 6°33 13:97 - 28:0 
+ Ditto with greater wt 2°48 


The Gun n° 4.——Its weight in first 4 rounds 1003 
Ditto in all the rest - - 917 ; 
Other circumstances as before. 


The gun was very hot before firing, with the heat of the 
‘sun. But heated little more with firing. It was hottest at 
the muzzle, where the hand could not long bear the heat 


of it. 
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The Penpuium had been gutted and repaired since the 
last day. 
Tt weighed - - 702 
“To the tape- - 117°8 
: No balls were fired this day. 


54. Tuesday, July 29, 1783 ; from 12 till 3. 
A fine and warm day. 


Barometer 29°90 ; Thermometer 72° at 10 A. M; 


Ball’s Vibration of Values of 
Ne Pow- Rs Eulsneeks ROMP: San af? én -aul j Veloc. 
der} wt |diam} gun | pend Struck]/= | », n | ball 
oz |oz dr {inches} inches jincheslinches|inc!| Ib |inches feet 
hing 3°O 
4 ae ee 
biog 2°8 
4; -2 pAb 8) 
5| 4 6°45 i 
6) 4 6°25 
7) 4 6°35 
8} 8 14°4 
cde: 14°3 
10; 8 14°5 
11/16 29°15 
12)16 28°25 
13)16 29°2 
14,16. Ste 


15} 8 116 13 11°96/29°6 | 25°81 89°5112/700°0| 77°99) 40°1711946 

i6| 8 {16 13 1°96 |29°1 25:0! 89°0]1 11702°0177°95140°17|19021 & 
17} 8 |16 13 |1°96)29°1 | 25-8} 89 5]10| 704-0) 77-98) 40°17)1959 
18/16 |16 13. | 1°96 '44°5 | 29°1)89°4)}13)706°0/78°0 1/40: 16)2219 
19116 116 13-11°96'43°0 {27-0|89-7| 9|708°0)78-03] 40°1612058 
Q0}16 16 122 1:96143°6 98°8189°7| 91710°0] 78°05] 40° 16/2207] - 


Of the plugs every 10 inches weighed 134 ounces. 


The Gun no 4.—Its weight and other circumstances as 
usual. It did not become near so hot as yesterday. 
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The PENDULUM was as w reighed and measured yesterday, 
having hung unused. 


The tape drawn out in the last “three “Btpds, both of the 
gun and pendulum, was rather doubtful, owing to the wind 
blowing and entangling it. 


: 2 oz 40Z - 8 0z 16 0z 

Mean length of charge -  1°'8 3°4 5°6 10°8 

_ Mean a ant with ball z 7 29°27. .43°710 
Ditto without - _* 2°8 6:35 1440 28°72 
Difference orc = - : a 14°87 14°98 
Hence velocity by eeu , 4 1643 1656 
Mean ditto by pendulum : 1936 2161 
Difference, very great-  . é 293 505 


Or the party - 27-4) si - x 


55. Wednesday, July 30, 17183; from 10 till 12. 
A fine day, moderately warm. 


Barometer 30°06 ; Thermometer 69° at 12 o’clock. 


Ball’s Vibration of Values of 
no Pow-| ——_—— opp ORNS ae tt le pecs 
| der | wt |diamj| gun | pend a uck = p g | 2 ball 


ere ee 


7 =e 


oz |oz dr jinches| inches inches inches inc} Ib finches | feet 
1] 2 27 | 
al soe 2°6 
3) he 6°2 
4, 4 6°O 
5\ 4 116 13) 1°96)17°8 |17°8'88:7] 8/709°8|78°04|40°1611376 
6, 4 116 13) 1°96)17°8 |17°4,§6°7} 91711°3}78:07|40°16)138 
7) 4 {16 13) 1°96)17°75)17°3,87°2|10)712°9) 78°10] 40°16)136 
8} 2 116 13) 1°96/11°0 |12°2 87°8| 7|714°4178°12/40°15| 960 
9 2.416 12) 1°96) 11°25) 12°4 86°8 71715°9|78°15) 40°15} 993 
O 2 |16 12/1°96)10°9 |11°9\ 87°3 5\717°5|78°18] 40°15} 951 


The Gun was again n° 4, and every circumstance about 


it as before. 
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The Penputum the same as left hanging since yesterday, 
with the addition of the balls and plugs in it. 
This day’s we a good set. 


2 0z 4 0z 
Mean length of charge - - 1°7 3°24 
Mean recoil with bail - - 11°05 17°78 
Ditto without oe ot! Ll ae RG 6°10 
Difference orc - - - 8°40 11°68 
Hence velocity by the rood 929 1295 
Mean ditto by the pendulum 968 1375 
Difference, gun less - - 39 80 
Mr the part 22-5. - +< fi fee Lia 


56. Thursday, July 31, 17833; from 10 ¢7ll 12. 
Fine warm weather. 


Barometer 30°3 ; Thermometer 69° at 10 A. M. 


Ball’s Vibration*of 
N° Pow- Mesa eae: SEL, P Int 
der wt | diam| gun | pend {Struck 


- ee eSteoeee 


ernmcg | ee 


oz | oz dr |inches|inchesjincheslinches} in 


2 2°5 
16 23°8 
16 25°9 
16 23°38 
16 23°5 


16 |16 13 | 1:96] 37°3} 17°8| 89°6] 6 |717°2178°18/40°15)1379 
16 |16 ‘13 | 1°96} 37°3| 18°9| 90°5! 6 |/718°6)78°20}40°15}1453 
16 |16 13 |1°96| 34°5| 16°4) 90-2] 6 |720°1)78°22)40°15|1268 
12 116 13 | 1:96] 31°7| 17°7| 89°2) 5 |721°6|78°24/40'1 5/1387 
10} 12 16 122| 1°96} 33°2) 18°9|89°8} 8 |723°0178°26)40°14)147 

11} 12 116 122) 1°96| 30°8} 17°5|89°8] 8 |724°5)78°28/40°14)1371 
12} 12 21°0 
13) 12 18°3 


CmMaAIDa BP WH = 
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The Gun n* 1.— Weight and every thing else as usual.— 


_ The annular leaden weights, which fit on about the trun- 


probably has occasioned the 


nions, have gradually been knocked much out of form 
by the shocks of the sudden recoils; so that, not fitting 
closely, they are subject to ee a circumstance which 

egularities in the recoils of 


_ this day. 


» 


that its vibrations are not 


a 


, . 

The PrnpvLuM copa hanging still. It is suspected 

o be strictly depended on with 
the high charges of powder ; owing to the striking of the 
balls against the iron plate within the block, and so p 
haps causing them to rebound within it, and disturb the 
vibrations, which are not regular this day. After it was 
taken down, the pendulum was found to weigh 726 lb, 
But, from the weight of the balls and plugs lodged in it, 
it ought to have weighed 782 1b. It is therefore likely that 
the 6 Ib had been Jost, by evaporation of the moisture, in 
the 4 days, which is 141b per day. At the beginning of 
each day’s experiments therefore 11 lb is deducted from the 
weight of the pendulum, or '21lb before each of the last 
three days. And the like was done on some former days, - 
for the same reason, when it appeared necessary. 


» Of the plugs, 10 inches weighed 10 ounces. 


12 oz 16 oz 
Mean length of the charge - 84 Lick 
Mean recoil withball - - --31°9 36°4 
Ditto without - - - - «= 194 24°25 
Difference, orc = - = - 19°5 12°15 


Hence velocity by the recoil 1374 1334 
Mean ditto by the pendulum 1412 1367 


= a, 
Difference, the gun less - - 38 33 
» Or nearly.the part---.- - ie 
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51. Tuesday, August 12, 1783; from 10 till 24, 
The weather variable. Sometimes flying showers, 
Barometer 30:0; Thermometer 64° at 3 P. M. 


nd 
Ball’s Vibration of e “ Values of 
Ne Pow- Point 36 A 
“{ der! wt |diam| gun | pendjstucki= | “p g n 


oz |oz dr |finches| inches }inches|inches| in. Ib | inches 


eg 2°55 
2} 2 2°50 
3] 2 2°50 
4| 16 24°6 ‘ 
—5| 16 21°8 
6| 16 24:5 | | 
"| 16 |16 123] 1-96|36°0 | 19°6 88°3| 81663-0/77-35|40-20|14 11 
8} 16 |16 122) 1°96/36°7 | 19°8, 88°6|10}664-6]77°38| 40° 19|1424 
9} 2 25 
10/ 16 28°25 
11] 16 | 26°4 
12) 16 24:7 


23°2| 87°8/11/666°3177°41| 40° 19/1639 
21°7| 88°5|10|}667°9|77°4414.0°19|1572 
23:3) 91°1}111669°6]77°47/40°19 1644 
16} 16 |16 122} 1°96)40°7 | 24°8| 90°6}11]/671°2|77°50/40°19/L 765 
17/16 j16 122) 1°96/42°4 | 24°2) 91°3]10/672°9/77°53)40° 18/1714 

The Gun was n° | in the first_8 rounds ; and n° 2 in the 
rest to the end. The weight, &c, as before. 

The PENDULUM was a new block, made of sound dry 
elm, painted, and hung in the same frame as the former ; 
but turned end-ways, or the end of the fibres towards the 
gun; whereas the former was side-ways. It was firmly 
bound round with strong iron bars; but neither plates of 
iron nor lead were put within it. The dimensions of the 
block are, 

Length from front to back 


13] 16 |16 12211°96/39°1 
141.16 }16 122] 1°96|35°8 
15} 16 [16 122} 1-96|37°9 


263 inches 


Depth of Phe Tate) skew. — 243. 
ae 2 
Breadth of the same - - -« 182 
Its weight with iron - - ~ 664]b % 
Radius to tape as before - 117°8 inches. 
To centre of gravity - - 77°35 


Oscillations per minute + 40°20 
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At the 7th and 15th rounds the balls struck both in firm 
and solid wood, when their penetrations, to the hinder part 
of the ball, Easthed 10: and 11 inches; so that the fore 
part Saagiited 124 inches in the first case, and 13 inches in 
the latter. 

~ 
Gun 1 Gun 2 
Mean length of the charge - 11°4 11°3 
~Mean recoil with ball - - 36°35 40°03 omitting ne14 

Ditto without’! “<) 2772 |= g3:6ere" 26°45 

Difference; or c=? 5's" 5 19-12! © 89358 

Hence velocity by the-recoil 1399 1497 

Mean ditto by the pendulum 1419 1676 


Difference, the recoil less - 20 179 
Or nearly the part - - - BS + 
* 


- 


58, N. B. In this day’s experiments, and those that ftol- 
low, as long as the same block of wood is used, the theorems 
for correcting the place of the centre of gravity, and the 
number of oscillations per minute, as laid down at Art. 44, 
will be a little altered, when the weight of the pendulum is 
varied at the centre of the block. The reason of which is, 
that now the distance to the centre is 88:7, which before 
was only 883. And by using 88°7 for 88°3 in the theorems 
in that article, mets eae? will become 


G=s887 — a “ for the new value of g, and 


5 for the new value of 27. 


N = 39°'646 “hig 
Had 7 been = 39: 3. dhe new value of g and n would 
have been 


7920 
G= 89:3 — ——, and 


N= 39°51 + 5a 100" 
And these last are the proper theorems for this day’s expe- 


riments, the mean distance of the points struck being nearly 


$9°3, 
BR2 


> 


¥ 
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59. Wednesday, August 13, 1183; from 10 till 2. 
The weather cloudy and misty, but it did not rain. 
Barometer 30°17 ; Thermometer 64° at 5 Pp. M. 


S ibrati % al 
nt! Pow. Ball’s | Vibration of Point e PRBAI Nie ET Veloce: 
der wt diam | gun | pend |§*ck] = p g = ball 
oz |oz dr lincheslincheslinches|inches|inc| Ib  |inehes feet 


2 wr5 
2 2°6 
16 276 
16 QA7T°9 


[6 124) 1°96) 41-8) 26°8! 87°0}12}672 9/77-53)40°18/1992 
16 123) 1:96] 36°3| 23:1) 86°2|13,6714°5|77'55/40°18}  D 
16 124, 1:96, 42°3 il] 

16 124| 1:96! 41°0) 25:2) 84°7/11/677°8|77°58/40°18|1940 


OmAIDOrH OND & 
oo 
Dp 


8 14°2 
10} 8 1385 
11} 8 13°6 


0'679°4]77°60]40°18/1735! 


/ 


16 124) 1:96] 27-6] 22-4) 34° 
68 1-077 °63/40°18}1872) 


13} 8 |16 124 1°96] 28°8} 258) 90°3 
The Gun was n° 3. Inthe 5, 6, 7, 8, and 12th rounds, 
the gun had from 15’ to 20’ elevation. At the 6th round 
an uncommon large quantity of powder came out unfired, 
So as to scatter a great way over the ground, and bespatter 
the face of the screen and pendulum very much ; which 
was not the case in any other round. And this may account 
for the smaller arcs described at that number. j 
The PenpuLumM was in the same condition as it had been 
deft hanging after the last day’s experiments, with all the 
balls and plugs in it. After this day’s experiments, its 
weight was found to be 681 lb, including all the balls and 
plugs, except one which flew out behind the pendulum at 
the 7th round, occasioned by this ball striking in the same 
hole as n° 6, and driving it out. This ball, which came out, 
was quite whole perfect ; it.was black on the hinder 
part with the powder, but rubbed bright in front with the 
friction in passing through the wood. The tape of the pen- 
dulum also broke at this round, so that the vibration could 
not be measured. 


acT 34. IN GUNNERY. $93 


The value of 7, or the mean among the distances of the 
point struck this day and the last is 88. 


Of the plugs, this day and the last, 10 inches weighed 9 oz. 


8 oz 16 oz 
Mean length of the charge - — 6’0 bi 
Mean recoil with ball - - 98°2 41°] 
Ditto without - 2 - - - ‘13°77. Qh75 
Difference, orc = - = = ‘1448-1395 
Hence velocity by the recoil 1594 1542 
Mean ditto by the pendulum » 1803 1966 
Difference, the recoil less - 209 © 424 
Or nearly the part - - - x z 


sa 


60. Monday, September 8, 1783 ; from 10 till 14 Pp. M. 
Weather windy and cloudy, with some drops of rain. 


Barometer 30°03; and Thermometer 61° at 10 a. M. 


Value of 


Ball’s Vibration of Point fe 


ne Powel bits | Piglet abe ee eee EIN Veloce, 
der | wt |diam| gun | pend struck| & p g n ball 
oz | oz dr jinches|inches|jincheslinehes|in| Ib | inches ~ | feet 

bee: <i | 

3] 9g 2°6 

4 4 6°55 

5| -4 61 

6 4 6°8 . 

q| 4116 13} 1°96|17°4 | 17°8] 88°1)10 663°0)77°35/40°20) 1281 
g| 4 [16 13] 1°96/18-3 | 19-0] 838-3 9 664°7,77°37 40°19/1369 
9] 4 |16 13] 1:96]18-2 | 18*8| 88:0] 8 666°3/77-40/40°19 1363 

trol 4 16 13} 1°96}17:9 | 18:0} 87:2) 9|667°S|77°42/40°19/132]1 

L1| 2 |16 13] 1°96|10°9 | 12°4/87°8! 8/669°4/77°44/40°19) 906 
12| 216 13] 1°96|11°2 | 1¥°5] 85:8] 7/670°9)/77-4.7/40°19) 937 
13! 2116 13!1°96]11°0 | 12°5} 86°1! 7/672°4'77-49 soit 936 


* 
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The Gun n° 3, with every circumstance us usual ; except 
that in the last four rounds it had 15’ elevation. 


The PeEnputum had been repaired, the balls and plugs 
taken out, a square hole cut quite through, and a sound 
piece fitted in; and the face covered with sheet lead as 
before. 


Its weight at the beginning 663 Ib 
To the centre of gravity - 77°35 inches 
Tothetape - - - - + 1178 

The vibration at n° 8 a little doubtful, as the tape broke. 


The plugs weighed 1 oz per inch. 


_ The value of 7, or the mean distance of the points struck, 
873. 


Weight of Powder - - = - 202 4 OZ 
Mean length of the charge - 1°9 3°2 
Mean recoil with ball - - 11°03 17°95 
Ditto without: 3. eee a6! 6°48 
Difference, or ¢ =: ee S84). 1147 
Hence velocity by the recoil 928 1266 
Mean ditto by the pendulum 926 1334 
Difference, recoil less - - —2 ~ 68 
Or nearly the part - - - 32, Sf 
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61. 


The weather was fine. 
Barometer 29°7 ; Thermometer 60° at 10 4. M. 


Ball’s Vibration of 


N° Powel. oe oh ban ie. Point | %, 


( © a1 DOr SP WH 


The Gun n° 1. 


der wt {diam| gun | pend |struck) = 


ee |g ert | ees |) en ———— et | | See Te | 


oz dr jlinches| inches} inches |inches|inc 


2°5 


1:96|245 118-0 88-3] 5 
1:96/25°1 |19°3 |89°5| 8 
16 123] 1:96|248 |18-1 |86°8] 6 
16 121) 1:96|15:85|14°65| 88°5|-7 
16 1241 1°96|15°7 |14°1 187-41 6 
16 1211 1°96/16°35) 15° |88°5| 3 
16 122] 1°96,10°0 |10°75|89°3} 4 
16 124] 1°96} 9:9. |10°6 |89°8] 3 
16 124! 1:96]10°1 |10°65| 88-0} 3 


DWH PhP MODHDHOKED ERAN LONWL 
oN 
— 


The plugs weighed 1 oz per inch. 


S15 


W, a as September 10, 1783 ; from 10 till 12. 


Values of Veloce 
p g ball 
“Ib Jinches feet 
671°4'77-48/40°1 9/1315 


672°8|7-50/40-19 

4¢ 317715 2140-19 
615°71)17-54/40°19 
677°2)T7-56140'19 
678°6/77-59140"18 
6798176 1/40-18 
681°1177°63/40°18 
682°3)77-65/40°18 


The Penputum as left hanging since Monday. 


Weight of Powder 202 402 

Mean length of the charge - 1°9 3°2 
Mean recoil with ball - - 10°00 15°97 
Ditto without .- ,-  -.- 2°38 5°17 
Difference, or ¢=3- - - 762 10°20 
Hence velocity bythe recoil 838 1}22 
Mean ditto by the pendulum 785 1087 
Difierence, the recoil more, 53 35 

' Or nearly the part - - | 5 a 


' 


1394 


1351 
1075 


1050 


1136 


187 
T14 
795 


Weight and other circumstances as usual, 


Its radius, 
&c, as usual].—The value of 7, or the mean distance among 
the points struck this day and the former, is 88-0, 


8 oz 
a7 
24°8 
12°1 


12° 


1396 
1353 


43 


¥ 
Ri? 
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62. Thursday, September 11, 1783 ; from 10 till 12. 
The weather was fine. 


Barometer 29°93 ; Thermometer 60° at 10 A. M. 


We BER Cee Veloc. 
diam} gun | pend newt a | p g n { ball 


ener n= | rermememttens | ne | an te oe | ae ED |e ee | geen 


Vibration of Baa 2 Values of 


oz dr |inches| incheslinckes|incheslinc! Ib | inches feet 
2°65 | 
2°7 
2°65 
6°2 
6°] 
6°O 
413-7 
13°] 
14°] 


16 122) 1°96)97'1 |21°3) 88°11) 6)682°5/77 68/40" 18/1589 
16 122) 1°96) 26:3 |20°2) 86°7/12)}683'9/77°67/40°18)1535 
16 122] 1:96|17°3 | 16°6) 87° 5) 9}685°7)77- 70) 40° 18|1253 
6 125) 1-96) 171 | 16°75) 89°9| 81687°3/77'72/40°18)1230 
6 122) 1:96)171 |16°7)89°9, 7/688°8)/77: 75) 40°17)1233 
16 125) 1°96|10°3 | 11°5)90°1) 41690°4/77°77/40°17| 849 
16 125) 1°96) 10°45) 11°7| 90°3) 31691°7|77°80/40°17| 864 
16 125] 1°96)10°3 {11°5) 89°9/) 2/692°9)77'82) 40°17) 855 


The Gun n’ 2. In the last 5 rounds it had about 10 
depression. 

The Punputv the same as left hanging since yesterday. 
After the experiments were concluded to-day, it weighed 
694 1lb.—The plugs weighed 1 oz per inch. 

The weight of balls and plugs lodged in the block, these 
last three days, was 36 lb ; which added to 663, the weight 
at the beginning, makes 699: but it weighed at the end 
only 694 ; so that it lost 5 lb of its weight in the 4 days, or 
13-[b per day on a medium. 

The value of 7, or the mean among the distance of the 
points struck Bs three days, is 88°3. 


16 122) 1+96/270 |21°2|) 874) 4/681°2)77°63/ 40° 18/1590) 


/ 


TRACT 34. ' IN GUNNERY. | BT? 


2 0zZ A OZ 8 0z 
Mean length of the charge - 1°8 SN 2 By 
Mean recoil with ball -. - 10°35 Wy as Oo 26°80 
Ditto without‘. - =) <5 = 2:67 610. 13°63 
Difference orc = - - = 7°68 11°07 13°17 
Hence velocity by the recoil 846 1220 1452 
Mean ditto by the pendulum 856 1239 1571 
Ditference, the gun less - 10 TH 19: 
Or nearly the part. - -.- ok) T3 


63. Tuesday, September 16, 1783 ; from 12 tell 2. 


The weather was rainy.—Gun n° I. 


Barometer 29:9; Thermometer 64° at noon. 


Vibration of 

N° Pm 

gt gun 

oz } 
ig 2°3): 
2} 2 2:5 
ae a 2°35 
4) 4 6°25 
o & 5°05 * 
6) 4 5°4 
il 8 11°65 
8} 8 11:9 
9; 8 12°05 
10) 12 17°3 
11) 12 19°3 
12); 12 18°7 
13}.12 Ie ay | 
14; 16 25'°3 
15] 16 23°3 
16} 16 240 
17} 20 23°5 
138] 20 28°2 
19} 20 24°83 


The last n° very uncertain; the tape entangled. 
- 202 40z 802° 12 0z 16 oz 20 0z 
Mean length of charge - - 1°9 3°2 56 8'2 10°6 13°2 
Mean recoil, omitting n° 19, 2°38 5°23 11°9 181 242 28-2 
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64. T. hursday, September 18, 1783 ; from 10 till 3 pv. M. 
The weather fair and mild. 


Barometer 30:08 ; Thermometer 64° at 10 A. M. 


. ali’s | Vibration of F Values of ; 
5 Ere aus: Teak | Pott Berl ge ats Saka Melocity 
a wt} bt wt gun | pend jStruck| = p g n _ {of the ball 
ozlinches| oz dr {inches} inches |inches Ibs | inches feet 


124) 14° 5/16 122}38°6)17°3 | 90°S| 14/655°0/77°21)40°2111 194 
$132}21°6|16 122144°0/13°0 | 92°9| 8'656°8'7724/40°20] 880 
9136124°4/16 121]45°8/12°3 | 92°5| 7/658°3/T7T 27/40°20] 838 
10139|\27°2)16 122147°5 went! over/659°7|/77°29|4.0°20 
11/20} 13°3}16 122} 36-7|15°5 | 85°8| 11 |660°8/77-29 40-20)1144 
19/12] 8:1/16 122/29°9]18-°75| 86°8| 11 |662°5|77°52'40°20]1371 
9°3/16 194] 27°3/16°2 | 85°8] 11 |664°2/77°35|4.0°2011202 p 
14/10] 6°9|16 13 |28°5|}19°L5} 86°6| 10 |665°9/77'37|40°2011409 
15/14) 1071116 13 |31°2|19°0 | 89°5| 19 |667°5|77°40)40°19|1357 
L616) 111/16 13 |32°7} 180 |91°4| 5 |669°1/77°43/40°19/1262 p 
5°7116 13 |26°4|20°05| 89°7| 9 1670°4177°45140°19/1436 
46116 13 |20°7/17°0 | 88°5| 9:1671°9177°48!40°19'1237 
8°4116 13 | 29:0! 18°55) 89°9} 7 1673°4177°51140°19/1333 
69116 13 |28°8)20°05| 90°5| 6 |674°8177°53/40°19 1434 
14. 9°6116 13 132°2118°5 | 911] 6 |676°2|/77°56/40°1911318 
18°8 | 89°9| 6 |677°6|77°59/40°18)1360 

6 

6 

5 

5 

5 

4 


92) 8]. 5°5|16 13 +25°3 
93/12} $°4)16 13. }31°1/19°8 | 90°92 678°9/77'61}40-18 1420 
QA\10! 7O}16 13 | 28°6/19°35| 89°7 680°2|'77°64)4.0°18)1409 


68 1°5|77-67/40°18)1354 
682°8/77°69|40°18/1231 p 
684°1|77-72|40° 18/1288 D 
685:4|77°75|40°1 7/1457 


95| 8! 5°7116 13 |25°4)18°5 | 89°95 
26116} 10°7|16 13 | 31°) 16°75) 89°3 
27116/11°1/16 13 | 31°5/172 | 91°4 
28|14| 9°7|16 13 |33*4;20°0 | 90°5 


~The Gun n° 1.. The charge of powder was gradually 
increased till the gun became quite full at n° 10, when there 
was just room for half the ball to lie within the muzzle; 


~* 
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which being too short a length to give direction to the ball, 
it missed the pendulum, going over and just striking the 
top of the screen frame, about 211 inches above the line 
of direction, which, though a very slender piece of wood, 
turned the ball up into a still higher direction, in which it 
struck the bank over the pendulum, and entered it sloping, 
though but a little way: all which circumstances show that 
the force of the ball was but small. And even at the 9th 
round, when the centre of the ball was about 3 inches within 
the gun, the ball struck the pendulum 5 inches out of the 
line of direction. 'The gun was scarce ever sensibly heated. 

The diameter of the balls 1-96 inches. 

The Prenputum had been gutted, and had received a new 
core. It was hung upin the morning of the day before yes- 
terday, when it weighed 659 lb. And when taken down 
this evening it weighed only 686 lb, which is near 4 |b less 
than the balls and plugs ought to make it; and which 4 
pounds must have evaporated in the 3 days. 
_ The plugs weighed 2 of an ounce to the inch. 

The value of z, or mean point struck, 89°7. 

All the three rounds with 16 oz are very doubtful, and 
seem to be too low, from some unknown cause. 


Mean velocity by the pendulum, &c. 


Powder Recoil Veloc. 

wt ht gun ball 
Sie SOs) eGo is, = et T3BS 
10 - 69 - - 286 - = 1417 


LOO SS Hee SS ZOROR Li) ) B75 
14 - OF = -- 32°93 = - 1333 
16 -110 - - 31:8D- - 1243D 
20 - 133 - = 36°7 
24 - 1495 - - 38°6 
SF = ZIG Ste” £40 
86 = 244 - - 45°8 
39 = 272 - - ATS 
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| 
65. Thursday, September 25,1783; from 10 a. M. tall 3 P.M. 
Fine, clear, and warm weather. 


Barometer 29°93 ; Thermometer 59° at 10 A.M. | 


Powder | Vibration of . | Values of 

N° Ball’s |_| Point & ea LMaluesiefio. sah gt 
wt} ht wt gun | pend |strack)a |p g oft |. teal 
ozlinches} oz dr {iucheslincheslischeslinc!| Ib |inches feet 


1] 8} 5°9116 13 | 27°6) 23°8| 9-3/1 41643°0| 77°00) 40°22 1639! 
910} 72116 13 | 29°5| 23°0] 88°7|15/644°9177'°03] 40°22 1593 
3/12] 84116 192] 32°0) 22:0] 88-7/15/646°8177°06|40°21/1532 
4\141 9°4476 1292] 52°2| 21°3) 88°5|15|648°8177°09| 40°21/1491) D 
5116] 11°3]16 122] 39°4} 23°6] 88°3/13/650°8/77°12)40°2 1/1662 
618] 12°3116 122| 37:1] 21:0] 89-0/19|/652°6/77°16/40°21/1472 
#120] 13°2116 12 | 39°8] 21°9] 91-6)171654¢4177°19/40°21/14.99 
31221 151116 12 | 41°5] 21°7| 91°5/11|/656°5|77°22/40°20 1499] D 
924] 15-8l16 12 | 42°6| 21-3] 91-6|10|658-2|77-25|40°20 1468 
10/28] 18°9116 12 | 44°] 18-1] 90-5/10/659°8/77°28 40°201266] D 
_{11]32] 2971/16 12 | 52:8) 20°3] 90-8} 9/661°5/77°31/ 40°20 1419 
121 8| 5:5116 12 | 27:0] 22-2! 90°5| 8|663-1/77°35/40°20 1562 
13/101 Tol16 12 | 30°5| 22°91 90-0] 7/664-6177°38|40°20:1624 
1412] S1ll6 129 |32:4 21-8! 85-9l15/666-1177-41 40°19 1638 
15/14) 9°3116 12 | 32:9] 20°41 86°4/151668°0/77°44) 40°19)1517 
16116] 10°9/16 12 | 39:0] 22-2) 85-8/131670-0/77°47/4.0° 19/1667 
17| 8} 55116 12 | 25-2] 19-6] 87-9/15/671°8/77°50}40°1911441) D 
18} 81 5°5116 12 | 26-3} 20°8} 89-2)131673°6177°53140°19|1512 
19/10) 6°7/16 12 | 26°3} 19°6] 89-11131675°4177°56140°18|1431| D 
20/12} 82/16 12 | 32-7] 22-8) 88-8/11)677°2|77-59|40° 18) 1675 
21\14) 9°1/16 12 | 35:1} 17-7! 89-0}111678°9/77°63/40° 18/1302) D 
22\16| 10°4/16 12 | 32°38} 15°6| 89-1) 81680°6/77-'66140°18]1149| D 
23} 6! 44116 12 | 22°8! 14°51 89-1} |682°1]77°69}40°18/1070! D 


The Gun was n° 2. 

The diameter of the balls 1°96 inches. 

The Penputum had been repaired with a new core, but 
of very soft and damp wood. It was hung up yesterday 
morning, when it weighed 653 lb. And when taken down 
this evening it weighed only 678 lb with al] the balls and 
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plugs, the whole ball which came out behind, as well as the 
broken pieces of the wood and balls which flew out in the 
latter rounds, being collected and weighed with it ; which is 
about 15% |b less than it ought to be; so that about 154 |b 
has been lost by evaporation in the space of 30 hours, or 
about half a pound an hour. ~ 

At n* 4, 8, 10 the tape of the pendulum entangled and 
broke, which rendered those vibrations doubtful, as marked 
D. Some other rounds are marked doubtful, from some 
other cause, perhaps the badness of the wood in the pen- 
dulum, which split very much; from which circumstance 
part of the force of the ball might be lost by the lateral 
pressure, 

The plugs weighed 14 0z to 15 inches. 

The value of 7, or the mean point struck, 89°5 inches. 

The penetration at the Ist and 7th rounds, which were 
made in fresh parts of the wood, were from 19 to 20 inches; | 
so that the fore part of the ball penetrated about 212 inches 
in this soft wood. | 


Mean recoil and velocity by the pendulum. 


Powder Recoil Veloc. 
8) mye 26% =e) F569 
£0. Fi Pe APIO 3 eo 1.608 


1 ble HaO-4 Yoel.) IE LS 

14dy Sit SioS8i4andis tee ly LS ha 
16 = (+ '$6:3R- ~~. : 16645 
LS isis, or Bel 

20 -~ - 39°8 

QPitahwe ays 

24. -.— A26 

BE: wpautiy 4400 

$2.» - 628D 


But these mediums are not much to be depended on, as 
the velocities are all very irregular. It is, in particular, 
highly probable that the velocity here found for 14 0z of 
powder is too small, and that for 160z too great. 


a 
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66. Monday, September 29,1783; from10 a.M. fil 14 P.M. 
The weather fine, clear, and warm. 
Barometer 30°28 ; Thermometer 64° at 10 A. M. 


Powder a Vibration of Datistd o Values of Veloce. 
N° Ball's wt.J———+>——. ataxials ee a of the 
wt} ht gun | pend a p g tn | ball 
oz\inches| oz dr jinches|inches}inches| in| Ib inches ; feet 
2°8 
2915 


A516 112}22°6 | 20°5) 88-9) 7|654°0) 77°20) 40°2 1/1448 
5616 114|26°9 | 22-1] 89°1)10 655-4) 77°22| 40°21/1561 
6°9}16 114130°2 | 23°4) 91°3} 81656°9)77°25| 40°20)1618 
8°3)16 114133°3 | 23°9) 90°6} 9) 658°3) 77°27} 40°20)}1 669 
9°5}16 112137°4 | 24°7) 88°9/10) 659°8] 77°30) 40°20) 1763 
8116} LO'7}16. 112|35°9 | 21°5| 87:3} 9) 661°3| 77°32] 40°20}1566|P 
916} 1 1U}16 112/40°1 | 23°5| 87°8) 8|662°8| 77°35] 40°20)1 707 
LOWL8} 1271/16 114)32°7 | 18°3| 871) 6|664°2)'77°37| 40°20/1343|/D 
11)18] 12°2}16 1124/39°5 | 21:9] 87°7|12|665°5| 77°40} 40°20)1 598 
12/20] 13°0,16 11 |42°7 | 23°4| 91°8)10) 667°1/ 77°43) 40°19/1639 
13{L4! G6}16 11 21°6| 89°3} 9'668°6' 77°46! 40°19)1561 
The Gun n° 2.—At the last round the tape broke, so that 
the recoil could not be measured. N® 8 and 10 are plainly 
both irregular, the recoils being greatly deficient: the vi- 
brations of the pendulum might perhaps be defective by the 
balls being resisted sideways by the wood, or by changing 
their direction within the block ; but there is no cause which 
I can suspect for the defective recoils of the gun, as all the 
circumstances were alike in every case, and the heights 
of the charges show that there was no mistake in the quan- 
tity of powder.—At the last firing the vent had a small 
channel blown in it, though the gun was no where very hot. 


The PENDULUM had received a new core of sound dry 
elm, and weighed this morning, when it was hung up, 
654 |b. 

The diameter of the balls 1°96 inches. 

The plugs weighed 64 oz to 8 inches. 

The value of 7, or mean point struck, $9°1. 

The first penetration was 12 inches measured behind the 
ball, and consequently the fore part penetrated 14 inches. 
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Mean recoil of gun and velocity of ball : 


‘Powder Recoil 
6. - 5-9 226 

8 26°9 
10-- = 302 
12 - $33°3 
14 = - 374 
16 38°0 
18 39°5 
20 m 42°7 


Veloc. 
1448 
1561 
1618 
1669 
1662 
16037 
1598 
1639 


67. Thursday, September 30, 1783; from 10 p.m. till 1} A. Me 


Fine, clear, and warm weather. 


Barometer 30:25; Thermometer 64° at 104. M. 


Powder Ball’s Vibration of 


wt 


gun | pend 


ozlinch| oz dr jinches|inches|inches|inc]. 


1} 2|1-9 
9| 2\1-9 

3/10}7°1|16 14 
A4\1 2/84/16 14 
5| 8/5°8|16 14 
6}14}9°3|16 14/99°7 |19°4 
| 6/4°6|/16 14/21°6 [18-5 
8}10|6°9|16 14/27°5 |19°8 
9}12|8°S|16 14/29°5 |19°9 
10] 815°7/16 14)25°3 |18°9 
11|14|9°6}16 14/32°6 119°7 
12] 6|4°4116 14/219 |18°0 
13|10|6°9]16 14,23°7 |18°8 
14|12|8*4)16 14/31°7 |20°0 
15] 8|6°0]16 14/26°4 |19°4 
16|14|9°3]16 14|32°2 |18°4 
17] 6|4°3]16 14|21°7 |17°9 


2°4: 
2°6 
27°5 |19°4 
31°9 |20°4 
25°3 |18°7 


The Gun n° 1.—The vent blew a little, though the gun 
was never very warm. 


Poin 


89°6 
88°7 
88°38 
88°9 
90°3 
oe 4 
92°2 
90°2 
91°2 
87:0 
$6°5 
87°9 
88'0 
86°5 
89°2 


t wn 

= 

struck} = 
4 aq 


RKRMWIIMDNTAIADAIerAAIDDD 


Values of 


p & 


Ib inches 


669°0|77°46 
670°3\77°48 
671°6|77°51 
672°9|77:53 
674°3/77°55 
675°6|77°58 
677°0|77°60 
678°3/7T 62 


685:0177°7414.0° 17/1447} 


40°19|1383 


40°19}1472} | 


40°19)1351 


'40°19)1403 


40°19)1320} 


40°19|1403 
40°18)1398 


4.0°18|1360} 
679°6|77°65 !40°18|1405 
680°9}77°67 |40°18|1349 
682°3|77°69 40° 18}1420 
683°7|77°71 |40°18|1490 


686°4)77°76 |40°17/ 1399 
687°8\77°78 |40°1 71323 
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The PENDULUM was the same as it hung since yesterday 
with all the balls in it ; but’the other end offit was turned, 
which bore the firings very well, the core being of sound dry 
wood, At the end of the experiments this day the pendulum 
weighed 689 1b, which is only 1Jb less than it ought to 
be oy the addition of the balls and plugs to the first weight ; 
so little was its loss of weight by evaporation, owing to the 
dryness of the wood. 

The diameter of the balls 1:96 inches. 

The plugs weighed 64 oz to 8 inches. 

The value of 7, or mean point struck, 89°1 inches. 

The first penetration, being in sound wood, was 144 
inches to the fore part of the ball. 

This set of experiments, as well as those of the three pre- 
ceding days, were made to determine the best charge, or 
that which gives the greatest velocity. 

- This is a good set of experiments. 

Mean recoil, and velocity of the ball by the pendulum, 

are as follow, 


Powder Recoil Veloc. 

6 = - (Sb7.--- 1331 

8 - - 256 - = 1386 
10 - - Q7°9 - = 1402 

12 - = 310 - - 1453 

14 - = 82°5 - - 1402 


which velocities, as well as the recoils, are found by adda 
those of each sort together, and dividing by the number 


of them, as below: 
6° 8 10 12 14 


1320 1351 1382 1472 1403 

- 1349 1360 1403 1398 1405 
1323 1447 1420 1490 1399 

3) 3992 4158 4206 4360 4207 
means 1331 1366 1402 1453 1402 


where the velocity with 12 oz is greatest. 
END OF VOL, Il. ’ 


T. DAVISON, Lombard- safest 
Whitefriars, London. 
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